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Why Differential?
The Nets
The Reductions

The nets: Differential Nets (DiLL)

V.Y ¢

The System
The Theorems

Tensor One
A 7A 7A ?
i 7A
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Dereliction Contraction Weakening
(commutative)
/
i %!A
1A 1A
Codereliction  Cocontraction Coweakening
(commutative)
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Let us develop the idea at the level of syntax

f:A—oB ~ linear functions  ~ AB
g:A— B ~» analytic functions ~~ l’i@_%
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Why Differential?
The Nets
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The usual suspects / Contraction and weakening
sharing of variables, constant functions
‘A B B
S ()2
1A
IC B X B
e

IC

duplication (joining queries) and erasing (dummy
variables, empty query).

Paolo Tranquilli Confluence and normalization of diffnets
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Analysis: Declaring a linear function to be analytical

f-x=0+f x+>,0(x")

s ALTYE - gt

Programs: query of a single use of an input (occurrences of
variables).
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Analysis: Composition of analytical functions.

Nets: Lﬂ@—B». !BC ~> !A—>

Programs: reusable packages.

BRUB C
o)
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Analysis: (f + g)(x) := f(x) + g(x).

Programs: Nondeterminism (or independent parallelism).

@ There is also the function/net/process 0, of any type.
@ We call sums of nets polynets.
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Sums and 0 do not exit boxes.
Evaluation function f, x — f(x) linear in f but not in x.

o

[

) !B. C

0!B C
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Sums and 0 do not exit boxes.
Evaluation function f, x — f(x) linear in f but not in x.

However we need more atomic constructs, and we introduce
cocontractions and coweakenings.
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Analysis: f(x + y) out of f(z).

1A
| !
Nets: 'A B N

X

Programs: joining resources.



http://www.pps.jussieu.fr/~ptranqui

Analysis: Evaluation in 0.

Nets: wB.

Programs: Empty resource.
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Of(x)

Analysis: Derivative in 0, giving a linear function:

Nets: w e !A 8

Programs: a single use resource.

ox

x=0
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Analysis:

ox

Programs: linear substitution.

A

1A

e BE oy (e

o(x) Oy +x)

oy

y=0
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@ In LL reduction is deterministic.
In DiLL reduction is
Reduction rules extended by

Sums duplicate the context,
As to reducing

as usual.
spreading outside boxes.
, two flavours
MA A=+ Ao+ A
/\1A---+/\k—»/l1+~--+/1/7A/\m1A--<+/\k,Withh21.
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@ In LL reduction is deterministic.

@ In DiLL reduction is nondeterministic.
Reduction rules extended by
Sums duplicate the context,

as usual.
spreading outside boxes.

As to reducing , two flavours
MAF A= Ao+ A
/\1A---+/\K¥/I|+”-+/l/7A/\h 1+ + X, with A > 1.
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wirl—=wl T+ T

@ In LL reduction is deterministic.
@ In DiLL reduction is nondeterministic.
@ Reduction rules extended by context closure as usual.

Sums duplicate the context, spreading outside boxes.
As to reducing , two flavours
MAF A=+ Ao+ A
M+ A= g+ i Appt - A, with h > 1.
=] = = = = 9vae
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Wl = el w4t ]
with 7 not in a box.

@ In LL reduction is deterministic.

@ In DiLL reduction is nondeterministic.

@ Reduction rules extended by context closure as usual.
@ Sums duplicate the context
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wlin] = w[l(m +--+ 7]

@ In LL reduction is deterministic.

@ In DiLL reduction is nondeterministic.

@ Reduction rules extended by context closure as usual.

@ Sums duplicate the context, without spreading outside boxes.
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wlln] = w[l(my +---+ 7]

@ In LL reduction is deterministic.

@ In DiLL reduction is nondeterministic.

@ Reduction rules extended by context closure as usual.

@ Sums duplicate the context, without spreading outside boxes.
@ As to reducing sums, two flavours

O M+ M=t At A
O M+ Ak = 44 i At o+ A, with h > 1.
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D

0g-x og - x B )
ax 977 Tox 0 £=9-=

Programs: a single-use query encounters a single-use resource
and is resolved.

Analysis:
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Why Differential?
The Nets
The Reductions

Cocontranction and coweakening vs dereliction

The System
The Theorems

D<t- L g+ ~o
linearity!
g (x+y)=g-x+g-y. g 0=0
a single-use query presented with two resources ~
nondeterministic choice.

Or presented with an empty one ~» nondeterministic
dead end.

Paolo Tranquilli Confluence and normalization of diffnets
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Why Differential?
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Codereliction vs contraction and coweakening

Completely simmetric!
>~ - D o

laws of derivation!

LO(x.x) __ 0f(y,0) + 9f(0,2)

8f(x,x)| _ (6f(y,z) of(y,z)
x=0 9z 1z=0

ox ay ' 0z )|y’z:x ox Ix=0 " 0y ly=0

ok _
and 3, = 0.

two queries meets a single-use resource ~~
nondeterministic choice.

Or an empty query meets a single use resource ~~ an
error (not affine).

Paolo Tranquilli Confluence and normalization of diffnets
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eg

Analysis: Commutation of sum and sharing.

Programs: routing of queries and resources.
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Cocontraction and coweakening vs box

Recall that cocontractions and coweakenings are, in a way, boxes.

oy, B

B >

plain composition.

operations on resources transported inside a package.

Paolo Tranquilli Confluence and normalization of diffnets
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Pandora’s box: codereliction vs box

>Kﬁ
> ?

s —
(s
w,x:oz = %(yy)}y:g(o) ) B%E(X) ‘X:O.Z

The first element is general partial derivation, which we
have

reusable package gets a single-use resource ~ a
single-use copy gets the resource, others an empty

one.

Paolo Tranquilli Confluence and normalization of diffnets
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Pandora’s box: codereliction vs box

>Kﬁ
> ?

s —
(s
w,x:oz N %(yy)}y:g(o) | B%E(X) ‘X:O.Z

The first element is general partial derivation, which we
have

reusable package gets a single-use resource ~ a
single-use copy gets the resource, others an empty

one.
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. Thomas Ehrhard and Olivier Laurent.

Interpreting a finitary pi-calculus in differential interaction nets.
CONCUR, LNCS vol. 4703, pages 333-348, 2007.
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qp

The lambda- calculus with multiplicities.
INRIA Research Report 2025, 1993.

Paolo Tranquilli.
Intuitionistic differential nets and lambda calculus.
Conditionally accepted to Theor. Comput. Sci., 2008.
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Confluence
Termination
The Proofs

The System
The Theorems

What do we want?

Theorem
Reduction in the untyped case is confluent.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want?

Theorem
Reduction in the untyped case is confluent.

Theorem (Finite developments)

Reduction not reducing new redexes is strongly
normalizing.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want?

Theorem

Reduction of untyped || nets is confluent.

Theorem (Finite developments)

Reduction not reducing “new” cuts is strongly
normalizing.

Local confluence of developments — strongly
confluent parallel reduction.

(direct proof a la Tait-Martin L&f seemingly out of reach)

[

Strong normalization property for second order linear logic.

Paolo Tranquilli Confluence and normalization of diffnets
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Nondeterminism and confluence?

How come we speak of confluence with
nondeterminism around?

confluence ensures nondeterministic choice is not
triggered by what we reduce.

Reducing two different redexes gives the same set of
nondeterministic choices in the end.

Paolo Tranquilli Confluence and normalization of diffnets
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Contractions and cocontractions need to be swapped to have
confluence ( ).

Other confluence diagrams require merging (co)weakenings with
(co)contractions ( ).
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Contractions and cocontractions need to be swapped to have
confluence ( )-

Other confluence diagrams require merging (co)weakenings with
(co)contractions ( ).
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We need associativity and neutrality

| 7Y
()
N7
i*

@ Contractions and cocontractions need to be swapped to have

confluence ( ).
@ Other confluence diagrams require merging (co)weakenings with
(co)contractions ( ).

Paolo Tranquilli Confluence and normalization of diffnets
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~ Py
e—

@ associative equivalence ~ = —";
@ neutral reduction (cannot be reversed).

Compulsory!
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Bang sum equivalence and bang zero reduction

with o, m # 0,

14 <
L>§

n ad
L=

A reusable nondeterministic resource is equivalent to joining the
various reusable resources.

Paolo Tranquilli Confluence and normalization of diffnets
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with = # 0.
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Push equivalence and pull reduction

e T

These latter equivalences and reductions are optional
(but inseparable).

with = # 0.

Paolo Tranquilli Confluence and normalization of diffnets
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Reduction modulo equivalence

@ Presents problematics sometimes underestimated.

@ For confluence, strongest property is

CR~ holds if \/_\_\/\_

(U« U~)*C SHas, forex. \/

\\l/

It is not equivalent to confluence modulo (<*~2%: C %~<%), or to
confluence of A/~!
o tcAis if it is SN for ~—~.

B

Church-Rosser theorems for abstract reduction modulo an
equivalence relation.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want?

Theorem

Reduction of untyped || nets is confluent.

Theorem (Finite developments)

Reduction not reducing “new” cuts is strongly
normalizing.

Local confluence of developments — strongly
confluent parallel reduction.

(direct proof a la Tait-Martin L&f seemingly out of reach)

[

Strong normalization property for second order linear logic.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want? We got it!

Theorem
Reduction of untyped nets is

Theorem (Finite developments)

Reduction not reducing “new” cuts is strongly
normalizing

Local confluence of developments — strongly
confluent parallel reduction.

(direct proof a la Tait-Martin L&f seemingly out of reach)

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want?

Theorem
Reduction is strongly normalizing in the typed case.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want?

Theorem
Reduction is strongly normalizing in the typed case.

Theorem (“conservation” according to Barendregt)
Non erasing reduction preserves infinite ones.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want?

Theorem
Reduction is strongly normalizing in the typed case.

Theorem (“standardization” according to Girard)
Non erasing reduction preserves infinite ones.

Paolo Tranquilli Confluence and normalization of diffnets
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Confluence
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What do we want?

Theorem
Reduction is strongly normalizing in the typed case.

Theorem (“striction” according to Danos)
Non erasing reduction preserves infinite ones.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want?

Theorem
Reduction is strongly normalizing in the 2" order typed case.

Theorem (standstrictcons?)
For m untyped switching acyclic || net,
ifr =S ', thent’ € SN, = 7 &€ SN_..

~S stands for reduction. It follows that
7 €SN <— 7€ WN_, (via SN < SN_.).

[

Strong normalization property for second order linear logic.

Paolo Tranquilli Confluence and normalization of diffnets
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In LL Lazarus clashes

negate standardization.

[m]

=)
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e

In LL Lazarus clashes

negate standardization.

=] =
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In LL Lazarus clashes negate standardization.

=] =
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<07
> [>

normal for non erasing reduction



http://www.pps.jussieu.fr/~ptranqui

<@

Wy
5

normal for non erasmg reduction
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normal for non erasing reduction

In LL Lazarus clashes do not negate standardization.
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@ We introuduce a very weak form of typing.

o It does not disallow nets, but assigns a special syntax error type
to exponential clashes.

@ We block the reduction of “syntax errror’-typed cuts.

@ Any typing system avoiding clashes can be embedded in this
one.
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<—normal form
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What do we want?

Theorem
Reduction is strongly normalizing in the 2" order typed case.

Theorem (standstrictcons?)
For m untyped switching acyclic || net,
ifr =S ', thent’ € SN, = 7 &€ SN_..

~S stands for reduction. It follows that
7 €SN <— 7€ WN_, (via SN < SN_.).

[

Strong normalization property for second order linear logic.

Paolo Tranquilli Confluence and normalization of diffnets
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What do we want? We got it!

Theorem
Reduction is strongly normalizing in the case.

Theorem (standstrictcons? with Pagani)
Form switching acyclic net,
ift S 7', thent € SN_. = 7 & SN_..

~S stands for reduction. It follows that
7€ SN <— 7€ WN_, (via SN < SN_.).

Normalization for simply typed nets recovered by WN (Pagani09)

Paolo Tranquilli Confluence and normalization of diffnets
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Sketch of the proof of finite developments

Let DILL® be the system with “new” cuts blocked.

i~ > ZH

D~ ——

@ We define a measure:

o Natural numbers on exponential cuts;
o Multiset of natural numbers on polynets.

on exponential reduction of DiLL®,
under equivalences!

o
Q
— finite developments modulo.

Paolo Tranquilli Confluence and normalization of diffnets
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@ We check for DILL® local confluence and coherence modulo:

*‘\ I’* *‘\ I’*
Y___V Y___¥v

— DiLL’ is CR~
(oy a lemma by Huet generalizing Newman’s one)
@ Back in DiLL, define 7 + #’ if # = «" in DILL® (forgetting o in 7).

S C#CH = w* =5 and (4pUn~)* = (o U~)*

@ DILL° CR~ = +» strongly confluent modulo ‘?g %,’

=

A

— DiLL is CR~
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Standardization: DiLLy,

As seen, non erasing reduction is not confluent in DiLL. We pass to
another system,

From DilLLy, to DiLL: @ # @ #
8% INY%
From DiLL to DilLs,: %?H v %ZH v

Finite developments + new confluence and coherence diagrams

—

Paolo Tranquilli Confluence and normalization of diffnets


http://www.pps.jussieu.fr/~ptranqui

Confluence
Termination
The Proofs

The System
The Theorems

Labelled DiLLy,

We further enrich the system with labels in N

=L d
g ® > B

@ _, &> __ R
e GE -

@ The CR~ result is still valid for labelled reduciton,

o Define (using the labels) ||| on non erasing steps.
o If # € WN_. then ||[NF_.(7)|| bounds non erasing steps.

Paolo Tranquilli Confluence and normalization of diffnets
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...thenin DiLLs, WN_. <= SN~ (as SN_. <= SN).

Form in DILL, if T € WN-. then its translation = in DiLLy, is also.

Not easy!
Then

T €WN.. = 7 cWN_. = 7° &SN~ = 7 & SN~.

— inDILL7 € WN_.. < 7 & SN~.
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Thanks

Questions?
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Lax typing

— = duality

@ 5 ordered types: I

7 1IN

syntax error

: Q¥ ¥ 7y ¥
@ expected typing rules, for example , @
. ?

o All are allowed, but resulting type is the inf of
the two.

@ U-typed cuts are .

o Types are preserved during reduction.

Lax typing does not disallow nets, but provides a mechanism to
exponential clashes and prevent them from resurrecting.

Paolo Tranquilli Confluence and normalization of diffnets
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Analysis:

ox

Programs: linear substitution.

A

1A

e BE oy (e

o(x) Oy +x)

oy

y=0
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