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Motivations

MKM Formats

@ Formulae:
e Presentation level: MathML Presentation
e Content level: OpenMath, MathML Content
@ Semantics level: any logic or type theory or set theory

@ Proofs:
e Presentation level: interactive PDF, XHTML + JavaScript

e Content level: OMDoc
@ Semantics level: proof trees, A-terms (via Curry-Howard),

proof nets, ...
@ Theories/Mathematical Documents:

e Presentation level: PDF, PS, XHTML, ...
e Content level: OMDoc, Development Graphs/ DocBook
e Semantics level: locales, functors, dependent records, .../
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@ Proofs:
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Motivations

MKM Formats

@ Proofs:

e Content level: OMDaoc (????) , something else?
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OMDoc (Proof Module)

@ OMDoc 1.0 (Kohlhase et alt.): not expressive enough for
HELM/MoWGLI proofs

@ OMDoc 1.2, 2.0 (Asperti, Kohlhase, Sacerdoti Coen):
extended to cover HELM/MoWGLI

@ Is it a good proof format?
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Overview

Motivations

OMDoc (Proof Module)

@ OMDoc 1.0 (Kohlhase et alt.): not expressive enough for
HELM/MoWGLI proofs

@ OMDoc 1.2, 2.0 (Asperti, Kohlhase, Sacerdoti Coen):
extended to cover HELM/MoWGLI
@ Is it a good proof format?
e Set of ad-hoc criteria (e.g. flexibility, embedding of
annotations)
e Kohlhase’s motto: “I can encode pen&paper, Mizar, PVS,
Coq, Isabelle, <<fill in the blanks>> proofs in OMDoc”
e Is this a reasonable criterium? Can we do any better?”
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Motivations

OMDoc vs the A\uji-calculus

- Ongoing work
-
M OWN ﬁ Talk

Natural
Language

Claudio Sacerdoti Coen Explanation in Natural Language of X\ ji-terms



The X-calculus as a (bad) Proof Format Curry-Howard

Outline

e The A-calculus as a (bad) Proof Format
@ Curry-Howard

Claudio Sacerdoti Coen Explanation in Natural Language of X



The X-calculus as a (bad) Proof Format Curry-Howard

The Curry-Howard Isomorphism

A-calculus | NJ

type statement

term derivation
reduction | proof normalization

@ The A-calculus is naturally a proof format

+ It has a clear semantics . ..

+ ...that we can easily trade off for flexibility

- Y. Coscoy equipped it with a rendering semantics

- We can associate user-provided annotations to override
the generated text
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The X-calculus as a (bad) Proof Format Curry-Howard

The Curry-Howard Isomorphism

clear semantics
flexibility
- rendering semantics
- annotations
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The X-calculus as a (bad) Proof Format Curry-Howard

Implicit Information: the Inner Types

AH:A S BAK:B—Ca:A(K (Ha))
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The X-calculus as a (bad) Proof Format Curry-Howard

Implicit Information: the Inner Types

[H ] [ ]
K ] Ha
(K (Ha))
Aa:A(K (H a))
AK :B — C.)a:A.(K (Ha))
AMH:A—BX:B—C.la:A(K (Ha))
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The X-calculus as a (bad) Proof Format Curry-Howard

Implicit Information: the Inner Types

[H:A— B] [a:A]
[K:B — C] Ha:B
(K(Ha)):C
xa:AK (Ha):A - C
A :B—-Cxa:A(K(Ha)):(B—-C)—-A—-C

AMH:A—-BM:B—-Cla:A(K(Ha)):
(A—-B)—-(B—C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Implicit Information: the Inner Types

[ A—B] [ A
[ B—C] B
C
A—C
(B—-C)—A—-C

(A—-B)—-(B—C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Implicit Information: the Inner Types

AH :A = B.K : B — C.\a: A(K(Ha))

AH A — B.
(AK:B —C.

(\a: A.

(K ((Ha) = B)) = C)

A —C)
2(B—-C)—-A—=C)
©(A-B)—-(B—C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

supposeH : A — B
suppose K : B — C

AT B suppose a: A
(?iaz-i_) < by H and a we prove B (x)

B B by K and x we prove C
((Alf ((HC a) : B)): C) thus we proved A — C

(B HC)) A C) thus we proved

(Ao B o A B-C)=A=C

(A-B)—>(B—-C)—A=C thus we proved

(A—-B)—(B—-C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

by H and a we prove B (x)
by K and * we prove C
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

by H and a we prove B (x)
(Q (K ((Ha):=B)):C)):D) by K and = we prove C (7)
by J and  we prove D
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

by H and a we prove B (x)
by K and = we prove C (1)
by J and  we prove D
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

by H and a we prove B (x)
(Q (K ((Ha):=B)):C)):D) by K and = we prove C (7)
by J and  we prove D
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

(K (Hay=B)=C)aD) oo e e i

by J and  we prove D
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The X-calculus as a (bad) Proof Format

Curry-Howard

Non Structural Translation

(K[Ha):8)) =)

by H and a we prove B (x)
)+ D) obviously we have C (7)
v by J and 1 we prove D
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

’ by H and a we prove B (x) ‘

(K| (Ha)=B)):=C)|)=: D) obviously we have C ()

by J and 1 we prove D
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The X-calculus as a (bad) Proof Format Curry-Howard

Non Structural Translation

B := (HA)in
let 1:C := (K «)in

Claudio Sacerdoti Coen Explanation in Natural Language of 4 ji-terms



The X-calculus as a (bad) Proof Format Curry-Howard

Top Down vs Bottom Up

AMH:A—-BAM:B—Cla:A(K(Ha)):
(A—-B)—-(B—C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Top Down vs Bottom Up

(B—-C)—A—-C

AMH:A—-BM:B—Cla:A(K(Ha)):
(A—-B)—-(B—C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Top Down vs Bottom Up

A—C
(B—-C)—A—-C

AMH:A—-BM:B—-Cla:A(K(Ha)):
(A—-B)—-(B—C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Top Down vs Bottom Up

C
A—C
(B—-C)—A—-C

AMH:A—-BM:B—-Cla:A(K(Ha)):
(A—-B)—-(B—C)—A—=C

Claudio Sacerdoti Coen Explanation in Natural Language of 4 /i-terms



The X-calculus as a (bad) Proof Format Curry-Howard

Top Down vs Bottom Up

[B — C]

C
A—C
(B—-C)—A—-C

AMH:A—-BM:B—Cla:A(K(Ha)):
(A—-B)—-(B—C)—A—=C
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The X-calculus as a (bad) Proof Format Curry-Howard

Top Down vs Bottom Up

[A — B] [A]

[B — C]

AMH:A—-BAM:B—-Cla:A(K(Ha)):
(A—-B)—-(B—C)—A—=C
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Top Down vs Bottom Up
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The X-calculus as a (bad) Proof Format Curry-Howard

Top Down vs Bottom Up

[A—B] [A]
[B — C] B
C
A—C
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Outline

e The Apji-calculus as a (good) Proof Format
@ Curry-Howard
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Bottom Up Proof

A: BB A;B; CHC
B—-C; A BFC
B—C;, AFA B—-C;, A, B-C
A—B;B—-C; AFC
A—B; B—-C; Ar-C
A—-B:B—-CFA—-C
A—-BFB—-C)—-A—=C
F(A—-B)—-(B—-C)—A—=C

Claudio Sacerdoti Coen
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Top Down Proof

AFA A, B-B
A—B; AFB
A—B; A-B A—B; A, CHC

A—B;B—-C; AFC
A—B; B—-C; AFC
A—B:B—-CFA—-C
A—-BFB—-C)—-A—=C
F(A—-B)—-(B—C)—A—=C

Explanation in Natural Language of X\ ji-terms
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Bottom Up Proof

A B+ B A; CH C
B — C; A; B+ C
B—C A+ A B —C; A; B+ C
A — B; B — C; Ak C
A — B; B —C; A C
A — B; B—ClH A—C
A—BFHF B—C)—A—=C

(A-B)—(B—-C)—A-C
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Bottom Up Proof

a:A;b:B+b:B a:A;b:B;v:Ck~:C
bov:B—C;a:A b:BF~:C

K:B—C;a:Ata:A K:B—C;a:A; fib:B.(K|lbo~v):BF~:C
aofb:B.(K[][boy):A—B;K:B—C;a:AF~:C
H:A—B; K:B—C;a:AF puy:C.(H|laoib:B.(K[][bo~v)):C

H:A—B; K:B—CtFXa:Apuy:C.(H|laoib:B.(K[lbo~v)):A—C
B—>C) —-A-C

H:A—BFXK:B—C.ha:Apuy:C.(H|laoib:B.(K|lbo~)):
FAH:A—=BAK:B—CXa:Apuy:C.(H[laoab:B.(K|lbo~)):
(A—-B)—(B—-C)—A—=C
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Bottom Up Proof

AMH:A—-BXK:B —Cla:Auy:C.(H|laojb:B.(K||bo~))
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The A ji-calculus as a (good) Proof Format

Curry-Howard

Sequent Calculus: Bottom Up Proof

AMH:A—-BXK:B —Cla:Auy:C.(H|laojb:B.(K||bo~))

suppose A — B (H)
suppose B — C (K)
suppose A (a)
we need to prove C
by H and a
we have B (b)
by K and b
ged

A A — B.
M :B — C.
Aac: A
wy : C.
(Hla
ofib : B.
(K|lb

oY)
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Bottom Up Proof

suppose A — B (H)
suppose B — C (K)
suppose A (a)
we need to prove C
by H and a
we have B (b)
by K and b
ged
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Bottom Up Proof

suppose A — B (H) AH A — B.
suppose B — C (K) A :B — C.
suppose A (a) Aac: A
we need to prove C wy: C.

by H and a (H||a

we have B (b) ofib : B.

by K and b (K||b
ged 7))
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The A ji-calculus as a (good) Proof Format CUTRARERENE
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Bottom Up Proof

A B+ B A; CH C
B — C; A; B+ C
B—C A+ A B —C; A; B+ C
A — B; B — C; Ak C
A — B; B —C; A C
A — B; B—ClH A—C
A—BFHF B—C)—A—=C

(A-B)—(B—-C)—A-C
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Top Down Proof
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Top Down Proof

suppose A — B (H) AH A — B.
suppose B — C (K) A :B — C.
suppose A (a) Aac: A
we need to prove C uy : C.
by K (K|
we reduce the thesis to B wi : B.
by H (H]|
we reduce the thesis to A po s A
by a (all
ged a)
ged of3)
ged o)
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R Curry-Howard
The Apfi-calculus as a (good) Proof Format UIry-How:

Sequent Calculus: Top Down Proof

suppose A — B (H)
suppose B — C (K)
suppose A (a)
we need to prove C
by K
we reduce the thesis to B
by H
we reduce the thesis to A
by a
ged
ged
ged
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Sequent Calculus: Top Down Proof

suppose A — B (H) AH A — B.
suppose B — C (K) A :B — C.
suppose A (a) Aac: A
we need to prove C uy : C.
by K (K|
we reduce the thesis to B wi : B.
by H (H]|
we reduce the thesis to A po s A
by a (all
ged a)
ged of3)
ged o)
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Some Intuitions (a posteriori)

@ Isomorphic to Sequent calculus = bottom-up vs top-down
proofs
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Some Intuitions (a posteriori)

@ Isomorphic to Sequent calculus = bottom-up vs top-down
proofs

@ Explicit manipulation of continuations =- it allows to state
and operate on the future (i.e. what we need to prove)
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@ Continuations as first class objects and multiple
continuations = classical logic
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Some Intuitions (a posteriori)

@ Isomorphic to Sequent calculus = bottom-up vs top-down
proofs

@ Explicit manipulation of continuations =- it allows to state
and operate on the future (i.e. what we need to prove)

@ Continuations as first class objects and multiple
continuations = classical logic

@ Syntactic reification of call-by-value vs call-by-name =
bottom-up vs top-down proofs
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The A ji-calculus as a (good) Proof Format CUTRARERENE

Some Intuitions (a posteriori)

@ Isomorphic to Sequent calculus = bottom-up vs top-down
proofs

@ Explicit manipulation of continuations =- it allows to state
and operate on the future (i.e. what we need to prove)

@ Continuations as first class objects and multiple
continuations = classical logic

@ Syntactic reification of call-by-value vs call-by-name =
bottom-up vs top-down proofs

@ Explicit labelling of each value computed in the

past/continuation = the CPS style = Gdedel’s
A-translation = classical logic
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The A ji-calculus as a (good) Proof Format CUTRARERENE

The Great Mistery (no intuition yet)

The function that associates to a term its natural language is
fully structural (from left to right, from top to bottom, only
immediate recursion).
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Summary

Summary

@ Natural language is NOT isomorphic to natural deduction:
it is isomorphic to sequent calculus ...
@ ...and via Curry-Howard to the \yji-calculus
@ The isomorphism between the Apji-calculus and the
natural language is
o fully explicit (no need for type inference, labelling, etc.)
(as for OMDoc)
e fully compositional (top to bottom, left to right)
(as for OMDoc)
@ The \uji-calculus has very nice theoretical properties (e.g.
cut elimination) (cfr. OMDoc)
@ We are looking for a bisimulation between the
\ufi-calculus and OMDoc
@ Fellowship is a proof assistant for first order subtractive
logic (¥, 3, A, V, —, —) with Apji-calculus proof objects
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