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Since Girard’s introduction of linear logic [20], the notion of linearity has played a central
role in the Logic-in-Computer-Science community. A program is linear when it uses its inputs
only once during computation (inputs cannot be copied or deleted); while a non-linear program
can call its inputs at will. Via the exponential modalities ! and ?, linear logic gives a logical
status to the operations of erasing and copying data. Since its very beginning, the study of linear
logic contributed to unveil the logical nature of resource consumption and the aforementioned
computational notion of linearity has been linked to the analytical one, according to which
the differential of a function f at a point x is the best linear approximation for f near x.
However, only through the work of Ehrhard and Regnier [14, 15, 16] a notion of differentiation
and of Taylor expansion for programs (i.e., of λ-terms), has been introduced. Intuitively, the
derivative of a λ-term t is a “resource-sensitive version” of t that uses only once its input along
the reduction. The Taylor expansion of an ordinary λ-term is then the infinite power series of
linear approximants, i.e., higher order derivatives, that one can associate with it. The Taylor
expansion of λ-terms has been used to give alternative proofs of fundamental results in the theory
of pure λ-calculus [1] and to characterize notions of normalization for both call-by-name and
call-by-value [28, 32, 6, 29]. Intersection types were introduced by Coppo and Dezani [11, 12]
as an extension of simple types by means of the (associative, commutative and idempotent)
intersection connective a∩ b: a term of type a∩ b can be seen as a program of both type a and
type b. This kind of type systems have proven to be very useful to characterize various notion
of normalization for λ-terms [24]. If we impose non-idempotency to the intersection [19, 7] (i.e.
a∩ a 6= a), we get a “resource-sensitive” intersection type system, in the sense that the arrow
type encodes the exact number of times that the term needs its input during computation:
intuitively, a term typed a∩ a∩ b can be used twice as a program of type a and once as a
program of type b. Non-idempotent intersection types allow combinatorial characterization of
normalization properties and of the execution time of programs [4, 7, 2] and proof-nets [8, 9].
Also, De Carvalho’s non-idempotent intersection type system R is a syntactic presentation of
the categorical semantics of λ-calculus given in the category of sets and relations [7]. The two
frameworks of non-idempotent intersection types and linear approximation are deeply connected:
the normal form of the Taylor expansion of a λ-term is isomorphic to its relational semantics,
modulo a congruence given by substitution of atoms [7].

Inspired by [22, 26, 30, 27], we propose a categorification of the these two kinds of seman-
tics. The category of sets and relations is replaced by the bicategory of distributors [3, 5].
Distributor-induced semantics of programming languages were already presented in [10, 17]. In
particular, Fiore, Gambino, Hyland and Winskel introduced the bicategory of generalized species
of structure [17], a very rich framework that generalizes both the relational semantics and Joyal’s
combinatorial species [23, 17, 18, 30]. Recently, Tsukada, Asada and Ong [30, 31] presented the

http://creativecommons.org
http://creativecommons.org/licenses/by/3.0/


2 Rigid Taylor Expansion and Intersection Type Distributors

rigid Taylor expansion semantics for an η-expanded fragment of non-deterministic simply-typed
λ-calculus with fixed point combinator: the linear approximants are polyadic terms [26], where
all the combinatorial information of resource terms is explicitly coded replacing multisets of
resources with lists. Tsukada, Asada and Ong proved that this semantics is naturally isomor-
phic to the generalized species semantics. Inspired by these works and by Mazza, Pellissier and
Vial’s general theory of intersection types [26], Olimpieri [27] introduced a general method to
define intersection type distributors, a categorified version of intersection type disciplines: these
intersection types are the syntactic presentation of bicategorical semantics for pure λ-calculus
given by Kleisli bicategories of distributors for suitable pseudomonads.

In our work, we want to precisely state the correspondence between non-idempotent inter-
section types and linear approximants in this categorified context of [27]. We introduce (non-
idempotent) intersection type distributors in an untyped call-by-push-value setting [21, 13, 25],
the bang calculus. The call-by-push-value paradigm subsumes call-by-value and call-by-name,
from both the operational and denotational semantics standpoints [25, 21]. However, we leave
the explicit call-by-name and call-by-value factorizations, in the sense of [21], of our intersection
type distributors semantics to future works.

Our categorical approach allows the introduction of a suitable category of types, where
morphisms between types are a generalization of subtyping. Given a type morphism a′ → a,
the intuition is that the type a′ refines the type a. We believe that the method of building
distributor-induced intersection type denotational semantics presented in [27] can be straight-
forwardly extended in all generality to this new framework, but we leave the proper presentation
of it to future works. We focus on the case where the intersection connective is non-idempotent,
since we want to establish a relationship between this type system and an appropriate notion
of linear approximants. The explicit statement of the correspondence is far from trivial, and
it needs an extension of the polyadic calculus. This happens because standard polyadic terms
[30, 26] cannot encode all the qualitative information produced by the subtyping feature of inter-
section type distributors. Indeed, standard polyadic terms express explicitly all the quantitative
information on variable occurrences. To add also the qualitative information about the com-
putational role of a variable during computation, we need a subtyping-aware polyadic calculus
where a variable is given by a standard variable x and a type morphism f : a′ → a. Thus we
introduce a term calculus for type morphisms, and we define the rigid Taylor expansion of a
bang term T as the set of such extended polyadic terms linearly approximating T . Our main
result is the proof of the isomorphism between our intersection type distributors semantics and
the extended notion of polyadic approximation.

This new subtyping-aware polyadic calculus allows us to define, up to a natural isomorphism,
an explicit deterministic reduction relation over type derivations; in other words, non-idempotent
intersection type distributors determine a “proof relevant” denotational model, i.e., a semantics
whose elements are the type derivations, and not the conclusions of type derivations (as in
relational semantics). We conclude by showing that our subtyping-aware rigid Taylor expansion
of a bang term is naturally isomorphic to its normal form and commutes with normalization.
This result extends to the bang calculus setting the result of [30]. It is interesting to notice that
our commutation theorem derives completely by semantic considerations, that is not the case
for the standard commutation theorem for Taylor expansion [16, 15].
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