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ABSTRACT
A long line of research has been dealing with the representa-
tion, in a formal tool such as an interactive theorem prover,
of languages with binding structures (e.g. the lambda calcu-
lus). Several concrete encodings of binding have been pro-
posed, including de Bruijn dummies, the locally nameless
representation, and others. Each of these encodings has its
strong and weak points, with no clear winner emerging. One
common drawback to such techniques is that reasoning on
them discloses too much information about what we could
call “implementation details”: often, in a formal proof, an
unbound index will appear out of nowhere, only to be sub-
stituted immediately after; such details are never seen in an
informal proof. To hide this unnecessary complexity, we pro-
pose to represent binding structures by means of an abstract
data type, equipped with high level operations allowing to
manipulate terms with binding with a degree of abstraction
comparable to that of informal proofs. We also prove that
our abstract representation is sound by providing a de Bruijn
model.

Categories and Subject Descriptors
F.4.1 [Mathematical Logic]: Lambda calculus and related
systems

General Terms
Languages, Theory, Verification

Keywords
Proof assistants, Formalization, Representation of binding,
Matita

1. INTRODUCTION
Arguably, issues related to the representation of binding
structures are among the most significant choices when for-
malizing the metatheory of a programming language. Over
the years, a number of different styles have been proposed

to deal with binding, roughly divided in two different cate-
gories: first order encodings, also called concrete encodings,
and higher-order encodings like higher-order abstract syntax
(HOAS). In interactive theorem provers based on a strong
type theory, like Coq, Matita, or Agda, trivial implemen-
tations of HOAS by means of inductive types are rejected
because they do not satisfy the positivity checks required by
those systems to ensure consistency: thus, concrete encod-
ings are more usually employed.

Concrete encodings include some of the best known styles,
like the de Bruijn nameless encoding [6] (which represents
variables using indices pointing to the binder that declares
them), the locally nameless encoding (a variant of the
de Bruijn encoding where only bound variables are repre-
sented by indices, whereas free variables still use names) and
the canonically named encoding of Pollack and Sato [10],
where a bound variable is represented by means of a name
that is programmatically chosen depending on the structure
of the term within the scope. All of these styles are described
as canonical because terms that are equal up to α-renaming
are identified. We have studied these styles in [7, 1] and
drawn a comparison in [9].

Our experience tells us that every concrete encoding has its
own disadvantages, but more importantly that all of them
share one problem: they force the formalizer to deal with
the intricacy of the inner representation of binding, some-
thing that in an informal proof is never seen. In a formal
proof based on a concrete approach, it is only a matter of
time before nameless dummies, lifting operations, or name
choosing operations come to the surface.

We should ask ourselves whether this inconvenience is in-
herent to the concrete representation of binding. Our un-
derstanding is that very often (if not always) the internal
representation of binding must be treated explicitly because
of the lack of an infrastructure designed to keep it hidden.
We have a very good access to the implementation but, cru-
cially, we lack an abstract view on binding. We may say if
all you have is a hammer, everything looks like a nail.

This paper describes a work which aims at representing
binding only by means of abstract operations (similar to
the ones employed in a pencil-and-paper proof), keeping the
implementation details hidden from the user. This is ob-
tained by representing the terms of the object language as
an abstract data type, that can only be manipulated by



means of the operations and logical properties provided by
its module. An implementation, or model, of the abstract
data type is provided separately and shown to validate all
the expected properties. The details of this formalization
have been proved valid in the Matita theorem prover.1

The paper is structured as follows: Section 2 presents an
abstract data type representing the term language of the
simply typed lambda calculus; in Section 3 we provide an
implementation of the abstract data type in the form of a
locally nameless model; Section 4 extends the previous dis-
cussion to the level of type systems; finally Section 5 con-
cludes.

2. AN ABSTRACT VIEW OF BINDING
We present in this section a collection of abstract data types
describing a simple language with binding: the simply typed
lambda calculus (or, for brevity, λ→). Similarly to Gordon
and Melham’s axiomatization in [4], the operations working
on our data type include a set of opaque constants acting
as “constructors” for the terms of the language and a prin-
ciple allowing to define functions by structural recursion on
the terms. However, instead of a primitive substitution func-
tion, we provide facilities to form contexts (terms with holes)
and apply them to variables, which we regard as more ba-
sic. An operation to retrieve the list of the free variables
in a term or context is also given. In addition, properties
asserting the computational behavior of the aforementioned
operations are provided.

tp : Type
Atom : tp
Arr : tp ⇒ tp ⇒ tp

(Λi)i∈N : Type
Par : A⇒ Λ0

App : Λ0 ⇒ Λ0 ⇒ Λ0

Lam : A⇒ tp ⇒ Λ0 ⇒ Λ0

Figure 1: Ostensibly named presentation of the sim-
ply typed lambda calculus.

Figure 1 shows the constructors of our presentation of the
simply typed lambda calculus. We call this presentation
ostensibly named because at the external level we always
manipulate terms as entities containing names, including
bound variables: we never see bound variables represented
as nameless dummies, or pointers to their binder. The con-
crete implementation of binding structures may or may not
use names, but this is hidden from the user.

The set of types tp of the simply typed lambda calculus is of
no particular interest and is here provided for reference only:
it is the free algebra obtained from the zeroary constructor of
the atomic type Atom and the binary constructor of arrow
(function) types Arr. Types of the simply typed lambda
calculus will be denoted by σ,τ ,...

Λi will represent the type of terms with i holes, or i-ary
contexts. Zeroary contexts are taken as the terms of the
1The Matita formalization can be found at http://www.
irit.fr/~Wilmer.Ricciotti/publications.html .

calculus. We will denote terms and contexts alike by u,v,...
The type of names A is an arbitrary infinite type with decid-
able equality, providing an operation ϕ : list A⇒ A allowing
us to choose a name which is fresh with respect to any given
finite list (i.e., ϕ(C) /∈ C holds for all finite lists of names
C).

The constructors of terms include Par, encapsulating a name
to represent a free variable or parameter, applications App,
and lambda abstractions Lam. Just as in informal syntax,
lambda abstractions bear a type and bind a name inside a
subterm. For example, the identity function λx : Atom.x is
expressed as

Lam x Atom (Par x)

provided that x is a name in A.

Crucially, to put our representation to some use, we need to
be able to talk about contexts. Two operations ν and −d−e
(respectively variable closing or context formation and vari-
able opening or context application) are provided to build
and apply contexts:

ν : A⇒ Λi ⇒ Λi+1

−d−e : Λi+1 ⇒ A⇒ Λi

νx.u substitutes a hole for any Par x occuring in u, thus
increasing its arity, whereas udxe replaces the last created
hole in u with Par x, decreasing its arity. It is worth noting
that, since it cancels out a free variable, ν acts like a binder.

An abstract operation FV takes in input a term or a context
and returns the list of free names used in that term or con-
text. This allows us to formulate the following properties of
context forming operations and Lam abstractions:

(νx.u)dxe = u
νx.(udxe) = u if x /∈ FV(u)

Lam x σ (udxe) = Lam y σ (udye) if x, y /∈ FV(u)

In particular the last property expresses the fact that Λ0 is
canonical, identifying α-convertible terms.

We employ contexts to express a recursion principle RΛ0 for
Λ0, allowing us to define functions over terms by structural
recursion.

RΛ0 : ∀T : Type, C : list A.
(A⇒ T )⇒
(Λ0 ⇒ Λ0 ⇒ T ⇒ T ⇒ T )⇒
(∀x : A, σ : tp, v : Λ1.
x /∈ FV(v)@C ⇒ T ⇒ T )⇒

Λ0 ⇒ T

The lines 2–5 of the type of RΛ0 express the types of the
arguments of the principle which will provide its behaviour
in the Par, App, and Lam case. To better understand how
RΛ0 works, we use it to define the usual operation of substi-
tution of terms for free variables. Informally, substitution is

http://www.irit.fr/~Wilmer.Ricciotti/publications.html
http://www.irit.fr/~Wilmer.Ricciotti/publications.html


often defined as follows:

u [v/x] ,



(Par x) [v/x] = v
(Par y) [v/x] = Par y if x 6= y
(App u1 u2) [v/x] =

App (u1 [v/x]) (u2 [v/x])
(Lam y σ u1) [v/x] =

Lam y σ (u1 [v/x]) if x /∈ {y} ∪ FV(v)

This is not a regular pattern matching over an inductive
type: while the Par and App cases do not look special (and
the same can be said about the types of the associated
clauses in RΛ0) the Lam case hides an implicit α-conversion
in order to make the bound variable different from both x
and any free variable occurring in v, to prevent variable
capture. More generally, an effective recursion principle
over lambda abstractions should allow us to retrieve, for
a bound variable, a name that is fresh with respect to an
arbitrary list: for this reason, we add a “freshness context”
C to the principleRΛ0 (similarly to what is done in Nominal
Isabelle [11]).

Thus, we can express the substitution operation as a struc-
turally recursive function over ostensibly named terms as
follows:

subst u x v , RΛ0 Λ0 (x :: FV(v))
(λy.if (x = y) then v else (Par y))
(λu1, u2, r1, r2.App r1 r2)
(λy, σ, u∗, , r∗.Lam y σ r∗) u

In this definition, variables r1,r2,r∗ are used to represent the
result of recursion on the subterms u1,u2,u∗dye respectively.
The abstraction operation is special: the recursion principle
unpacks it as Lam y σ (u∗dye), where u∗ is a unary context
and y is taken to be fresh with respect to the list x :: FV(v)
we provided as an argument and also with respect to FV(u∗)
(a proof that y /∈ x :: FV(v)@ FV(u∗) is also provided as the
underscore “ ” argument, that is irrelevant to the definition
of the substitution, but may be employed in a proof of cor-
rectness). Since the principle is part of our ostensibly named
interface, it is opaque and we need to provide properties ex-
pressing its computational behaviour. For parameters and
applications, this is reasonably simple:

RΛ0 T C fPar fApp fLam(Par x) = fPar x

RΛ0 T C fPar fApp fLam(App u v) =
fApp u v (RΛ0 T C fPar fApp fLam u)

(RΛ0 T C fPar fApp fLam v)

However a similar approach is not sound in the Lam case:
we can convince ourselves of this by means of the following
example:

RΛ0 A C fPar fApp (λy, , , , .y) (Lam x σ (udxe))
?
= fLam x σ u H

(RΛ0 A C fPar fApp (λy, , , , .y) (udxe))
= x

(where H is any proof that x /∈ FV(u)@C). As it turns out,
this equation would make it possible to look into the name
bound by Lam: this would in turn enable us to discrimi-
nate abstractions in terms of their bound variables, which is
clearly inconsistent with the α-equivalence hypothesis.

The fact that we should not be able to extract naming infor-
mation from binders prevents us from expressing the compu-
tational behaviour of the recursion principle explicitly in the
Lam case. For this reason, we need to express computation
by means of a more involved property:

∀T : Type.∀U : T ⇒ Type.
∀x, σ, u, C,HPar, HApp, HLam.x /∈ FV(u)⇒
(∀y,Hy.
U (HLam C y σ u Hy

(RΛ0 T C HPar HApp HLam (udye))))⇒
U (RΛ0 T C HPar HApp HLam (Lam x σ (udxe)))

This property is more constraining than the previous equa-
tions: it does not allow, in general, to compute the result
of a structurally recursive function in the Lam x σ (udxe)
case. However, if we employ it in a proof whose goal involves
such a function, we will get a new variable y, together with
a proof Hy that y /∈ C,FV(u) (both universally quantified
in the property) and the goal will be rewritten in such a
way that we have the illusion that Lam x σ (udxe) has been
renamed to Lam y σ (udye) and a computation step on the
recursive definition has occurred.

3. A LOCALLY NAMELESS MODEL
A locally nameless representation [3] of a language with
binders is a variant of de Bruijn’s nameless representation
where names are allowed to represent free parameters, but
indices are always used to express bound variables. A lo-
cally nameless representation of the simply typed lambda
calculus can be given as the following pretm inductive type
of pre-terms:

inductive pretm : Type ,
var : N⇒ pretm
par : A⇒ pretm
app : pretm ⇒ pretm ⇒ pretm
abs : tp ⇒ pretm ⇒ pretm.

Notice we use lowercase identifiers to distinguish the con-
structors of pretm from the similar operations discussed in
the previous section. The constructor var is used to con-
struct indices and par for named parameters; abs is a name-
less abstraction that is used as the counterpart of Lam ab-
stractions, binding an index rather than a named variable:
by convention, our indices are zero-based, so that index var k
is considered to be bound to the (k+1)-th outer abstraction.

In such a representation, indices whose value is too high and
thus do not point to any binder are said to be dangling : a
dangling index is neither a bound variable nor a free, named
parameter, thus it is often an unwanted situation. Most
formalizations employing this style adopt a validity predi-
cate on pre-terms that is verified only for real terms, i.e.
those that do not contain dangling indices (also called lo-
cally closed).

However, in our case the type of pre-terms will have a much
more substantial value as the interpretation of both terms
and n-ary contexts. We regard dangling indices as holes
implicitly bound at the outermost level, waiting for a context
application to fill a free variable in them.



The following function checks whether a pre-term can be the
interpretation of a k-ary context by verifying that the value
of all dangling indices is less than k:

check u k ,


check (var n) k =

{
true if n < k
false else

check (par x) k = true
check (app u1 u2) k =

(check u1 k) ∧ (check u2 k)
check (abs σ u1) k = check u1 (k + 1)

We thus define the interpretation of i-ary ostensibly named
contexts in the locally nameless model as the dependent pair
associating a pre-term u to the proof that check u i = true:

JΛiK = ctx i , Σu : pretm.check u i = true

We define algorithmically in the model two contextual oper-
ations that are a counterpart to the similar operations of the
ostensibly named presentation. They employ a parameter k
that is used, in recursive calls, to keep track of the number
of abstractions crossed.

νkx.u ,


νkx.var n =

{
var n if n < k
var (n+ 1) else

νkx.par y =

{
var k if x = y
par y else

νkx.app u1 u2 = app (νkx.u1) (νkx.u2)
νkx.abs σ u1 = abs σ (νk+1x.u1)

udxek ,


(var n)dxek =

 par x if n = k
var n if n < k
var (n− 1) if n > k

(par y)dxek = par y
(app u1 u2)dxek = app (u1dxek) (u2dxek)
(abs σ u1)dxek = abs σ (u1dxek+1)

We are now able to give an interpretation of ostensibly nam-
ed terms and contexts:

JPar xK = par x
JApp u1 u2K = app Ju1K Ju2K
JLam x σ u1K = abs σ (ν0x.Ju1K)

Jνx.uK , ν0x.JuK
JudxeK , JuKdxe0

Most of the interpretations are straightforward, but that
of Lam is worth looking into: the name-carrying lambda is
transformed by interpreting its body u1 first, then turning
all the occurrences of the parameter x into a dangling index
that is immediately bound by a nameless abstraction.

We omit the trivial interpretation of the FV operation and
state some of the properties we proved to ensure the validity
of the model.

Lemma 3.1.

1. JPar xK : ctx 0

2. if JuK : ctx 0 and JvK : ctx 0, then JApp u vK : ctx 0

3. if JuK : ctx 0, then JLam x σ uK : ctx 0

4. if JuK : ctx i, then Jνx.uK : ctx (i+ 1)

5. if JuK : ctx (i+ 1), then JudxeK : ctx i

Lemma 3.2. (α-conversion)

If x, y /∈ JFV(u)K, then JLam x σ (udxe)K = JLam y σ (udye)K

Lemma 3.3.

1. J(νx.u)dxeK = JuK

2. if x /∈ FV(u), then Jνx.(udxe)K = u

A final piece is missing to complete the model: an intepre-
tation of the recursion principle RΛ0 , and the proof that
its equational properties are valid. We provide such an in-
terpretation as a recursive function pretm rec on pre-terms
(later showing that it can be lifted to proper terms). Here
we only give the idea behind the definition in the key case
of abstractions, due to tricky dependently typed details that
require too much space for a thorough discussion.

The function pretm rec receives similar arguments to the
abstract RΛ0 , plus an additional fvar for dangling indices
(which are missing from the ostensibly named presentation)
that is not of particular interest here.

When dealing with a term of the form abs σ u, we generate a
new fresh name x = ϕ(C@ FV(u)) and open u with respect
to that name; we then perform the recursive call on the
opened udxe0. In symbols:

pretm rec T C fvar fpar fapp fLam (abs σ u) ,
let x := ϕ(C,FV(u)) in
fLam x σ (udxe0) . . .

(pretm rec T C fvar fpar fapp fLam (udxe0))

The real pretm rec is defined by recursion on the height of
the syntax tree of a pre-term, rather than structural recur-
sion on the pre-term, because not all the recursive calls are
on a pre-term which is structurally smaller than the one
received in input (something that is beyond the capabili-
ties of the termination heuristics found in a typical theorem
prover).

4. FORMALIZING TYPING RULES
We now turn our attention to the formalization of more
complex structures: typing judgments and their derivations
by means of inductive rules. We chose the simply typed
lambda-calculus as our setting, because even in its simplic-
ity some of the issues of the representation of binding are
already quite visible.



Its formalization in the most common representations of
binding is quite well understood. Most locally nameless for-
malizations employ the following concrete introduction rule
for lambda abstractions:

x /∈ FV (u)

〈x, σ〉 :: Γ ` u [par x/var 0] : τ
(LN-T-Abs)

Γ ` abs σ u : σ → τ

Following [10], we call rules in this style “backward”, as they
are most easily read from the bottom upwards: if the term
which we intend to type can be deconstructed as abs σ u,
then we should first get a typing derivation for u in an ex-
tended typing environment. However, since unboxing an
abstraction yields a term where the index var 0 is possibly
dangling, we are supposed to substitute a fresh name x for
it, which must also be used in the extended context.

An alternative “forward” representation of the abstraction
rule has a more familiar look:

〈x, σ〉 :: Γ ` u : τ
(LN-T-Lam)

Γ ` Lam x σ u : σ → τ

In this case, the substitution is hidden inside the Lam op-
erator: Lam x σ u is syntactic sugar for abs σ u [var 0/x].
Although this rule is more pleasant to read, in practice it is
seldom used in formalizations because the associated induc-
tion principle is more difficult to use, due to the fact that
Lam is not a real constructor: on the contrary, the algorith-
mic interpretation of the backward rule is immediate, as we
argued some lines above.

As it turns out, even if we formalize a type system by means
of backward rules, we get an induction principle which is
weaker than what a formalizer expects. For example, sup-
pose that we write a type checker for the simply typed cal-
culus: we can verify its soundness with respect to the for-
malized type system (typechecking does not succeed for ill-
typed terms) quite easily by induction; however verifying
completeness (all well-typed terms typecheck successfully)
turns out to be challenging for a naive formalizer.

As originally noted by McKinna and Pollack [5], the reason
behind this difficulty lies in the fact that the LN-T-Abs rule
is quite liberal: x can be any sufficiently fresh parameter.
Given the typing judgment associated to an abstraction, we
get a different derivation for every choice of a suitable x.
All the derivations are isomorphic, but contain, so to say, a
“hardcoded” parameter name: in other words, when we view
typing derivation as data structures, they are not canonical.

The problem with typing derivations being not canonical is
that, in a proof by induction, the hardcoded fresh param-
eter x makes its return as part of the induction hypothesis
associated with the abstraction case:

∀P.
...
∀Γ, x, σ, u, τ.
x /∈ FV(u)⇒
〈x, σ〉 :: Γ ` u [par x/var 0] : τ ⇒
P (〈x, σ〉 :: Γ, u [par x/var 0] , τ) ⇒
P (Γ, abs σ u, σ → τ)

⇒
..
∀Γ, u, σ.Γ ` u : σ ⇒ P (Γ, u, σ)

However on many occasions we will need our induction hy-
pothesis to refer to an arbitrary y /∈ dom(Γ) (or even all
such ys).

We can force typing derivations to be canonical (indepen-
dent of arbitrary choices of parameter names) by means of
a universally quantified premise:

(
∀x.x /∈ dom(Γ)@ FV(u)⇒
〈x, σ〉 :: Γ ` u [par x/var 0] : τ)

)
(LN-T-Abs’)

Γ ` abs σ u : σ → τ

This yields a strong induction principle, where the induc-
tion hypothesis associated to the abstraction case is simi-
larly quantified over all suitable xs. However, the rule LN-
T-Abs’ itself is actually weaker: to derive a typing judgment
for abstractions, one now needs to prove an infinite number
of judgments, one for every choice of x! This is not how
typecheckers work and is thus usually not considered a good
formalization of a typing rule.

Still, it must be noted that all the rules presented in this sec-
tion are equivalent. In particular, it is possible to prove the
“strong” induction principle for a formalization using LN-
T-Abs by showing that the typing judgment is equivariant,
i.e. stable under arbitrary finite permutations of names π:

Γ ` u : σ ⇐⇒ ∀π.π · Γ ` π · u : σ

4.1 Ostensibly named representation of typ-
ing

We employ the ostensibly named style presented in Section 2
to express the type system of the simply typed lambda cal-
culus.

The typing rules, shown in Figure 2, look quite unremark-
able. The rule ON-T-Lam, in particular, looks the same
as the rule LN-T-Lam of the previous section, although in
this case Lam is opaque and, more importantly, the rules
themselves must not be intended as the constructors of the
inductive type of typing derivations, but as operations pro-
vided by the abstract data type of typing derivations. We
postpone the discussion about the internal representation of
typing to the next section.

The ostensibly named induction principle we associate to
these rules (Figure 3) is more interesting. The induction



〈x, σ〉 ∈ Γ dom(Γ) is duplicate-free
(ON-T-Par)

Γ `O Par x : σ

〈x, σ〉 :: Γ `O u : τ
(ON-T-Lam)

Γ `O Lam x σ u : σ → τ

Γ `O u : σ → τ Γ `O v : σ
(ON-T-App)

Γ `O App u v : τ

Figure 2: Typing rules for λ→, ostensibly named
style.

∀P.
(∀Γ, x, σ.〈x, σ〉 ∈ Γ⇒ P (Γ,Par x, σ))⇒

∀Γ, x, σ, u, τ.
x /∈ dom(Γ),FV(u)⇒
(∀y.y /∈ dom(Γ),FV(u)⇒
〈y, σ〉 :: Γ `O udye : τ)⇒
(∀y.y /∈ dom(Γ),FV(u)⇒
P (〈y, σ〉 :: Γ, udye, τ))

⇒

P (Γ, Lam x σ (udxe), σ → τ)


⇒


∀Γ, u, σ, τ.

Γ `O u : σ → τ ⇒
Γ `O v : σ ⇒
P (Γ, u, σ → τ)⇒
P (Γ, v, σ)⇒
P (Γ,App u v, τ)

⇒
∀Γ, u, σ.Γ `O u : σ ⇒ P (Γ, u, σ)

Figure 3: Rule induction for the λ→ typing deriva-
tions, ostensibly named style.

hypothesis of the lambda case (highlighted in the figure) is
quantified over all suitable parameter names, as in a strong
principle; however, we use the variable opening operation,
both in the induction hypothesis and in the conclusion, to
avoid exposing the internal structure of the terms. To pre-
vent variable capture, the new names are chosen to be fresh
with respect to the context u being opened.

4.2 Internal representation of typing rules
As we argued in Section 4, the weak or strong induction
principle dilemma, in the context of typing, stems from the
fact that the natural typing rules mentioning a specific vari-
able in the binder case, yield a plurality of derivations for
the same typing judgment; but to have a single derivation
and thus a strong induction principle, one has to employ an
infinitary typing rule.

In essence, names are the origin of the dilemma: so it is just
natural to look at a de Bruijn formalization of the typing
rules, shown in Figure 4. In the nameless encoding, typ-
ing environments are just lists of types: we denote them as
γ, γ′, . . ..

Since in this presentation no named parameter appears, con-

γ(n) = σ
(DB-T-Var)

γ `D var n : σ

σ :: γ `D u : τ
(DB-T-Abs)

γ `D abs σ u : σ → τ

γ `D u : σ → τ γ `D v : σ
(DB-T-App)

γ `D app u v : τ

Figure 4: Typing rules for λ→, pure de Bruijn style.

text references are by position (rule DB-T-Var, where γ(n)
returns the n+ 1-th type in γ). In the abstraction rule, un-
boxing an abstraction yields, in the premise, a new dangling
index, whose type is referenced in an extended context.

The nice thing about going nameless, is the following: the
rule DB-T-Abs is finitary (in fact, unary), but at the same
time it is also canonical! For every well-typed abstraction,
there is exactly one derivation, because we do not have the
freedom of choosing any fresh name: in fact, we choose none.
This desirable situation comes from the fact that, in a name-
less setting, not only abstractions, but also the typing envi-
ronment γ of the judgments and even the rule DB-T-Abs
are treated as binders.

These properties make the de Bruijn style rules, together
with the associated induction principle (Figure 5), an ideal
model for the abstract rules of the previous section.

∀P.
(∀γ, x, σ.γ(n) = σ ⇒ P (γ, var n, σ))⇒

∀γ, σ, u, τ.
σ :: γ `D u : τ ⇒
P (σ :: γ, u, τ)⇒
P (γ, abs σ u, σ → τ)

⇒


∀γ, u, σ, τ.
γ `D u : σ → τ ⇒
γ `D v : σ ⇒
P (γ, u, σ → τ)⇒
P (γ, v, σ)⇒
P (γ,App u v, τ)

⇒
∀γ, u, σ.γ `D u : σ ⇒ P (γ, u, σ)

Figure 5: Rule induction for the λ→ typing deriva-
tions, de Bruijn style.

To model the ostensibly named presentation of λ→, we first
need to interpret `O in terms of `D. For this purpose, we
give an interpretation of the ostensibly named representa-
tions of types, typing environments, and terms into the cor-
responding concepts of the de Bruijn representation. As
usual, the interpretation of types is the identity. For what



concerns typing environments, all we need to do is to throw
away the names, keeping the types in the same order: this is
best done by projecting the second component of each pair in
the list. Finally the interpretation of terms is given by tak-
ing the interpretation we used in Section 3 and subsequently
closing the obtained locally-nameless term with respect to
the names in its typing context: assuming all the names ref-
erenced in the term have an entry in the environment, the
resulting interpretation is nameless. In symbols:

JσK , σ

JΓK , cod(Γ)

JuK−→x , ν0
−→x .JuK

JΓ `O u : σK , df(dom(Γ)) ∧ JΓK `D JuKdom(Γ) : JσK

where:

dom([x1 : σ1; . . . ;xn : σn]) , [x1; . . . ;xn]

cod([x1 : σ1; . . . ;xn : σn]) , [σ1; . . . ;σn]

νk[x1; . . . ;xn].u , νx1 . . . νkxn.u

The model of an ostensibly named judgment contains, in
addition to its nameless counterpart, a proof that the do-
main of Γ is duplicate-free (a property which we expect to
be able to prove, and which is not implied by the nameless
judgment). We have used the predicate df to assert that a
certain list of names is duplicate free. The vector notation
−→x is employed as a compact way of to refer to lists, in this
case to a list of names. Our second task is to model the rules
of Figure 2 as instances of their nameless counterparts. This
is expressed by the following lemma:

Lemma 4.1.

1. If 〈x, σ〉 ∈ Γ and dom(Γ) is duplicate-free, then
JΓ `O Par x : σK.

2. If x /∈ dom(Γ) implies J〈x, σ〉 :: Γ `O u : τK, then
JΓ `O Lam x σ u : σ → τK.

3. If JΓ `O u : σ → τK and JΓ `O v : σK, then
JΓ `O u v : τK.

Finally, we provide an interpretation of the ostensibly named
induction principle as follows:

Theorem 4.2. Let P be a predicate over named typing
environments, terms, and types. Assume the following prop-
erties:

1. for all Γ,x,σ, 〈x, σ〉 ∈ Γ implies P (Γ,Par x, σ);

2. for all Γ,x,σ,u,τ such that

• x /∈ dom(Γ),FV(u)

• ∀y.y /∈ dom(Γ),FV(u)⇒ J〈y, σ〉 :: Γ `O udye : τK

• ∀y.y /∈ dom(Γ),FV(u)⇒ P (〈y, σ〉 :: Γ, udye, τ)

then P (Γ, Lam x σ (udxe), σ → τ) holds;

3. for all Γ,u,v,σ,τ such that

• JΓ `O u : σ → τK

• JΓ `O v : σK

• P (Γ, u, σ → τ)

• P (Γ, v, σ)

then P (Γ,App u v, τ).

Then for all Γ,u,σ such that JΓ `O u : σK, P (Γ, u, σ) holds.

Proof sketch. Assume JΓ `O u : σK. By definition,
we know that the domain of Γ is duplicate-free and that
JΓK `D JuKdom(Γ) : σ.

Let P̂ be the augmented predicate:

P̂ (γ, u, σ) , ∀−−→x|γ|.df (−−→x|γ|)⇒ P (γd−−→x|γ|e, ud−−→x|γ|0e, σ)

where we have extended the definition of −d−e as follows:

[σ1; . . . ;σn]d[x1; . . . ;xn]e , [〈x1, σ1〉; . . . ; 〈xn, σn〉]

ud−→x ek ,

{
ud[]ek = u
udy :: −→z ek = udyekd−→z ek

The extended vector notation in the form−→xn indicates lists of
length n. We now proceed by induction on JΓK `D JuKdom(Γ) :

σ to prove P̂ (JΓK, JuKdom(Γ), σ). By instantiating the aug-
mented predicate over the list dom(Γ), we finally obtain
P (Γ, u, σ) (using lemma 3.3).

The most difficult part of the induction is the abstraction
case: given γ0, σ0, τ0, u0 and a duplicate free list of names
−−→x|γ0|, we need to prove

P (γ0d−−→x|γ0|e, (abs σ0 u0)d−−→x|γ0|e, σ0 → τ0)

under the hypotheses

σ0 :: γ0 `D u0 : τ0
P̂ (σ0 :: γ0, u0, τ0)

where the latter is the induction hypothesis. Then we take
a fresh name y and rewrite in the thesis

(abs σ0 u0)d−−→x|γ0|e
= abs σ0 (u0d−−→x|γ0|e1)
= Lam y σ0 (u0d−−→x|γ0|e1dye)

This allows us to apply the second lemma hypothesis (to
fulfill the guards of the hypothesis, we exploit the equality
u0d−−→x|γ0|e1dye = u0dy :: −−→x|γ0|e).

5. CONCLUSIONS
In this paper we have presented an ostensibly named ab-
stract data type for the formalization of languages with bind-
ing, which enables the user of an interactive theorem prover
to only deal with familiar concepts like named binders and
terms with holes.

Even though our internal representation of binding struc-
tures employs nameless dummies, other models are possible
as long as they are canonical, the most obvious alternative
being the canonical locally named representation. However,



users do not need to worry about this, since they only deal
with an abstract data type that does not expose such inner
details.

In our discussion, we have not mentioned the induction prin-
ciple over terms. It is not necessary to provide axioms for
it, as it can be obtained from (a dependently typed version
of) the recursion principle RΛ0 , and later strengthened by
means of the usual technique of equivariance. However an
alternative strategy which is more coherent with the tech-
niques shown in this paper is to formalize a well-formedness
judgment for terms by means of inductive rules, similarly to
our formalization of typing, and perform strong induction on
well-formedness derivations. Induction on well-formedness
derivations has been a common idiom for a long time (es-
pecially in locally nameless formalizations) and in our case
has the benefit of not needing any reasoning about permu-
tations.

We have not considered whether the ostensibly named style
is sufficiently expressive for real formalizations. This is a re-
port about a novel technique and we still have to investigate
whether complex proofs like confluence, subject reduction,
or decidability of typechecking are feasible or even possible
without assuming stronger axioms. However we have car-
ried out simple proofs about the substitution operation and
the weakening of typing in the simply typed lambda calcu-
lus. Quite remarkably, the weakening proof is as easy as in
a locally nameless formalization, despite the fact that inter-
nally the rules use a de Bruijn representation, which would
normally require complex arguments about permutations of
the typing environment.

Moreover, our interpretation of rule induction into the
de Bruijn model of the type system essentially proves a
strong induction principle without resorting to the usual
technique of equivariance, but only employing the opera-
tions of variable opening and variable closing. While this is
hardly an improvement over equivariance, we believe it pro-
vides an alternative, interesting point of view on the topic.

In perspective, the ostensibly named approach seems to en-
joy very desirable properties that would recommend its adop-
tion as an alternative to more established techniques. These
properties, however, come at a substantial cost: without
the help of automated tools, the burden of providing two
formalization levels (concrete nameless and abstract osten-
sibly named) together with the associated proofs, will scare
away most formalizers. Secondly, abstract recursion prin-
ciples whose computational behaviour is expressed by an
equational theory are not as convenient as the concrete ones
available for inductive types. Lastly, defining recursive func-
tions as instances of a recursion principle is quite unusual
and can be tricky, although syntactic sugar can be used to
make definitions more readable.

In the future, we plan to investigate whether it is feasible to
produce the overhead to an ostensibly named formalization
programmatically from a declarative specification of a lan-
guage with binding (similarly to what tools like DBgen [8]
and LNgen [2] provide for pure de Bruijn and locally name-
less formalizations). We will also study the design of tac-
tics and syntactic constructs to allow interactive theorem

provers to present ostensibly named interfaces almost as if
they were inductive types, automating computation of recur-
sively defined functions and allowing definitions by pattern
matching.
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