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Abstract

A languageof formalproteins,the � -calculus, is introduced.Interactions
aremodeledat thedomainlevel, bondsarerepresentedby meansof shared
names,andreactionsarerequiredto satisfyacausalityrequirementof mono-
tonicity.

An exampleof a simplifiedsignallingpathway is introducedto illustrate
how standardbiologicaleventscanbeexpressedin our proteinlanguage.A
morecomprehensiveexample,thelactoseoperon,is alsodeveloped,bringing
someconfidencein theformalismconsideredasamodelinglanguage.

Thena finer-grainedconcurrentmodel,the ��� -calculus, is considered,
whereinteractionshave to be at mostbinary. We show how to embedthe
coarser-grainedlanguagein thelatter, apropertywhichwecallself-assembly.

Finally we show how thefiner-grainedlanguagecanitself beencodedin� -calculus,astandardfoundationallanguagefor concurrency theory.

1 Intr oduction

Following independentproposalsfrom Fontana[11] andRegev [25], it is becom-
ing commonplaceto think of formalismsderived from processalgebrasandcon-
currency asbeingpotentiallyusefulin theformal layoutandanalysisof biological
networksat themolecularlevel. We will first restatethegoalsof this relatively re-
centmovementof ideasbeforeexplainingthecontribution of thisparticularpaper.

Thecell is a billion moving piecesimplementinglife. Sugaris collected,pro-
cessedandusedasa power supply to gatherinformation. The betterthe cell is
fed,thebetterit computes.Signalsaredetected,collectedandcomparedandsome
decisionsaretaken.Thebetterthecell computes,thebetterit feedsontheenviron-
ment.Life needssugarto processinformationandalsodirely needsinformationto
processsugar. Onecouldbe left wonderingif this is perhapsthemeaningof life,
but meanwhiletheremustbeaprogramminglessonto beunderstoodhere,

To begin with, computationin a cell is concurrentand asynchronous.Syn-
chronizationwhenit is needed—for instanceto detectthepresenceof significant
�
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amountsof two signalsat the sametime— hasto be implemented.Second,the
systemssemanticsdependson probabilisticresponseandyet oftenremainsdeter-
ministic at themacroscopiclevel. Valuesmanipulatedaremostlycontinuous,yet
discretestatesandchoicescanbe implementedat variouslevels; behaviours are
obtainedthroughheavy useof feedbackmechanisms.Delaysareinvolved, some
computationstepsarepartly reversible,ratesof reactionsareinfluencedby global
parametersandperhapsasa consequence,local environmentscanbe createdby
meansof compartments.

Bio-computingis in radical departurefrom ordinary computationalmodels,
wherea sequenceof actionsis chosenonceandfor all, datais discrete,control is
eithercentralizedor at mostcoarselydistributed,following designprinciplesthat
seekto optimizeefficiency at fairly simpleandwell-definedtasks.

Consideringtherecentbreakthroughsin experimentalbiology, we maybefor
thefirst time in positionto understandwhatcomputationalmodelsare embedded
in the cell and to develop a symbolicbiology that would be at the sametime a
manageabletheoreticalobjectandaplausibleidealization.

Someof this excitementhasalreadytranspiredin thedomainof Concurrency.
New processalgebrasdirectedat biological systemsarenow mushrooming,each
meantto treatoneaspectof thespecificitiesof bio-computing.Onehasreversible
CCS[6] giving meansto directly expressreversibility, stochastic� -calculus[22,
23] equippedwith a quantitative contextual semanticsandthereforegiving access
to simulations,bio-ambientsand membrane-calculi[24, 3] for dealingwith the
dynamicsof variouscellularcompartments.We ourselvesproposeda first version
of the 	 -calculuswith thespecificpurposeof representingproteininteractions[8].
Thepresentpaperworksa refinedversionof this samelanguage.

1.1 A calculusfor proteins

Our languageidealizesprotein-proteininteractions,essentiallyasa particularre-
strictedkind of graph-rewriting operatingon graph-with-sitesnot unlike Lafont’s
interactionnets[19]. Bindingsareexplicit: a formal proteinis a nodewith a fixed
numberof sites,acomplex is aconnectedgraphbuilt oversuchnodes.

Biological reactionsaremodeledby two kinds of rewriting rules: monotonic
andantimonotonic.Theformerkind representscomplexations,that is to sayreac-
tionswherelow energy bondsareformedbetweenvariouscompounds.Thelatter
kind is symmetricto the first andrepresentsdecomplexation. From this respect,
reactionformatsaremorerestrictive thanthey werein theprecedingversionof the
language[8]. Yet, they arealsomoreexpressive, in that they allow non-linearre-
actionsandthusmake it possibleto representtheimportantreactionsof synthesis
anddegradation.This is a significantrise in expressive power at a low syntactic
price.

We illustratethis gain in expressivity with a typical signaltransductionpath-
way. A morecomprehensive formalizationeffort wasdonepreviously. Using a
simplified andmoreabstractrelative of 	 -calculus,the vastnetwork of reactions
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controlling the mammaliancell cycle was formalized[5] after Kohn’s compila-
tion [18]. Take notethat, in signal transductionsystems,synthesiscanbe taken
asanoutputanddoesn’t needto bemodeledin itself. In thecell cycle thingsare
different. Synthesisplaysa major role becausethechief regulatorsof thecell cy-
cle, calledthecyclins, areinfluencingtheir own synthesisthrougha complicated
cascadeof interactions.Onereally hasto describeit insidethemodel. In princi-
ple, this formalizationcould be recastin our presentlanguage,provided onehas
enoughdetail aboutdomain-level interactions.We choosehere,asa secondex-
ample,a simplerandwell documentedsystem,namelythelactoseoperon.While
remainingtractablethesetof reactionsinvolved offers a selectionof mostof the
eventsonefindsin thebiggermammaliancell cyclecontrol.

Both examplesserve well asa practicalproof of the expressivity of our new
versionof 	 -calculusandthesecondputsto useits additionalexpressivity power.
Anotherdifferencewith the previous versionis that we work now with an alge-
braicnotationinsteadof keepingwith agraph-rewriting presentation.Thisprocess
algebraicnotationis closerto amultiset-basedcalculuswhichwe proposedearlier
[7] andallows for amoreflexible andprecisesyntaxfor reactions.

As for any processalgebra,oncethebasicreactionsarein place,onecande-
rive the behaviour of any systemby meansof contextual rules. The possibility
of applyingpattern-basedbasicreactionsin differentcontexts bringsan element
of predictionin the language.In this respect	 -calculusis not equivalentto a flat
andreaction-centricview of biological systems.Bringing a notion of contextual
quantitative operationalsemantics̀a la Gillespie[13] asPriamidid for stochastic
� -calculus[22, 23] couldmakethisevenmoreevidentsinceunexpectedevolutions
of thesystemwould be observed. But for now we don’t have sucha quantitative
semanticsandthis interestingissueremainsto beexplored.

1.2 Self-assembly

As pleasinglysimpleandcloseto biological interactionsasour languagemaybe,
eventherestrictedreactionsit considerscannotplausiblybetakenasatomicevents.
Be that in biology, or in any otherdecentralizedcomputationalscenariofor that
matter, non-localgraph-rewriting takestime andmoreaccuratelyit takesconsen-
sus.To implementthisconsensusis aproblem,whichafterKlavins [17], wename
the self-assemblyproblem. In our specificcase,the informal questionbecomes
whethergiven a higher level descriptionin 	 -calculus,one can synthesizepro-
cesses,onefor eachof the interactingproteins,so that in a purely decentralized
way and with binary synchronizationas the only meansof communication,the
proteinsaregoingto behave accordingto theoriginal higherlevel description.

The secondcontribution of this paperis to make rigoroussenseof the self-
assemblyquestionandsolve it to the positive for our language.Thoughthe � -
calculusisaprocesslanguagethatiswell suitedtoaformalizationof self-assembly,
we introducean intermediatelanguage,the 
�	 -calculus,that allows for a more
readableformulationandsolutionof our problem.Thefiner-grainedview of pro-
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tein interactionthat 
�	 -calculusintroducesis interestingin its own right andone
might arguethat it is biologically moreplausible.Basicentitiesarecalledagents,
they have astate,maycreatenamesandcommunicateonly by binaryinteractions.
To encodea given higherlevel reaction,oneusesa family of binary interactions
indexedby theedgesof adirectedacyclic graphspanningall thereactants.Sucha
graphis guaranteedto exist by themonotonicitycondition.Correctnessis obtained
throughthe definition of a simulationwhich follows this geometricconstruction.
Again, thenew rule formatcompareswell with thepreviousformat[8] in termsof
thesimplicity of thesimulation.

Now 
�	 -calculusis not far from a graphicnotationfor � -calculusand we
provide an embeddingwitnessingthis in the concludingsection. By composing
the two encodings,one getsa distributed andnon-deterministicimplementation
of 	 -calculusinto any currentimplementationof � -calculus,for instanceNomadic
Pictor JoCaml[28, 10]. Soit is notonly thatthemodelweproposeis supportedby
a precisenotationandhasgooddescriptive capabilities,but it is alsoreducibleto
a protein-centricandpurelylocal languageof interactions,suchasthe � -calculus.
Thesearereferencepropertiesagainstwhich furthermodelsshouldbeevaluated.

1.3 Structure of the paper

Theopeningsectionis aninformal presentationof our language,andthenext sec-
tion definesthecalculusproperlyandzoomsin ontheparticularformatof reactions
oneis interestedin. Thenext sectiondevelopsasmallexampleof asignaltransduc-
tion pathway thatillustratesthesyntax,andthebiggerandwell-known exampleof
thelactoseoperon.Thenthepaperturnsto thematterof self-assembly. A section
is devotedto thepresentationof thelower level languageusedto statetheproblem
andthenext sectionpresentstheactualembedding.The last sectionproposesan
embeddingof thelower level languageinto � -calculus.

2 A visual notation for �
We begin with a pictorial introductionto our formal calculus. This presentation
could bemadea formal modelin its own right but we choosenot to do so,since
our working notation,presentedin thenext section,will bedifferentandactually
basedon � -calculusratherthanon graphs.

So what is it that we want to expressin our language?The shortansweris
the combinatoricsof the interaction betweenproteins. Proteinsareinvolved in a
network of reactionsimplementingvarioushigh-level taskssuchasthesugar-chain
repletingenergy stocks,thedetectionof externalsignals(stress,growth, death,. . . )
andthe triggeringof the appropriatebehavioural modifications,the coordination
of internalsignalscontrollingthevariousphasesof thecell cycle, andsoon. The
mainpurposeof molecularbiologyis to identify thesetasksandrelatethemto their
implementationat themolecularlevel.
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Going down in the detailsof protein interaction,one finds sub-components
commonlycalleddomains, thatdeterminewhich otherproteinsthey canbind and
subsequentlyinteractwith. Suchinteractionsmayresultin changesin thefolding
of theparticipatingproteinsandsuchchangescansometimesbememorized.There
arevariouswaysthisis biochemicallyimplemented,themostcommonbeingphos-
phorylation. A well-studiedproteincalledP53 is known to have no lessthan 
�

phosphorylationsitesandto beableto bind with 
�� otherproteinsto form various
binarycomplexesresultingin anevenmoredauntingcombinatorialspace[18].

Dependingonthewayproteinsarefoldedin space,thesedomainscanbeactive
or not,andthebehaviour of theproteinwill bedifferent.Thereforenotonly its free
domainsbut alsoits global folding determineswhata givenproteinassemblageis
capableof.

To abstractbothoverdomainsandfolding states,weusesites. Thesesitesmay
be boundor free, and free onesmay be visible or hidden. Thus, in our model,
bindingsareexplicit and internalstatesareexpressedjust by sayingwhich free
sitesarevisibleor not.

Proteins and Complexes. We draw proteinsasboxes,with sitesbeingwritten
on the boundary, and identifiedby distinct naturalnumbers,
 , � , � , . . . , written
within thebox. SeeFigure1(a)for apictureof aprotein.
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Figure1: A proteinandacomplex

Proteinsmaybeassembledinto proteincomplexes, or simplycomplexes.Com-
plexesaredrawn by connectingtwo-by-two boundsitesof proteins,thusbuilding
connectedgraphssuchasin Figure1(b), which representsa compoundmadeof�

, � , and � , where
�

is connectedwith � and � . Biologically, a complex is a
bundleof proteinsconnectedtogetherby low energy bounds.

Otherexamplesof complexesareshown in Figure2.

Biological reactions. Collectionsof proteinsandcomplexesarecalledsolutions.
Solutionsevolve by meansof reactions,which occurwhena sub-solutionhasa
specialshape,calleda reactant. Whenthishappens,thereactantschangeandyield
anew sub-solution.Hereareexamplesof reactions:
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Figure2: Complexes
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Not every rewriting rule is biologically plausible. We will stipulatein the next
sectionwhich exact setof reactionswe areinterestedin, but we canalreadydis-
cussthis informally. Thecomplexationreactionabove will certainlybein this set,
but activation won’t. The rationalebehindour choiceis thatactivation obviously
needssomephysicalcontactto bemadeto take place.Sothereactionabove is not
anatomicevent—we arenot told thewholestory. By theway, whensuchactiva-
tions arefound in biological systems,usuallyonly oneof the product,calledthe
substratewill bemodifiedby thereaction,while theotheronecalledtheenzyme,
or thekinase,or thecatalyst,will be left unchanged.Thekinetic analysisof such
reactions,embodiedin theMichaelis-Mentenformula[27], explicitly mentionsthe
intermediatestatewherethesubstrateandthecatalystareboundtogether. All in
all, it seemsvery reasonablenot to take thatkind of reactionasaprimitive.

Roughlyour languagewill be a languageof complexationsanddecomplex-
ations,whereby decomplexation we meanthe reactioninverseto complexation
whena complex is dissociatedinto smallerparts. But therearetwo subtleissues
here. First, assaid in the introduction,it would be too restrictive to only allow
linearreactions,thatis to sayreactionswherebasiccomponentsarepreserved. To
expressthe importantreactionsof synthesisanddegradation,we will allow some
limited form of duplicationanderasingandrelaxsomewhatwhatwould bea too
strictpreservationprinciple.
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Second,somereactionssuchasthe edge-flippingreactionbelow, seemto be
complexations,but really they arenot,becausethey lackmonotonicity.
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edge−flipping reaction

Whatdo we meanby this? If onelooksat thepicture,oneseesthatalthough
both the reactantandproductof the reactionareconnected,someedgehasto be
erasedin the reactantbeforeonecan reachthe product. Even if the total num-
ber of edgesis constant,theremustbe an intermediateunconnectedstateof the
compoundswhereanedgeis erased,e.g.:
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Thisphenomenonis aconsequenceof thefactthatourmodelhassitesasfirst-class
citizensin thesyntax.Sitesrepresentresourcesfor bindings,thereforebindingsare
constrainedby theavailability of sites,andthis constraintplaysanimportantrole
in biologicalcausalityaswe will seein theexamplepathway.

Speakingaboutcausality, monotonicity (that edgesare createdand none is
erasedduringa reaction)embodiesa causalityconstraint.For anything to happen
thingshave to bein contact.It is strongerthanthevirtual connectednesscondition
thatwe wereimposingin theearlierversionof 	 -calculus.Therewe wereasking
thata temporarysupercomplex couldbeformedbetweenthereactants.Our new
choicemakes thesetemporarycomplexes explicit, thereareeither the left hand
sidefor a decomplexation or the right handsidefor a complexation. To seethat
thenew conditionis strictly strongerit is enoughto look at theactivationexample
above. It is virtually connectedsincethe left handsideis connectiblethroughthe
pairsof visible sites � ������� � �����

and � ����� � � ��!"� , but assaid,it doesn’t satisfyour
new requirement.

This new conditionis alsonaturalwhenit comesto themicro-implementation
of 	 -calculusin 
�	 -calculus,in thatthecomplex will beactuallywalkeduponby
binary interactionsto eithercheckfor its existence(caseof a decomplexation) or
to build it (caseof acomplexation).

We finally observe that in the above reactionswe have only representedthe
activesitesin theleft-handsides,namelythosesiteswhich aretestedandperhaps
modifiedby therule. Themeaningof this is thatall theothersitesarekept intact
by the reaction.This convenientnotationis introducingsomeelementof pattern
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matchingor evaluationcontext in our operationalsemantics.While it seemsnot a
big dealfor thecomputerscientist,to ourknowledge,nodirectbiologicalmodeling
languageis usingeventhissimpleform of contextual operationalsemantics.

3 The � -calculus

We now develop an algebraicnotationasa workablesyntaxfor our graphs-with-
sitesintroducedin theprevioussection.Onemightwonderwhy suchanalternative
notationis neededor evenuseful.

Onepoint in favor of this new notationis that it givesa precisedescriptionin
theclassicalstyleof � -calculus[20] andthis couldbea beginningleadingto nice
reasoningprinciples. Having the namecreator, “new”, in the syntaxallows for
a cleansyntactictreatmentof edgecreationsin the right handsidesof reactions.
Onedoesn’t haveto botherwith freshnessconditionswhendefiningtheoperational
semantics:namecreationandstructuralcongruencedo it themselves.

A sideobservation perhapsonly of interestfor Concurrency theoristsis that
of theordinarymaterialof processalgebras,we just usehereparallelcomposition
and namecreation,a pretty minimal algebraicsubset. Communicationis done
à la Join [12], by meansof reactions,but with an additionaledgestructureon
messageswhich is imposedby reactions.A minoradvantagethatcomeswith such
a traditional notationis that thereare tools specificallymeantto manipulate� -
like syntacticstructures,asin a languagerecentlyproposedby Cardelli,Gardner
andGhelli [4], which would provide naturalenvironmentsfor thedevelopmentof
modelsin 	 .

A secondpoint is thathaving bothourtargetintermediatelanguage
�	 , laterto
becompiledin � -calculus,andthesourcelanguagedisplayedin thesamesyntactic
styleseasesthework of translatingonein theother.

A lastpoint is thatoncethis new notationis in place,onemayconsidermore
advancednotions of rewriting, such as hypergraph rewriting or interactionnet
rewriting [19], andexplore this further. For instance,by askingwhethersuchad-
vancedrewritings aretranslatablein 
�	 , or in otherwordswhich of themmaybe
implementedby meansof binary interactions.Thoughwe don’t do this here,this
seemsworthpursuing.

Of course,thereis a point againstthis syntax,namelythat it is not asintuitive
asthevisualonewe startedwith andthis is why we introducedthevisualnotation
first.

3.1 The syntax of #
Thesyntaxof 	 -calculusrelieson:

$ acountablesetof proteinnames% , rangedover by
�

, � , � , &�&�&
$ acountablesetof edge names' , rangedoverby ( , ) , * , &�&�&
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$ asignature map,written + , from % to naturalnumbers .

For eachproteinname
�

, +,� �-� is thenumberof sitesof
�

, andfor any 
/. � .
+,� �-� , thepair � �����0� will accordinglybecalledasiteof

�
.

Interfaces. An interfaceis a partial mapfrom to '2143 �5��687 usuallyranged
over by 9 , : andsimilar symbols.Thedomainandrangeof aninterface9 will be
respectively denotedby ;=<5>?�@9 � andACB0DE�@9 � , andthesetof namesfreein 9 , writtenF DE�@9 � , is obtainedasACB0DG�@9 �IH ' . Wewill only everdealwith interfaceswith finite
domain.Theemptyinterfacewill bedenoted .

A site � �����0� of
�

is saidto bevisible in an interface 9 if 9J� �0�LK46
, hiddenif

98� ���MKN�
, free if it is visible or hiddenandbound if 9J� �0�MO ' . Any interface 9

uniquelydecomposesasa disjoint sum 98PQ1R9TS whereAUB0DV�@98P �XW ' , ACB0DV�@9TS �YW
3 ����6J7 , 9 S will becalledthefreeinterfaceof 9 . Interfacesareusedto depictpartial
statesof

�
’s sites.Thestatedepictedby 9 maybeonly partialsince ;=<5>?�@9 � may

not containthewholeof +,� ��� .
We could have called 9 a stateinsteadof an interface. This choiceof termi-

nology is meantto insist on the fact that the interfaceis going to determinethe
interactioncapabilitiesof theproteinit is aninterfaceof.

Let ushave anexample.If
�

is suchthat +,� ���ZK � then 98�[
 �ZK\6
, 9J�[� �ZK]�

,
98�[� �LK ( is a well-definedinterfacemapfor

�
, thatdeclaressite 
 to be visible,

site � to behiddenandsite � to beboundto somename( . We will write simply
9 K 
L1_^�`1_��a . Take notethat in this way of writing things,theoperation“ 1 ”
representsadisjoint sumandindeedall termsin thesumhave disjoint domains.

Proteins and Solutions. The syntaxgiven in Table1 definesa solution, which
canbeeithertheemptysolution,or a protein

� �@9 � with
�_O % and 9 aninterface

with domain +,� ��� , or a group of solutionsb , bdc , or a solutionprefixed by a new
nameconstructor�@( � �eb � with ( O ' .

bgf K solutionh
emptysolution� �@9 � protein

b � b group
�@( � �eb � new

Table1: Thesyntaxof 	 -calculus

A convenientabbreviation will be to write �@(iP8j�j�jk(Jl � �eb � or even sometimes
� ( � �eb � insteadof �@(mP � j�j�jn�@(8l � �eb � .

The“new” operatoris abinder:in �@( � �eb � , b is thescopeof thebinder �@( � . One
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inductively definestheset
F DE�eb � of freenamesin asolution b :

F DE� h �oK
F DE� � �@9 �[�pK F DE�@9 �F DV�eb � b c �qK F DE�eb �Er F DE�eb c �F DE�[�@( � �eb �[�pK F DE�eb �Es 30( 7

An occurrenceof ( in b is boundif it occursin a sub-solutionwhich is in the
scopeof a binder �@( � ; a solution b is closedif all occurrencesof namesin b are
boundor equivalently if

F DV�eb �mK .
For instance,in

b K �Y�[
 a 1t� �[� �@( � � � �[
 a 1t�Z1 � �[� �u�[
v1t� a �[�
bothoccurrencesof ( in

�
and � arebound,while theoccurrencein � is outside

thescopeof �@( � andhenceis not boundin b . In particular,
F DV�eb �QK 30( 7 , and b is

not closed.

3.2 Structural congruence

While our notationis certainlyprecise,it is also very rigid becauseit separates
solutionsthatwe don’t wantto distinguishfor any semanticreason.Thereforewe
introduceanequivalencerelationbetweensolutions,calledthestructural congru-
ence.

Definition 1 Structural congruence, written w , is the least equivalenceclosed
under syntacticconstructions,containing x -equivalence(injective renamingof
boundvariables),taking “

�
” to be associative(as thechoiceof symbolsuggests)

andcommutative, with
h

asneutral element,andsatisfyingthescopelaws:

�@( � �@) � �eb � w �@) � �@( � �eb �[�
�@( � �eb � w b when(tyO F DE�eb �[�

�@( � �eb �[� bTczw �@( � �eb � bdc � when(tyO F DE�ebdc � &
Comingbackto theexampleabove, thereadermight wantto checkthat:

b w �@) � �[�Y�[
�aL1t� �[��� �[
�{`1t�Z1 � �[� �u�[
v1|��{ �[�}K ~Z�
andonecanobserve that

F DE�eb �`K F DV� ~Z� . This propertyholdsin general,namely
free namesare invariant understructuralequivalence. This because,intuitively,
equivalentsolutionsdescribethesameunderlyingobject.

3.3 Graph-lik eness

Sofarwe havea languagethatcandescribemoregeneralobjectsthanjustgraphs-
with-sites.For instanceonemaywrite:

�@( � � � �[
 a �[� or �@( � � � �[
 a �[��� �[
 a �[� �u�[
 a �[� &
10



Thesemight be interestingto study and, as said, have a natural interpretation
as hypergraphs. Reactionsdefinedon such terms would encodesomesort of
hypergraph-rewriting. But we arenot primarily interestedin themin this paper,
sinceourconcernis to homein onasimplenotationthatwill beexpressiveenough
for representingbiologicalinteraction,but no more.

Definition 2 (graph-lik eness)A solution b is saidto begraph-like if:
—freenamesoccurat mosttwicein b ;
—binders in b bindeitherzero or twooccurrences.

If in addition freenamesoccurs exactly twice in b , we saythat b is strongly
graph-like.

Boundnamesaresupposedto representedges,andanedgehastwo endpoints,so
thesecondconditionspeaksfor itself. Thefirst conditionis just whatoneneedsto
copewith solutionswith freenames.

Wetakenotethatwemustcheckatsomepoint laterthatreactions,whichhave
yet to bedefinedproperly, preserve graph-likeness.

It is worth pointing out the relationshipbetweenour graph-with-sitesof the
precedingsectionandthealgebraicnotationdevelopedhere.Thefollowing trans-
lation uses,as intermediateconstructs,graphswheresomesitesare labeledby
names.

Definition 3 Let � ��j�� ��� bethefollowingfunctionfromgraph-likesolutionsto graphs
with sites:

1. � � � �@9 � � � � is the graph with a singlenodelabeled
�

, sitesin 3�
 � &�&�& � +,� ���[7 ,
boundsites

!
being labeledby 9J� !"� , and freesitesbeing in the statepre-

scribedby 9 ;

2. � � b � b c � ��� is theuniongraphof � � b�� ��� and � � b c � ��� , with siteslabeledwith thesame
namebeingconnectedbyan edge, andtheir commonnameerased;

3. � � �@( � �eb � � ��� is � � b�� ��� .
It is easyto seethat if two solutionsb , bdc areclosedandgraph-like, then b�w�bTc
if andonly if � � b�� ��� K � � b c � ��� . So that themeaningof thestructuralequivalenceon
graph-like solutionsis clear:it is equivalentto denotingthesamegraph-with-sites.

Onecanalsoturn a graphinto a closedgraph-like solution. Informally, each
nodebecomesa protein in the solutionandfor eachedgea freshnameis put at
the edgeendson theappropriatesites,thenthewhole expressionis closedby as
many “new” operatorsasthereareedges.Again it is easyto seethat this second
constructionis inverse,up to w , to theoneabove on closedgraph-like solutions.

Thus,our term calculusis really a textual notationfor graphsin the caseof
graph-like solutions.For instance,usingstructuralcongruenceonecandefinecon-
nectednessandcomplexes:
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$ � �@9 � is connected;

$ if b is connectedsois �@( � �eb � ;
$ if b and b c areconnectedand

F DE�eb �IH F DE�eb c � yK then b � b c is connected;

$ if b is connectedand b/w ~
then

~
is connected.

A complex is then a closedconnectedgraph-like solution and it can be readily
provedthat b is a complex if andonly if � � b�� � � is. This canbeseenin theexamples
of Figure2, whichcorrespondto thefollowing terms:

�@( � � � �[
�a�1t��a`1t��1 � �[�[�
�@��(�)8* � � � �[
�a�1���{�1�� �[� �u�[
���1 �v1���{ �[� ���[
�1 �v1t���Z1q��� �[��� �[
���1���a �[�[�
�@(5) � � � � 
�1t�Z1t� a 1q� { �[� �u�[
v1 �v1�� { 1�� a �[� &

3.4 Biological reactions

To keeptrackof interfaces,we now constructthegrowthrelationon partial inter-
faces. This relation is parameterizedby a setof names,written ( below, which
represent(a supersetof) edgesgrown out of a reaction.It is written . andis de-
finedinductively by theclausesgivenin Table2.

( O (
create (��u��.���a

hv–switch (�� ^��.R� vh–switch(q�X��. ^�
( H F DE�@9 ��K

reflex (��u9/.R9
(��u9�.�: (��u9dc8.�: c

sum(��u9u1�9dc�.�:M1t: c

Table2: Thegrowth relation

Supposeonecanderive (��u9/.4: , thenaccordingto the (switch) clauses,:
maytogglefreesitesfrom visible to hidden,while accordingto the(create)clause,
: may only bind sites that were formerly visible in 9 . This makes formal the
intuition thathiddensitesarenotaccessiblefor bindingandhaveto bemadevisible
in oneway or anotherto becomeavailable. It is thereforeimportantthat . is not
a transitive relation,despitethenotation! Else,from ^�`.�� and �`.���a onewould
deducetheunintended̂�m.�� a andgetaccessto hiddensites.

Wealsoremarkthat:
— ;=<5>M�[: ��K ;=<5>?�@9 � , thatis both : and9 musthave thesamedomain,
— sitesboundby 9 can’t befreedby : ,
— andcreatededgeshave to belongto ( andbeseparatedfrom namesusedby 9
asspecifiedby the (reflex) clause.Typically, onehas)R�R
�a�1_��.�
�aX1\��{ but
(ty��
�a`1t��.�
�aL1���a .
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A partial interfacewith rangein 3 �5��687 , will be relatedto any other partial
interfacewith thesamedomain.

Whenwriting down biological reactions,it is of greatconvenienceto address
only thepartof proteinsthatarechangedorcheckedduringthereaction,ratherthan
specifyingthewholeinterface.Sowe define

� �@9 � to beapre-protein if : is apar-
tial interfaceof

�
, namely ;=<5>M�[: �-W +,� �-� . Similarly we definepre-solutionsas

combinationsof pre-proteins,obtainedasin Table1. Thatsaid,we canextendthe
growth relationto groupsof pre-proteinsasshown in Table3. Take notethat this

nil (�� h . h (��/b�. ~ (q�X9�.�: ;=<5>M�[: ��W +,� �-�
group(���b ��� �@9 � . ~Z��� �[: �

(��/b�. ~ F DE�[: ��W ( ;�<5>?�[: ��K +,� �-�
synth(��/b�. ~Z��� �[: �

Table3: Extendedgrowth relation

definitiononly appliesto pre-solutionswithout any “new”. Growing meanscreat-
ing edgesandpossiblycreatingproteinsaswell, asin the(synth)clause.Observe
that this clauserequiresthenewly createdprotein

�
to have a completeinterface,

that is an interface : suchthat ;=<5>M�[: �LK +,� �-� andalsoasksthatall edgesin
�

arenew, andhencehave their namesin ( .

Lemma 1 Let   , ¡ be two pre-solutionssuch that (¢�£ \.¤¡ , then
F DE�¥  ��K

F DE�¥¡ �Is ( and
F DG�¥¡ �mW F DE�¥  � 1 ( .

Proof: A first easyinductionon the growth relationshows the analogstatement
for interfaces,that is if (|�¦9�.g: , then

F DV�@9 ��K F DE�[: �ms ( , andfurther
F DE�[: �`WF DE�@9 � 1 ( and then a secondinduction shows that this is preserved by the pre-

solutionextension.§
Thepurposeof the(synth)clause,aswe will seebelow, is to expresssynthesis

mechanismsandby usingthedualrelation ¨ , to expressdegradationaswell.

Definition 4 Let   , ¡ betwopre-solutions,

$  �©ª� ( � ¡ is saidto bea monotonicreactionif:
— (��q L.]¡ ,
— both   and � ( � ¡ are graph-like,
— and ¡ is connected.

$ � ( �  �©«¡ is saidto beananti-monotonicreactionif:
— its dual ¡�©ª� ( �   is monotonic.

A reactionwhich is eithermonotonicor antimonotonicis calleda biologicalreac-
tion and   and ¡ are referredto respectivelyasits reactantsandproducts.

13



A direct consequenceof the lemmaabove is that free namesare preserved,
i.e.,

F DV�¥  �ZK F DE�[� ( � ¡ � , in biological reactions.So it makessenseto refer to these
commonfreenamesasthe free namesof the reaction¬ , denotedby

F DE�­¬ � . Actu-
ally, thegrowth conditionalone,(|�\ �.®¡ , makessurethat thesecommonfree
namesareusedto connectthesamesitesin thereactantsandtheproducts.1 As a
consequence,edges,which arecreatedin a monotonicreaction,or deletedin an
antimonotonicone,have to besyntacticallybound.

Justto recapthisbasicprinciple:
— boundnamescorrespondto created(resp.deleted)edges,
— freenamescorrespondto edgesleft intact.

Reactionsaresyntacticallyreversiblesothatonecoulddefineonly monotonic
reactionsandembedreversibility in thedefinitionof the transitionsystembelow.
But it seemsmoreintuitive to have bothkindsof reactionsdirectly in thesyntax.

Thechoiceof a monotonicformat for reactionsembodiesour postulateabout
proteininteraction.This is in accordancewith thedetaileddescriptionsthatbiol-
ogistsgive of their systemsandit alsomesheswith what is takento beanatomic
stepin the kinetic analysisof biochemicalreactions.Of course,onecould argue
thateventhesereactionsarestill not atomicenoughandthat,at a lower level, bi-
ology is blind andreactionshave to be decomposedasbinary interactions.And
indeedthis is theproblemwhich we addressin section6. By the way, we could
haveconstrainedthereactionsfurtherby askingthatthereactantsandproductsare
stronglygraph-like. Actually noneof theexamplesdevelopedin thenext section,
devotedto biologicalsystems,is seriouslyusingtheadditionalexpressivity which
ourchoiceallows. Yet,whenwe explorethematterof self-assembly, thiswill turn
out to betheright choice.

Relaxing the format. We couldalsohave consideredlessconstrainedreactions
suchasthefollowing:

�@( � � � �[
 a 1|� �[� �X�[
 a 1|� �[� �Y�[
 �[� ©ª�[* � � � �[
�1t� �[� �u�[
�1|� � �[� �Y�[
 � �[�
which is mixing monotonicfeatures,theedge* between� and � is created,and
antimonotonicones,theedge( between

�
and � is deleted.At a higherlevel of

granularity, suchreactionscouldbetakenasbasicaswell, asthey canbedecom-
posedasamonotonicreactionfollowedby anantimonotonicone:� �[
�aL1|� �[� �X�[
�aL1|� �[� �Y�[
 � ©¯�[* � � � �[
�a�1t� �[� �u�[
�aL1t��� �[� �Y�[
�� �[�

�@( � � � �[
 a 1t� �[� �u�[
 a 1t� � �[� ���[
 � �[� © � �[
�1�� �[� �u�[
�1|� � �[� �Y�[
 � �
1 The notion of samemay dependon the derivation of °?±�² in the presenceof synthesis.If

thereareenoughsymmetriesin ° and ² , therecouldbemany derivations.Hereis anexample:³"´�µ-¶�·¹¸�º�»½¼0¾ ± ·¹¸�º�¿E»?¼�¾�´@·¹¸�º�À8»�Á¼�¾�´�Â-¸�º�¿¥¾�´ÄÃi¸�ºÅÀ¥¾
which mightbederivedin two ways,dependingon which of the · s on theright is synthesized.The
correspondingmonotonicreactionwhenappliedto ·Q¸�ºI»�¼�¾ will give differentresults.Thus,to be
completelyaccurateandget rid of this ambiguity, aswould be in orderfor an implementationfor
instance,onewould incorporatethederivationof °Z±/² in thedefinitionof thereaction.
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Becausethe intermediateproductwhich this decompositionis makingexplicit is
connected,it seemsreasonableto considerthesequenceasa synchronouscompo-
sition. Thecaseof thefollowing “edge-flipping”reaction,asweknow from section
2, is different:

�@) � � � �[
 a 1�� { �[� �u�[
 a 1t� �[� ���[
 { �[� ©ª�[* � � � �[
 a 1t� �[� �u�[
 a 1t� � �[� ���[
 � �[�
Sincethereisn’t a freesitefor � to bind with � , onecannotperforma similar de-
composition.This reactioncanonly bedecomposedasanantimonotonicreaction
andamonotonicone:

�@) � � � �[
�a�1|��{ �[� �u�[
�aL1t� �[� �Y�[
�{ �[� © � �[
�aL1t� �[� �u�[
�a�1t� �[� ���[
 �� �[
 a 1t� �[� �u�[
 a 1t� �[� ���[
 � © �[* � � � �[
 a 1�� �[� �X�[
 a 1t� � �[� �Y�[
 � �[�
Now, thereis no intermediateconnectedproduct,andthusno guaranteethat these
two reactionswill actuallybeappliedin asequence.Suchasynchronisationneeds
aspecificcontrolmechanism.

3.5 Biological transition systems

A renamingÆ is a finite partial injection on 'p1�3 ����6J7 , which is the identity on
3 ����6J7 andmaps' into ' .

Definition 5 (matching) Givena monotonicreaction  �©ª� ( � ¡ , with:
—   K�� P¥�@98P �[� &�&�& ��� lJ�@9Tl �
—and ¡ K_� P¥�[:JP �[� &�&�& ���QÇ �[: ÇY� ,
onesaysthat a pair of solutionsb ,

~
matches È© � ( � ¡ , written b ��~®ÉK  ¦©

� ( � ¡ , if there existsa renamingÆ andpartial interfacesÊdP , . . . , Ê Ç such that:

1. for all
�
, Æ"� ( �IH F DE�@ÊnË ��K ,

2. b K�� P¥�@Æ�ÌG98Pi1�ÊdP �[� &�&�& ��� lJ�@ÆLÌG9 lY1�Ênl �
and

~RK �@ÆÍ� ( �[� � � P �@Æ�Ìv: P 1�Ê P �[� &�&�& ��� Ç �@Æ�Ìv: Ç 1�Ê Ç �[� .
Matchingisdefinedbysymmetryfor antimonotonicrules,thatis b ��~ÎÉK � ( �  �©«¡
if andonly if

~Z� b É K ¡�©ª� ( �   .
The first conditionmakessurethat noneof the creatednamesis usedby the in-
terfacesextensionsÊnË s.2 The secondcondition is merelysayingthat undersuch
renamingandextensions,  and ¡ instantiateto b and

~
.

It is worthmentioningthat,sinceb ,
~

aresolutions,all theinterfacesÆVÌ�9TËÏ1�ÊnË ,
Æ�ÌZ:dËJ1qÊnË have to becompleteones,andtherefore:

;�<5>M�@Æ ��Ð�r Ë F DE�[:dË ��Ð4r Ë F DE�@9TË �
2This would result otherwisein a non graph-like Ñ sincecreatednamesare boundand ¸ ³T¾ ²

beinggraph-like they mustappearexactly twice, so if Ò0Ó usesoneof the Ô ¸ ³ ¾ therewill beat least
threeoccurrencesof a samenamein Ñ . So onedoesn’t really have to askthis whendealingonly
with graph-like solutions,but it seemsclearerto do soandprove just below thatour formatgivenin
definition4 respectsgraph-likeness.
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with thesecondinclusiongivenby monotonicity.
A moreabstractandequivalentview of matchingis possible.Derivations,as

definedin Tables2 and3, canthemselvesbe renamedby injective renamingand
extendedby picking larger interfacesin (reflex) clauses.This definesan “instan-
ciation” preorderbetweenderivationsand b , � ) �e~ canthenbe definedto match
� ( �  Y©Õ¡ if both )���b�. ~

and (��� Y.�¡ canbederivedin sucha way thatthe
derivationof theformer is below thatof thelatter, accordingto this preorder. The
first conditionin thedefinitionabove is takencareof by the(reflex) clause,while
thesecondoneis automaticallysatisfied,becauseof thepreorder.

Lemma 2 Let  q© � ( � ¡ be a monotonicreactionand b ,
~

a pair of matching
solutions,then1) occurrencesof freenamesare in bijectionbetweenb and

~
; 2)

b is graph-like if andonly if
~

is.

Proof: Supposefirst b is graph-like and considera name( occurringin
~

. If
(|yO F DE� ~¹� , then( O ÆÍ� ( � , andby thefirst condition: (tyO�r Ë F DG�@ÊnË � , sothatits only
occurrencescomefrom ¡ alongthe partial injection Æ , andsince � ( � ¡ is graph-
like, this meansÆÍÖ P �@( � hasexactly two occurrencesin ¡ , andthereforealsotwo
occurrencesin

~
, asit should. If else( O F DV� ~¹� , thennoneof its occurrencesis

created,i.e., introducedby the (create)clauseor the (synth)clause(becausethis
clauseasksthat all namesintroducedarein ( ), in the derivation of (Î�Î ¦.×¡ ,
thereforeall mustbeinheritedfrom the(reflex) clauseor providedby aninterface
extensionÊnË , andin bothcasesthesameoccurrencesexist in b andnotmore,since
namescannotbedeletedin amonotonicreaction.

Supposeconverselythat
~

is graph-like and ( occursin b . Then ( O F DV�eb � ,
sincenonameis boundin b , andoccurrencesof ( areeitherprovidedby a (reflex)
clauseor an interfaceextensionÊnË , in both casesthe sameoccurrencesexist in~

andnot more,sinceotheroccurrenceswould have to be createdandany name
createdin amonotonicreactionis bound. §

Weobserve thattheargumentdoesn’t usetheconnectednessassumptionon ¡ ,
which is therefor completelydifferentreasonsexplainedat lengthin thepreceding
section.

Examplesof matching. Hereis a matchon a monotonicreactionwith Æ"�@( ��KØ � ÊdP K ��� � ÊÏS K ^� : � �[
�1t� �[� �u�[
 � ©ª�@( � � � �[
�a�1t� �[� �u�[
�a �[�� �[
�1|�Z1t��� �[� �u�[
�1 � � ©¯� Ø � � � �[
�ÙY1t�v1���� �[� �X�[
�ÙY1 � �[�
A somewhatsubtlerexample,whereÆ mustdealwith boththefreeandthebound
variable,Æ"� Ø �mK ( � Æ"�@( �mK ) � ÊdP K ^� � ÊÏS K :

� �[
v1t��Ù �[� �u�[
�1t��Ù � ©ª�@( � � � �[
�a�1t��Ù �[� �u�[
�a�1���Ù �[�� �[
�1|� a 1 � �[� �X�[
�1t� a � ©ª�@) � � � �[
 { 1t� a 1 � �[� �u�[
 { 1t� a �[�[�
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Noticealsothatwhile Ê Ë and Æ maynot overlapon boundnames,they maydo so
on freenamesasin thefollowing match:� �[
 a 1t� �[� �u�[
 � ©ª�[* � � � �[
 a 1t� � �[� �u�[
 � �[�� �[
�aL1|�Z1t��a �[� �X�[
 � ©ª�[* � � � �[
�Ù�1|���Z1t��a �[� �X�[
�� �[�
whereÆÍ�@( �mK ( K Ê P �[� � .
Definition 6 Let Ú bea setof biological reactions,theassociatedÚ -systemis the
pair �kÛ � © �

, where Û is thesetof solutionsand © , calledthe transitionrelation,
is theleastbinary relationover Û such that:

b ��~�ÉK  L©Ü� Ý � ¡ O Ú
mon b/© ~ b ��~4ÉK � Ý �  �©Õ¡ O Ú

antimonb/© ~
b/© ~

new �@( � �eb � ©ª�@( � � ~¹�
b�© ~

groupb � bdc8© ~¹� bdc
b�w\bdcÜbdc8© ~ c ~ c�w ~

struct b/© ~
Contextual rules allow to focus on the reactingpartsof the system. With this
definition, we may give an exampleof what goeswrong when oneviolatesthe
side-conditionin the(create)clause:

mon � �[
�{�1t� � © � �[
�{-1���{ �
group � �[
 { 1t� �[� �u�[
 { � © � �[
 { 1�� { �[� �u�[
 { �

resultingin a non graph-like right handside. If everythingwasdoneproperlyin
thedefinitionof reactionsoneshouldbeableto extendlemma2 andshow thatthe
exampleabove never happenswith properreactions.

Proposition 3 SupposebÈ© ~
then1) occurrencesof freenamesare in bijection

betweenb and
~

; 2) b is graph-like if andonly if
~

is.

Proof: The basiccasecorrespondsto lemma2 so it remainsto prove that the
threecontextual rulespreserve our property. The (new) rule clearly does,since
�@( � b is graph-like iff b is and ( occurstwice or not at all in b . The (struct)rule
alsodoessinceboth the propertiesof beinggraph-like andof beinga free name
occurrenceareinvariantsof structuralequivalence,asnoticedearlier. Finally there
is the(group)rule,whichobviously preservesbothconditions.§

So our reactionsand the accompanying transition systemspreserve graph-
likeness,andit makessenseto restrict to graph-like solutionswhich is what we
aregoingto do from now on.
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4 Formal biological systems

With a well-definedlanguageof idealizedproteininteractions,thenext thing one
needsis someexamplesto measurehow well thelanguageperformsin thedescrip-
tion of typicalbiologicalsystems.

The first example is all about protein-proteininteractionand our language
passesthat expressivity testwith no problem. The secondexampleis richer and
thesimplemodelwe obtainedis meantasanassessmentof whatour languagein
thepresentstagecando andhow well it cando it. Furthermodelingpracticewill
refinethepictureandgiveabettersenseof whichextensionsarethemostneeded.

4.1 Signals

Thefirst stepsof thesignalcascadetriggeredby thegrowth factorEGF aredetailed
enoughthatwe cangive a minutedescriptionof what is goingon: a dimericform
EGFS of thegrowth factorEGF bindstwo receptorsEGFR (alsoknown asRTK);
the receptorscross-phosphorylate eachother throughtheir tyrosinekinasesites;
oncethis is doneeachcanactivatea secondbindingsiteandthenbind anadapter
proteinSHC andactivateit. Thesignalgoesthenfurtherdown andpassesthrough
many otherproteins,but we stopourdescriptionhere.

To keepthings readablewe will renameour protagonistsasS the signal,R
the receptorand A the adapterandafter the biological descriptionchoosethem
of respective arities2, 3, and2. Theparticularsite �¥¡ � � � standsfor the receptor
tyrosinekinasesite.Hereis theformal rendering:

Signal-ReceptorInteraction
¬nPÕfÞbJ�[
 �[� b8�[
 � ©ª�@( � �ebJ�[
 a �[� bJ�[
 a �[�
¬[S fÞbJ�[� �[� ¡��[
 � ©ª�@( � �ebJ�[��a �Å� ¡8�[
�a �k�

RTK Cascade
¬[ß fÞbJ�[
�a`1t��{ �[� bJ�[
�aL1t��� �k� ¡��[
�{ �[� ¡8�[
���1 ^� � ©

bJ�[
 a 1t� { �[� bJ�[
 a 1t� � �k� ¡��[
 { �[� ¡8�[
 � 1t� �
¬[à f×¡��[�Z1t^� � ©á¡��[�Z1t� �
¬[â f×¡��[� �k��ã �[
 � ©ª�@( � �¥¡��[� a �[��ã �[
 a �[�
¬[ä f×¡��[�Z1t��a �[��ã �[
�aL1|^� � ©«¡��[�v1t��a �[��ã �[
�aL1t� �

Thekey constraintis thatthedormantcapacityof the �¥¡ � � � sitecanonly bewoken
upby reaction3, andonly thenis the4–6cascadepossible.With thereactionsone
canrun a minimal interestingsystem,asshown in Table4, startingin a quiescent
statewhere � is hiddenin ¡ , elsethereceptorwould beactive right away, and � is
hiddenaswell in

ã
, else

ã
wouldalreadybeactive.

Naturecould perhapshave chosena simpler designby letting the signal be
itself anactivator(akinase)andnotresortingto thereceptorfor activation. Indeed,
in thesolutionabove thereceptorhasto bein “suspendedstate”until its activation
capability is triggeredby the signal. Whetherthereis an otherconstrainton the
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Table4: A runof theRTK cascade.

designthatmakesthissolutionreasonableor it is justamatterof chance,wedon’t
know. Be thatasit may, oneseesthatthecalculusexpressesthecausalityinvolved
in thetransductionin apreciseyet naturalway.

4.2 The lactoseoperon

Let’s turn now to a morecomprehensive example. EscherichiaColi, oneof the
moststudiedorganisms,hasglucose(Glu) astheinput of animportantmetabolic
pathway, glycolysis, leadingto the productionof pyruvic acid andeventuallyof
ATP which is themajorenergy currency in thecell. Sometimesthereisn’t enough
glucoseandE. Coli hasto feedon alternative food. If lactose(Lac) is around,E.
Coli cantriggerthesynthesisof:

$ galactosidase(GAL) whichcanturn lactoseinto glucose,

$ andof apermease(PER) thathelpsthebiggerlactoseenterthecell.

Thenlactoseflows in andthecell is backinto business.Yet thereis needto control
whenthis happensandwhenonemayswitchbackto theordinarybehaviour and
feedagaindirectly on glucose.Thedescriptionof themolecularlevel implemen-
tationof thecontrol wasoneof themajor discoveriesof early molecularbiology
[21]. For usthis will betheoccasionto review sometypical molecularevents,test
theexpressivenessof our language,anddiscusssomepossibleextensions.

Molecular Control. But first we have to describethemolecularcontrol in bio-
logical terms.Thoughassaid,this particularsystemhasbeenstudieda lot, some
questionsarestill openandherewe will behappy with a somewhatsimplifiedde-
scription.Thereadercuriousto learnmoremayreferto Kimball’s Biology Pages
[16].

An operon is a sequenceof geneswhich aretranscribedcollectively, together
with a repressorprotein that canblock the transcriptionof the genes.The Lac-
operon containsthegenescodingrespectively for GAL andPER andits repressor
proteinwasaptlynamedREP. This is thedevicethecell wantsto turnon to handle
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lactoseandoff if thereis enoughglucose.Upstreamof thisoperon,therearethree
smallregionson theDNA:
— a sitewheresomecomplex CAP j cAMP canbind andhave a positive influence
on theoperontranscription,
— the promotersite whereRNAp the transcriptionmachinerybinds, and then
opensthe DNA helix andproceedsdown onestrandbeginning the transcription
process,
— andoverlappingwith thepromoter, theso-calledoperatorsite,whereREP can
bind andthereforepreventtherecruitmentof RNAp, blockingthetranscriptionof
thewholeoperonandthereforethesynthesisof theassociatedproteins.

In theabsenceof Lac, REP bindsto DNA andswitchesoff theoperon.Like-
wise,in abundantpresenceof Glu, theproductionof cAMP is inhibited,therefore
the complex CAP j cAMP doesn’t bind, so againour operonis off. To turn it on,
theremustbealow-level of Glu, sothatCAP j cAMP binds.But this is notenough,
onealsoneedsa certainamountof Lac andenoughof GAL sothatsomeaLac is
produced.This isomericform of lactosebindsto REP, changestheshapeof the
repressorandpriesit out from theDNA, thereforeactivating theoperon.Upona
suddenchangefrom glucoseto lactosein the environment,E. Coli will produce
GAL until it reaches2% of its mass,which is enormousconsideringthat water
accountsalreadyfor 70%of thetotal mass.Nothingis moreimportantthanfood,
it seems.

Formalization. Sincewe have mentionedall the differentmoleculesinvolved,
we may now turn to the reactions.Thesearepresentedin thedirectionin which
they make thebestsensewith respectto theoverall intendedbehaviour, but they
areall in factreversible.To easereading,sitesaregivenexplicit namesandto keep
thingsshortwe don’t write theobvioussynthesisreactionfor REP andCAP, nor
thedegradationreactionsof all theparticipatingproducts.

OperonSynthesis
¬���� f �
	 � rep-s 1 rnap-sa`1 cap-s{ �[� ¡�� ã�
 � up-sa-1 syn1 1 syn2

� ©
�[* Ø � � ��	 � rep-s 1 rnap-sa 1 cap-s{ �[� ¡�� ã�
 � up-sa 1 syn1� 1 syn2Ù �[���ã  U� lac-s 1 s� �Å� 	�� ¡�� lac-s 1 sÙ �[�

¬ ��� fN�@)�* � �¥¡�� ã�
 � syn1{ 1 syn2� �k����ã  �� lac-s 1 s{ �[� 	�� ¡8� lac-s 1 s� �[� ©
¡�� ã�
 � syn1 1 syn2

�[����ã  �� lac-s 1 s
�[� 	�� ¡I� lac-s 1 s

�
The basicswitchingmechanismis expressedin ��� : synthesisbegins only if the
repressoris absentandtheauxiliary CAP is present.To shortenthe reaction,we
actuallyonly testthat somethingis boundto the cap-ssite (andthereforereaction
��� is graph-like but not stronglyso,because) occursonly onceon eachside). If
therewereotherproductscompetingwith CAP, thenonewouldhave to bespecific
aboutwho is bindingat cap-s. Both reactions0a–0bcouldbecomposedin a single
not monotonicreactionof the “good” kind (seethediscussionaboutrelaxingthe
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formatin theprecedingsection).

OperonControl
¬nPáf �
	 � rnap-s1 rep-s

�[� ¡ ��	 � up-s
� ©ª�@( � � �
	 � rnap-s1 rep-sa �k� ¡ ��	 � up-sa �[�

¬[S f �
	 � rnap-s1 rep-s
�[� ¡�� ã�
 � up-s

� ©ª�@( � � �
	 � rep-s 1 rnap-sa �[� ¡�� ã�
 � up-sa �k�
¬ ß f �
	 � cap-s

�[���Vã 	 � up-s 1 camp-sa �k����ã�� 	 � cap-sa � ©
�[* � � �
	 � cap-s� �k���Gã 	 � up-s�Z1 camp-sa �Å����ã�� 	 � cap-sa �[�

WhetherCAP bindsor not is independentof theoccupancy stateof theothersites
of UP. On the otherhand,REP andRNAp arehiding eachother’s sitesin 1–2,
andthereforearemutuallyexclusive.

Regulations
¬[à f �Gã 	 � camp-s

�[����ã�� 	 � cap-s
� ©ª�@( � � �Gã 	 � camp-sa �[����ã�� 	 � cap-sa �k�

¬ â � fz¡ ��	 � up-s 1 alac-s
�Å���   ��� � rep-s

� ©ª�@( � �¥¡ ��	 � up-s 1 alac-sa �[���   ��� � rep-sa �k�
¬ â � f �
	 � rep-sa �k� ¡ ��	 � up-sa 1 alac-s

�k���   ��� � rep-s
� ©

�@) � � �
	 � rep-sa �[� ¡ ��	 � up-sa`1 alac-s{ �[���   ��� � rep-s{ �k�
¬[â� f£�@( � � ��	 � rep-sa �k� ¡ ��	 � up-sa 1 alac-s{ �[���   ��� � rep-s{ �[� ©�
	 � rep-s

�Å� ¡ ��	 � up-s 1 alac-s{ �[���   �!� � rep-s{ �
In mostdescriptionsaLac is saidto beableto complex with REP, evenafterREP
haslandedonDNA, andthenpry it out from theDNA. This is expressedby means
of the complexation andsubsequentdecomplexation 5b–5c. Be it in this way or
directly by reaction5a,REP is madeinert by thehiding of its bindingcapability
up-s.

PERandGAL activity
¬[ä f 	�� ¡�� lac-s

�[�   ��� � per-s 1 in
� ©¯�@( � � 	�� ¡I� lac-sa �[�   ��� � per-sa`1 in

�[�
¬#" f£�@( � � 	�� ¡E� lac-sa �[�   ��� � per-sa �[� © 	�� ¡�� lac-s

�[�   ��� � per-s
�

¬�$ f ��ã  �� lac-s
�k�   ��� � in 1 gal-s

� ©¯�@( � � ��ã  �� lac-sa �k�   �!� � in 1 gal-sa �[�
¬�% � f£�@( � � ��ã  ,� lac-sa 1 loaded

�k�   ��� � gal-sa �[� © ��ã  U� lac-s 1 loaded
�

¬ % � f ��ã  �� loaded
� © ��ã  �� loaded

�k���'&)( � s�[���'��& � rep-s
�

¬ %� f ��ã  �� loaded
� © ��ã  �� loaded

�k���   �!� � rep-s
�

Reaction6 hastheeffect thatLac is now insidethecell. We encodethis by using
thesite in asa state.With a first-classnotionof membrane,written *�� &�&�& � below,
we couldreplace6 and8 with:

PER:amembrane-variant
¬[cä f+*�� 	�� ¡I� lac-s

� � �   ��� � per-s
� ©,*�� �@( � � 	�� ¡E� lac-sa �k�   ��� � per-sa �[� �

¬ c$ f ��ã  �� lac-s
�[�   ��� � gal-s

� ©¯�@( � � ��ã  ,� lac-sa �[�   ��� � gal-sa �[�
andhave adirectaccountof whatPER is doing.Extending	 -calculuswith mem-
branesseemsagoodidea,andwearelooking forwardto adaptexistingmembrane
calculi [1, 3] to do this.

Thethreereactions9a–9caredecomposingtheactionof thebeta-galactosidase
enzyme.Our monotonicityprinciple forcesa bit of gymnasticshere,aswe have
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to introducetheintermediateandsomewhatimaginarystate
��ã  U� loaded

�
wherethe

enzymeis loadedwith its metabolitebut hasnot yet decidedwhat to do with it,
either two smallersugarsGlu and Gal3 as in 9b or an isomeric form as in 9c.
Perhapsa moredirectsolutionwouldbeto write thealternative reactions:

¬[c% � fN�@( � � ��ã  �� lac-sa �k�   ��� � per-s 1 gal-sa �[� © ��ã  U� lac-s
�[���'&-( � s�[���.�!& � s�

¬ c% � fN�@( � � ��ã  �� lac-sa �k�   ��� � per-s 1 gal-sa �[� © ��ã  U� lac-s
�[���   ��� � rep-s

�
andconsiderthatsugarsandmetabolitesarenottakeninto accountin monotonicity
constraints.This is a very mild adaptationof our languagesinceit amountsto
addinganew inferencerule for thegrowth relationwhichappliesonly when / is
ametabolite:

(��/b/. ~ F DE�@9 ��K ;=<5>?�@9 ��K +,��/ �
metab (��/b � /Î�@9 � . ~

This makesgoodsensein that thesesmall moleculeshave a very differentsetof
bio-chemicalinteractionsthanthelargerproteins.

The readermight wonderwhat hasbecomeof the mechanismby which Glu
reducesthecAMP-level. This mechanismis not known andit is evena matterof
discussionwhetherthe whole “cAMP model” is correct[15]. This pointsout a
shortcomingof our languageif onewantsto useit to build actualmodels:unless
oneis given theexplicit molecularmechanism,oneis not ableto incorporatethe
knowledgein themodel.

5 The 0 � -calculus

We turn to the issueof implementingthe 	 -calculus,and discussa distributed
implementationbasedon agentsexchangingchannelnamesduring rendez-vous
communications.We first present
�	 -calculus, a finer-grainedlanguagewhich
describesa lessidealizedformalbiology.

5.1 Agentsand Solutions.

Sinceonewantsto decentralizethe 	 -systemsit is naturalto putmoreintelligence
in theagents.Indeedthesyntaxof 
�	 -calculusis thesameasfor 	 -calculusdis-
cussedin Section3, exceptthatour basiccomponents,which we now call agents,
havemoreinformationat theirdisposal.Eachsiteis givenanadditionalstateto the
effectthattheagentcanlog what’suponthisconnection.Toemphasizetheprocess
natureof 
�	 -calculus,theirrestrictedform of reactionswill becalledinteractions.

As namesfor agentswe keepthesamesetof names,namely% , andthesame
definitionof signatureaswe hadin 	 . In additionto theedgenames' , we need

3Oneshouldnot confusethesugargalactoseGal andtheproteinGAL. As a rule, in this exam-
ple, we useuppercasefor proteinsandcapitalizedlowercasefor metabolites.This is following the
biologicaltradition.
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a countableset 1 of groupnamesrangedover by Æ , Æ�c , . . . to beusedlaterasthe
meansto build transientcooperative structuresin our low-level systems.Edgeand
groupnamesaresupposedto bedisjoint.

An extendedinterface, is afinite mapfrom to �@'�121�1p3 ����6J7��43 , ranged
overby 5 andsimilar symbols.Theintegerpartof 5,� ��� is referredto asa log.

An agent is apairwritten
� ��5 � with

�\O % and 5 anextendedinterfacedefined
on +,� �-� .

Extendedinterfacesarewritten with the samelightweight notationusedpre-
viously in 	 , e.g., if +,� �-�½K � , and 5��[
 �?K ( � 
 , 5,�[� �?K Æ �76 and 5,�[� �½Kz�5� � ,
thenonemaysimply write

� �[
�a98 P 1 �7:;8 â 1 ^� � � . We will alsoindulgesometimes
in not writing a log whenit is � , so that for instance�Y�[
 a98 à 1 � : 1 � � will stand
for ���[
�a98 à 1|�7:;8 � 1t� � � . A convenientconsequenceof thisnotationalabuseis that
	 -proteinsbecomeaparticularcaseof 
�	 -agents.

Solutionsarebuilt as in Section3. The “new” operatoris now binding both
kindsof names,' and 1 , andtheaccompanying notionof freenamesis extendedto
includegroupnames.Structuralcongruenceis unchangedandin particularscope
extrusion b � �@( � �ebdc � w �@( � �eb � bdc � appliesboth for ( in ' and 1 , with the usual
side-conditionthat (�yO F DE�eb � .

Thelogs,thatis theadditionalinformationonsites,canbeforgottenby means
of thefollowing projectionmap:

�@� a98 l � Ö K � a �@� :;8 l � Ö K �@�=< 8 l � Ö K �=< �@�=> 8 l � Ö K �=>
Thisprojectionextendsin theobviousway to interfaces,agentsandsolutions.

5.2 Interactions.

In 
�	 -calculusat mosttwoagentsmayinteractat a time.

Definition 7 Let   , ¡ betwopre-solutions, �©«¡ is saidto bean interactionif:
—both   and ¡ consistof at mosttwoagents,
—

F DV�¥  ��Ð F DE�¥¡ � ,
—   doesnot containany“new” on groupnames.

No specificconditionis demandedfor thegroupnames,exceptthatfreenames
of the right handsidealsooccurin the left handside,andthat the left handside
doesn’t restrictthem.This lattertechnicalproviso is thereonly to ensurethatinter-
actionscanbe translatedin � -calculus.Sincegroupnameshave no specificcon-
straintsuchasgraph-likeness,it is veryunlikely thatonecanexpressin � -calculus
an interactionsuchas �@Æ � � � �[
7: �[� © � �[
 � which amountsto testingwhetherone
is theonly agentknowing anamein asolution.

Definition 8 An 
�	 -interaction  ?© ¡ is said to bemonotonic(resp.antimono-
tonic) if its projection �¥  � Ö£© �¥¡ � Ö is a monotonic(resp.antomonotonic)	 -
reaction.
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Generalinteractions,asdefinedabove, could alsobe translatedto � . But, oneis
really concernedin this studywith monotonicor antimonotonicinteractions,and
actuallya restrictedclassof them,whichareusedto translate	 in 
�	 . Sowesup-
posethereafterthatall interactionsaremonotonicor antimonotonic,andconsider
only 
�	 -solutionswhich aregraph-like in the specificsensethat they project to
graph-like 	 -solutions. Recall from section3 that thesegraph-like solutionsare
stableundermonotonicreactions,sothattheseassumptionsaresensible.

Herearetwo examplesof interactions:

� �[
 a 1t� �[� �u�[
 : 1t� a � © � �[
 a98 P 1|� : �[� �u�[
 : 1t� a98 P �� �[
v1|�7: �[� �u�[
�1|�7:�1t�7:;8 S � © �@( � � � �[
�a�1t�7: �[� �u�[
�aL1t�7:;8 P 1t�7:;8 S �[�
The first interactionis both monotonicand antimonotonic,only logs and states
namesarechanged,andthereforeit projectsto anidentical 	 -reaction.

Sincethe groupnamesin 1 areforgottenby the projectionin 	 , reactantsin
monotonicandantimonotonicinteractionshave to begraph-like only with respect
to edgenamesin ' . Thesecondreactionis monotonicalthoughÆ O 1 occursmore
thantwiceontheright. In thenext section,groupnameswill beusedto distinguish
concurrentinstancesof a reaction,sonot for representingedges.

Renamingshave to respectthetwo kindsof names,that is they have to send'
to ' and 1 to 1 . Thatsaid,thenotionsof matchingandtransitionsystemextend
easily.

6 From � -calculusto 0 � -calculus

To decomposea 	 -reactionin the 
�	 -calculus,wefollow aprotocolthatgradually
recruitsreactantsandconstructstheproductsby meansof only binaryandunary
interactions.Thisprotocolconsistsof afirst phaseof recruitmentandasubsequent
phaseof completion.

Recruitmentbegins with a signalsentby a specificagentcalledthe initiator.
Thenonesendsandpropagatestwo kindsof signals:downward signalsto recruit
thenecessaryreactants,andupward signalsto reportsuccessbackto theinitiator.
At theendof this first phase,theinitiator knows that theglobal 	 -reactioncanbe
completed,andin thecompletionphase,this informationis propagatedto theother
reactants.

To ship the varioussignalsaround,we needsomestatically predetermined
structurewhich we now definetogetherwith someuseful notationpertainingto
thewaysin which thesesignalsmayor maynotpropagate.

6.1 Scenarios

Definition 9 (Micr o-scenario) Let ¬ K  �© � ( � ¡ be a monotonic	 -reaction,a
micro-scenariofor ¬ is a triple �-?A@ �CB @ �7D D D En� such that:
— ?A@ is (isomorphicto) anacyclicorientationof � � ¡d� � � , calleda flow graph;
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—
B @ is a treespanning? @ ;

—
D D D E , alsowritten

D D D E �-?A@ � , is thecommonrootof ?A@ and
B @ ;

—and
D D D E belongsto � �  �� � � (up to theisomorphismabove)if  �yK h

.

We recall that for a solution b , � � b�� ��� denotesthe associatedgraph-with-sites(the
� � & � � � notationwasdefinedin section3).

Without lossof generality, we assumethat ?A@ is an orientedgraph-with-sites
with integers asnodesandthatscenariosfor different 	 -reactionsarechosensoas
to usedisjoint setof nodes.This way agentswill identify which global 	 -reaction
they take part in, andwhat role they have in it, assoonasthey arerecruitedand
handedanodeof ?A@ .

Suchmicro-scenariosalways exist. Any connectedgraphadmitsan acyclic
orientationwhichcanbeobtained,for instance,by choosinganarbitraryroot,con-
structinga depth-firsttreespanningthe graph,anddirectingall remainingedges
accordingto the treeordering[9]. Thus, � � ¡T� � � beingconnectedby monotonicity,
therealwaysis amicro-scenariofor any given 	 -reaction:any nodeof � �  0� � � canbe
chosenastheroot andonecouldevenassume

B @ to bedepth-first.
Therecould be loops in � � ¡T� � � , that is edgesfrom a nodeto itself. So to be

completelyprecise,oneshouldsaythat ?A@ is anorientation � � ¡T� ��� which is acyclic
exceptfor theseloops.To escapenotationaltrouble,onemayaswell supposethat
� � ¡T� � � doesn’t have loops. The techniquesdescribedhereadaptvery easilyto this
case,sinceloopsarepurelylocal to anode.

Onecanthink of ?A@ asamapover sitesandwrite accordingly:

?A@Ä��� ������KGF¥���
if ��� �����[� � F¥���T� areconnectedin ?A@ �

?A@Ä��� ������KGH
if � ��� is freein ?A@Ä&

Consideredasa map, ?A@ is a partial involution, andwe write ?JI@ for its inverse
which, of course,correspondsto the reverseorientationof the underlyingundi-
rectedgraph � � ¡T� � � . This inverse? I@ is a scenarioonly in thespecialcasewhen ? @
hasonly onesink. The sameconsiderationsapply to

B @ andwe will alsousethe
mapnotationin thiscase.Onemaydecompose?A@ uniquelyas

B @J1 B  @ . We’ll use
thisnotationlaterfor thecomplementof

B @ .
Since?A@ is aninvolution,whichhasnofixedpoints(nositecanbind to itself),

boundedsitesin � � ¡T� � � arenaturallypartitionedbetweeninput andoutputsites. A
site is anoutputif it belongsto thedomainof ?A@ , andan input if it belongsto its
range. In otherwords,a site ��� ����� is an output if ?A@Ä��� ����� yKKH

andan input if
?JI@ ��� ����� yKGH

.

Definition 10(signal ordering) Definea binary relationover sites,written L , as
thesmallesttransitiverelationsuch that:

?A@Ä��� ������K � F0��� � M ��� ���0� L�� F¥���T�
��� ����� input

� ��� ���T� output
M ��� ���0� L���� ���T�
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Since? @ is acyclic, N is a (strict) finite partialorderon sites.Thesameordercan
bedefinedfrom

B @ , andthey coincideif andonly if
B @ is depth-first.

Definition 11(input/output interfaces) For O O
, � O ?A@ and ( a tupleindexed

over thesetof inputs(resp.outputs)of � andwith valuesin ' , wedefinethe input
(resp.output) interfaces:

IN Pa98 l� f K Q Ë#RTS
UV�W � 8 ËYX[Z\^]^_
� a Ó 8 l

OUT Pa98 l� f K Q Ë#RTS V W � 8 ËYX`Z\^]^_
� a Ó 8 l

Theseinterfacesdescribestatesof � whereall inputs(resp.outputs)have thesame
log; they thereforehavedisjoint domains,andtheirunionis alsoapartialinterface
for � .

6.2 The monotonicprotocol

A proteinwith name
�

is translatedasan agentof the samenamebut with one
moreauxiliary site,written a :

� � � �@9 � � � Ç K�� ��av1�9 � &
Thatspecialsite a is usedto log what little additionalinformationoneneeds,that
is theroleof

�
in agivenreaction(thatis whichnodeit correspondsto in ?A@ ) and

a groupnameidentifying uniquelythecurrentattemptedhigh-level reaction.This
translationextendsto 	 -solutionsandlikewise,if b is a 	 -solution,we write � � b�� � Ç
to denoteits translation.

Thepurposeof this subsectionis now to extendthis translationto 	 -reactions:
givena 	 -reaction¬ , onewantsto defineanassociatedfamily, � � ¬Ä� � Ç , of 
�	 -inter-
actionscapableof simulating ¬ in a sensethat will be madeprecisebelow. This
family dependson the choiceof a micro-scenariofor ¬ . By no meansis therea
uniquesolutionto theself-assembly, andwecoulddo with morethanoneinitiator
(as in [8]), without a spanningtree, etc. Even in the restrictedkind of micro-
scenariosthatwe areconsidering,thereis roomfor differentchoices.

That said,we supposenow that a choiceof a micro-scenariohasbeenmade
andproceedto the definition of � � ¬Ä� � Ç . Sucha definition will dependon whether
the reactionof interestis monotonicor antimonotonic.We give below a detailed
accountof the monotoniccase,andonly sketchthe antimonotoniccasewhich is
much simpler. The next subsectionwill discussfurther the antimonotoniccase
andvariouspropertiesof the translation,while thelastonesketchesa correctness
argument.

Interactionsin � � ¬Ä� � Ç aredividedinto recruitmentsshown in Table5 and6, and
completionsshown in Table7. To easereadingwehavesystematicallyabbreviated� ��a7:;8 � 1b5 � as

� :;8 � ��5 � and also madeuseof the notationfor input and output
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interfacesintroducedabove. On top of the inferencerule the definingconditions
for theinteractionaregiven.

A perfunctoryglanceat theseTablesshowsthatall interactionsinvolve atmost
two agents,as recommendedin definition 7, that at mostoneedgeis createdat
a time andthat theoptionof usingreactantsandproductswhich arenot strongly
graph-like is useda lot. We let thereaderverify that therestof theconditionsare
satisfiedaswell, and that theseinteractions,which we aregoing now to review
closely, arein factall monotonicin thesenseof definition8.

� KGD D D E �-?A@ �
init� �[: � ©ª�@Æ � � � :;8 � �[: c �[�

B @Ä��� ������K � F¥��� �[� ( O F DE�­¬ �
FC c� :;8 � � IN P{�8 P� 1 � a �[� �u� � aL1t: � © � :;8 � � IN P{�8 P� 1 � a98 P �[� �d:;8 � � � a98 P 1t: c �

B @ ��� ������K � F¥���T�[� (�yO F DE�­¬ �[�eF¹O  
FC f� :;8 � � IN P{�8 P� 1 ���[� �u� � 1t: � ©ª�@( � � � :;8 � � IN P{!8 P� 1 � a98 P �[� �d:;8 � � � a98 P 1|: c �[�

B @���� ���0��K � F¥���T�[� (tyO F DE�­¬ �[�gF yO  
FC h� :;8 � � IN P{�8 P� 1 ��� ©ª�@( � � � :;8 � � IN P{�8 P� 1 � a98 P �[� � :;8 � � � a98 P 1t: �[�

Table5: Initiation andfirst contacts.

B  @ ��� ������K � F0��� �[� ( O F DE�­¬ �
LC c� :;8 � � IN P{!8 P� 1 � a �[� �d:;8 � � � a � © � :;8 � � IN P{�8 P� 1 � a98 P �[� �d:;8 � � � a98 P �

B  @ ��� ������K � F0��� �[� (tyO F DE�­¬ �
LC f� :;8 � � IN P{!8 P� 1 �0�[� �A:;8 � � � � ©ª�@( � � � :;8 � � IN P{!8 P� 1 � a98 P �[� �d:;8 � � � a98 P �[�

? @ ��� ������K � F¥���T�
R� :;8 � � � a98 P �[� �d:;8 � � � a98 P 1 OUT P{!8 S� � © � :;8 � � � a98 S �[� �d:;8 � � � a98 S 1 OUT P{�8 S� �

Table6: Latercontactsandresponses.

Initiation (init). The initial reactionis possiblefor any quiescentagentbearing
the correctname,it is the momentwhenthe nameÆ for the currentattemptof a
reactionis created.It is understoodin thenotation,taken hereandin thesequel,
that � and

F
have respective names

�
and � in theflow graph.

Take note that the namemapfrom nodesto namesin % is not injective. In
the limit case,not unheardof in biology, therecould be a complicatedreaction
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� KGD D D E �-?A@ �[�
shift� :;8 � � OUT P{�8 S� � © � :;8 � � OUT P{�8 ß� �

� KiD D D E �-?A@ �[� ?A@[��� ������K � F¥���T�
i-ppg� :;8 � � � a98 ß �[� � :;8 � � � a98 S � © � :;8 � � � a98 à �[� � :;8 � � � a98 ß �

��yKGD D D E �-?A@ �[� ?A@Ä��� ���0��K � F¥���T�
ppg� :;8 � � IN P{�8 ß� 1 � a98 S �[� �A:;8 � � � a98 S � © � :;8 � � IN P{!8 ß� 1 � a98 ß �[� �d:;8 � � � a98 ß �

� KGD D D E �-?A@ �
i-exit� :;8 � � OUT Pa98 à� � © � ��j Pa� �

��yKGD D D E �-?A@ �
exit� :;8 � � IN P{�8 ß� 1 OUT P�#8 ß� � © � ��k P{� 1lj P�� �

Table7: Completions.

involving only copiesof oneandthe sameprotein. This is indeedwhy rolesare
needed.4

During initiation, one also verifies and modifies the initiator free interface.
Specifically, : and : c have as commondomainthe free sitesof

D D D E in ? @ , and
respectively maptheseto thevaluesspecifiedby   and ¡ . Takenotethatonly sites
which arefree in ¡ (hencefree in   aswell, by monotonicity)aretestedandper-
hapsmodifiedat this stage.Siteswhich arefree in   andboundin ¡ (henceall
visible in   ) aretakencareof in stepsFCS andLCS (seebelow).

First contacts (FC P , FCS , FCß ). The next threeinteractionsare the first con-
tacts. If

B @ ��� ������K � F¥���T� , thentherearethreeformsof first contactwhich we can
list herein increasingorderof creativity:
— theedge��� ���0�7F0��� � mayalreadyexist in   ;
— it mayhave to becreatedwhile theotherendexistsin   ;
— finally boththeedgeandtheotherendmayhave to becreated.
In all threecases,thenewly contactedagent,named� , is handedarole

F
, which it

logson its speciala site,andthecontactis loggedwith a 
 onbothsides.5

4This importantfactwasoverlooked in theshortversion[8] of thepresentpaper, resultingin a
self-assemblywhich wasonly correctwhenall participantsin the reactionhadstaticallydifferent
names. Rolesallow to handlethe generalcaseby dynamicallyallocatingdifferent namesfor all
reactants.First contactsare“logged” andthereforearetakenat mostoncefor eachreactionattempt.
As a consequence,theallocationof rolesis injective over thesetof agentsparticipatingin a same
attempt.

5 The tree m V spansn V , and thereforeit selectsamongall predecessorsof a given o different
from prq!prs , its parent, that is theonly t suchthat m V ¸ t ´`uè¾�v2¸ o ´[wÏ¾ for someu and w . This parentis
responsiblehere,in therecruitmentphase,for contactingfirst (someagentof name)Â andhandhim
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As in the initiation case,first contactsarethe occasionto verify andmodify
thefreeinterfaceof thenewly contactedagent.In thecaseof FC P andFCS , : and
: c have ascommondomainthefreesitesof

F
in ?A@ , andrespectively maptheseto

thevaluesspecifiedby   and ¡ . Thecaseof nodecreation,FCß , is different.One
takes : to betheinterfacedefinedon +,�[� ��s 3 � 7 mappingsitesboundin ¡ to

6
(to

allow for laterbinding)andsitesfreein ¡ to thevaluesspecifiedby ¡ .

Later contacts(LC P , LCS ). Thencomethetwo later contacts(notneededwhen
?A@ is a tree). Indeed,if ?A@Ä��� ������K � F¥��� � and

B @���� ������KxH
, therecanonly be

two forms of contacts,sincethe otherendof theedgemusthave beencontacted
already, which meansin particularthat it alreadyexists. Upona latercontactone
doesn’t needto checkthefreeinterfaces,neitherdoesoneneedto passovera role,
becausethis hasbeentakencareof by thefirst contact,andit is enoughto just log
thecontact,againwith a 
 onbothsides.

A noteworthy point is that eachcontact,first or later, is demandingthat the
inputsof the contactingagenthave log 1. This imposesa constrainton the way
signalsmaypropagatewhichwewill discusslater. Let usjustsayfor now thatthis
constraintwouldbetoostrongif theflow graphwerenotacyclic.

A remarkof lesserimportanceis that this setof contactinteractionsbehaves
correctlyalsoin thecasewhere? @ hasparalleledges(edgeswith thesamesource
andtarget).At mostoneof any groupof paralleledgeswill belongto thespanning
treeandwill bedealtwith in afirst contactinteraction,theotherswill bedealtwith
by a latercontact.No specialworkaroundis neededhere.

Response(R). Finally thelast typeof interactionin therecruitmentphaseis the
responsewhich pushesa signalupwardsbackto the initiator. This is only when
all successorsin ?A@ have alreadyresponded.Sucha stepcanbe freely taken by
leavesof

B @ , oncethey’re contacted,sinceleaveshave no successorsandtherefore
theconditionon the logsof their outputinterface,is vacuouslysatisfied.Again it
is importantthat theflow graphbeacyclic, elseonewould have no chanceto fire
any of theseresponses.

Phaseshift (shift). Thesecondphasebeginswith thephase-shiftinteraction.At
thatvery moment,theinitiator knows thateverythinghasgonewell, andtheright
handside ¡ hasbeencorrectlybuilt.

Propagation and Exit (i-ppg, ppg, i-exit, exit). The global reactionis over
andit is enoughto completetheprocessby sendingdown a successsignal,mate-
rializedby thelog � , which will let all otheragentsrecruitedin thereactionknow
thatthereactionhassucceeded.Sothesignalis sentdownwardsto theleavesand

over the role o . We’ll show later anexampleof what kind of failurecanhappenwhenall contacts
concurfreely.
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whenanagenthasreceived thesignalat all inputsandpassedit at all outputs,it
finally mayexit asynchronouslyandprojectagainto aquiescent	 -like agent.

Becauseof the assymmetrybetweenthe initiator and the other agents,one
needstwo differentpropagationandexit rules,but they arereallyof thesamekind.

6.3 Discussion

Antimonotonicreactionshave a connectedleft handsideandthereforethecorre-
spondingrecruitmentis muchsimpler. It consistsof checkingthat the neighbor-
hoodof the initiator indeedcontainsthe left handside. Sincenothingis created,
nodeor edge,one only needsinit, FC P , LC P and R, beforethe phaseshift, all
of which project to an identity reactionin 	 . Dually to monotonicreactions,all
deletions,will beperformedafter thephaseshift, if onereachesit. This is easily
implementedusingthesameflow graphandwedon’t give theexplicit interactions.
Yet,wedotakenotethat,in antimonotonicreactions,noactualchangeis donethis
sideof thephaseshift to theunderlying	 -solution.

¿Fromthis discussionone also seesthat compositereactions,that is to say
the reactionswhich onecandecomposeasa monotonicreactionfollowed by an
antimonotonicone(which we discussedearlierat theendof subsection3.4), can
easilybeimplementedaswell. Thissideof thephaseshift onedoesthemonotonic
partof thejob, andbeyondonedoestherest.This substantiatestheclaim thatone
could take themasbasicaswell: they areaseasyto dealwith in 
�	 asarethe
monotonicandantimonotonicones.

The spanning tree. We have alreadyobserved that the spanningtreeservesas
a way of imposinga “parentalpriority” betweenthe contacts. Only the parent
accordingto

B @ is allowedto wakeachild andrecruitit, while all theotherreactants
have to usea furthercontactinteraction.

If we don’t do this, somestrangeself-deadlocksmay happen.For instance,
startingwith thefollowing 	 -reactionandsolution:

y K � �[
�aL1t� �[� �u�[
�aL1t� �[� �Y�[
�1t� � ©
�@)�* � � � �[
�aY1t��{ �[� �u�[
�aL1t��� �[� ���[
�{�1���� �[�~ K �@(5)�* � � � �[
�a�1t� �[� �u�[
�aL1t� �[� ���[
�1t� �[� ���[
�1�� �[�

andsupposingthereis no priority betweencontacts,then
�

and � might recruit
distinct � s in

~
, andso, in somesense,the recruitmentdefeatsitself all alone.

Having thetreeto sortoutwho is doingthefirst contact,andwho is not,solvesthe
question.

Depth-first. Supposenow thespanningtreeis depth-first,andsomeagent
�

is
contactedfor thefirst time,then

�
’s predecessorsin ?A@ are

�
’spredecessorsin

B @ ,
hencethey arealreadyrecruitedandconnectedto

�
. Therefore,if wefollow thein-

tuition thatconnectedcommunicationis instantaneous, becauseit is thesymbolic
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counterpartof interactionbetweencomponentsthatwerealreadybroughtin phys-
ical contact,thentheonly interactionswheresomewaiting is needed,andmaybe
sometimeoutif onethinksabouta time-consciousimplementation,areof theFCS
kind. They correspondbiologically to collisionsin the solution,a processwhich
indeedtakestime.

Collisions. By theway, we take notethattheonly non-deterministicstepsin our
collectionof interactionsarepreciselyof the FCS and

D D D E kind. All the others
aredeterministicin the sensethat given the interactionandany oneof the react-
ing agents,therecan be at most oneother agentsuchthat the pair matchesthe
interaction.Thesearealsotheonly interactionswheretheblind searchmechanism
embodiedin theinteractionscanfail.

Observable interactions. To concludethis seriesof remarkson thedecomposi-
tion, we notethat few interactionsareactuallyobservablein thehigherlanguage:
FCS , FCß , LCS whereall thecreative work is doneand

D D D E andFC P wherefree
interfacesmightbemodified.All otherinteractionsprojectto identical 	 -reactions,
they areonly modifyingthelogsand,semantically, only serve thepurposeof prop-
agatinginformation.

6.4 Simulation and correctness

Thereafterandfor therestof thesection,we supposewe dealwith an 
�	 system
obtainedby the translationwe just defined. We will still write © �

for both as-
sociatedtransitionsystems.The notionswe manipulatebelow make no sensein
generalin 
�	 andareonly meaningfulfor thoseparticulartranslatedsystems.

An importantinvariantthatour setof interactionsrespectsis that,at any mo-
ment, the setof agentsbearinga given groupnameÆ will be connected.These
connectedsub-solutionsareall disjoint, becauseinitial reactionsgeneratea new
groupnamethatuniquelyidentifiesthe “session”onebegins,anduponfirst con-
tactonecommitsoneselfto only participatein thecurrentsession(seeinteractions
FC P , FCS andFCß ) andthereafteronly interactwith agentsin the samesession
(seeall otherbinaryinteractions).We logically call thesedisjoint connectedsetof
agentsgroups. Agentsnotbelongingto any groupwerecalledquiescent.

Eachgroupinvolvesagentscurrentlyattemptingsomeinstanceof a 	 -reaction.
This reactionmayor maynot succeed.Wesaya groupis monotonicor antimono-
tonic,dependingon whethertheassociated	 -reactiononeis trying to completeis
amonotonicor anantimonotonicone.

Whenever ahigh-level reactionhasamatchin asolution,thenthefiring of the
reactioncanbesimulatedin thecorrespondinglow-level solution.

Proposition 4 Let b ,
~

be 	 -solutions:if b/© � ~
then � � b�� � Ç © � � � ~ � � Ç .

Proof: (Sketch) It is enoughto prove it for a one-steptransition,that is for the
applicationof some 	 -reaction¬ K  o© � ( � �¥¡ � . Since b canmake a one-step

31



transitionto
~

, theremustbeacorresponding	 -matching,andtherefore¡ is, upto
renamingandextension,asub-solutionin

~
. By composingthis inclusionwith the

isomorphismbetween?A@ and � � ¡T� � � we find who is theinitiator in thereactionand
fire the init rule with it. This createsa uniqueidentifierfor theattemptedreaction,
say Æ . Now, it is up to us to definetheorderin which to fire all the interactions,
sincethecorrectnessstatementdemandsnothingmore.

A possibility is to grow ¡ by using only contactinteractionsto begin with.
Thereareonly two things to take careof. First, for a non-deterministiccontact
FCS between

�
and � , onehasto useagaintheembeddingabove to guesswhich

agent � , agent
�

hasto createan edgeto. Second,onehasto contactsitesnot
just in any order, but in a way consistentwith theconstraintson inputsasked for
in thecontactinteractions.Theseconstraintsamountto askingthatat any time the
Æ -groupbeupward-closedwith respectto thesignalorderingN (seedefinition10).
Sucha growth constraintis alwayssatisfiablebecauseof acyclicity (actuallyit is
satisfiableif andonly if theflow graphis acyclic). Thissomewhatsubtlepoint can
beprovedeitherdirectly, or by usinga depth-first

B @ . In thelattercasewe already
noticedthatall ancestorsof anagentarerecruitedbeforetheagentitself is, sothat
anupward-closedgrowth is obtainedby alwaysperformingall latercontactsLC P ,
LCS , betweenan agentandits ancestorsimmediatelyafter recruitinghim. (One
seeswell thattheseconstraintsonly operatewhentheflow graphis nota tree.)

Oncethecontactsareall done,all edgeshave both their endswith log 
 , and
it remainsto move up the responseback to the initiator by using the response
interaction.This timeonehasto find adownward-closedway to proceed,which is
possiblefor thesamereason.

Whenthevarioussignalshavereachedtheinitiator, therecruitmentis over, and
onecantriggerthephaseshift andthesubsequentinteractions.§

We observe thateachhigh-level stepgeneratesa numberof smallstepswhich
is ��z{@I1|O�@I1t
 , where z}@ is thenumberof edgesin theright handside ¡ of ¬ , and
O�@ thenumberof nodes.Sothesimulationstayslinearin thesizeof ¡ .

This first result saysvery little in termsof correctnessand one would also
want to know that the low-level 
�	 -systemdoesn’t generateany solutionsthe
projectionsof whichwouldbeunreachablefrom thehigherlevel solution.

Definition 12 Given 	 -solutionsb and
~

such that � � bd� � Ç © � ~
, onedefinesthe

cleanupof
~

, written
~  , asthe 
�	 -solutionobtainedby:

—completionof groupswhich are pastthephaseshift (seeTable7),
—projectionof antimonotonicgroupswhich are pre-phase-shift(seesection5.1),
— deletionsin the monotonicgroupswhich are pre-phase-shift(seediscussion
below),and
—erasure of all theauxiliary a sites.

Completionsarealwayspossiblebecausepastthephaseshift, onecan’t fail. An-
timonotonicgroupsonly have to beprojected,sinceantimonotonicrecruitmentis
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purecheckingandnothingchangesexceptthe logs. Finally, in monotonicgroups
onehasto deleteany edgesandproteinsthatwereaddedin thecreative stepsFCS ,
FCß andLCS (theonly oneswith a “new” on theproductsside).

Thecorrectnessof oursolutionof theself-assemblyquestioncanthenbestated
asfollows.

Theorem 5 Let b bea 	 -solution: if � � b�� � Ç © � ~
then b/© � ~  .

Proof: (Sketch)Oneprovesfirst by inductionon all possibleinteractionsthat this
sideof the phaseshift, a grouphasits siteswith log 
 (resp. � ) forming an N -
upward-closed(resp.N -downward-closed)connectedsubsetof all thegroupsites.
An immediateconsequenceis that, when the phaseshift happens(just beforeit
happens,to beprecise),all thelogsof thegroupboundedsitesaresetat � , andthe
groupis, up to renamingandextensions,equalto ¡ . Indeed,theonly downward-
closedsubsetof sitesof ? @ that containsall the initiator sites, is the set of all
sites.This is a consequenceof thedefinitionof N . Now theresponseinteractions
arepairing the sitestogetherexactly as they are in ?A@ . And all responseshave
happened,elsesomelogswould still besetstrictly below 2. Therefore,a reaction
attemptsucceedsif andonly if it reachesthe phaseshift, andat that point it is
alwayscompletable.If it doesnot reachthe phaseshift, it canbe cleanedup as
explainedabove. §

Wehaveseenthatthedecompositionis asimulationandnevermakesany mis-
takes. It is now time to discussin which sensethe decompositioncanfail, or in
otherwordswhatkind of furthernotionof correctnessonecouldtry to reachfor.

A first casewhen deadlockmay happenis when 	 -reactionsare competing
with anotheron the samereactants.In this case,theconflicting reactions,which
canbeoccurrencesof thesamereaction,canbe initiatedconcurrentlyin 
�	 and
runoutof resourcesresultingin adeadlock.

A secondcaseof deadlockis whena singledecomposed	 -reactiongetsstuck
in its searchspacein 
�	 . Imaginefor instancethe following 	 -solutionand 	 -
reaction:

b K � �[
v1|� �[� �X�[
�1t��a c �[� �vP¥�[
�a c �[� �X�[
�1t��a f �[� �iS,�[
�a f �
+ K � �[
v1|� �[� �X�[
�1t� a c �[� �vP¥�[
 a c �[� �X�[
�1t� a f �[� �iS,�[
 a f � ©

�@)�P�),S � � � �[
�{ c 1t��{ f �[� �u�[
�{ c 1t��a c �[� �vP¥�[
�a c �[� �X�[
�{ f 1|��a f �[� �iS,�[
�a f �[�
Accordingto thetranslation,andin essence,

�
hasto guess,with two instancesof

FCS , which � it hasto bindto, onits first site,andwhichon its second.Sinceboth
� s look exactly thesameasfar as

�
cantell in a local interaction,our seriesof

interactionscanvery well try to producethetwistedcomplex:

� �[
 { f 1|� { c �[� �u�[
 { c 1t� a c �[� �vP¥�[
 a c �[� �u�[
 { f 1t� a f �[� �iS,�[
 a f �
Suppose

�
wasthe initiator, andit guessedwrongly giving role

F P to the � con-
nectedwith � S and

F S to theother � , then,fortunately, thegroupis stucksincethe
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newly recruited� swill try to fire thefollowing FC P interactions:

� :;8 � c �[
 {�8 P 1t� a �[� �vP¥�[
 a � © � :;8 � c �[
 {!8 P 1t� a �[� � :;8  cP �[
 a �
�d:;8 � f �[
�{�8 P 1t��a �[� �iS,�[
�a � © �d:;8 � f �[
�{!8 P 1t��a �[� � :;8  fS �[
�a �

andnonewill succeed,since� :;8 � c is connectedto �iS andconversely. Themistake
doesn’t spreadfurthersincebothagents� canseethey arelocally not connected
with the � Ë they shouldbe connectedwith, accordingto the role that

�
hasbe-

stoweduponthem.
To summarize,one hastwo sourcesof deadlocks,contentionsand guesses.

Thus,onecanthink of extending � � ¬Ä� � Ç by addingsomepre-phase-shiftinteractions
thatwill invert thecontactandresponseinteractionsandgive to agrouptheability
to escapesuchdeadlocks.Thisseemsreasonableaslongasagentscantestwhether
they cantake a stepbackwardswithout inconsistencies.The invariantto preserve
hereis downward(resp.upward)closurefor thesiteswith log � (resp.
 ).

Considerthesimplerexampleof R, wherethereis nothingto reverseexceptthe
signalitself. Werecalltheplain forwardversionandwrite justbelow thebackward
dualone:

� :;8 � � � a98 P �[� �d:;8 � � � a98 P 1 OUT P{�8 S� � © � :;8 � � � a98 S �[� �d:;8 � � � a98 S 1 OUT P{�8 S� �
� :;8 � � IN P{!8 P� 1 � a98 S �[� � :;8 � � � a98 S � © � :;8 � � IN P{!8 P� 1 � a98 P �[� � :;8 � � � a98 P �

Insteadof verifying thatall outputsto � aresetat 2, onenow verifiesdually that
no inputof

�
hasbeensetat2 yet, i.e., thesignalhasn’t gonefurther. Thiswaythe

key closureinvariantsareclearlypreserved.
Smarteragentsandsmartermanagementof failures,for instancewith time-

outs,alarmsandalarmpropagation,or morebrutishmanagementwith checkpoints
andbackups,might be interestingin a richer time-consciousframework, e.g., in
robotics[17], distributed systemdesign,or transactionmodels[2]. Anyway, it
still remainsto beseenif onecanwrite down a correctsetof reversedinteractions
andwe haven’t checkedall thedetails.Sucha setwould somehow internalizethe
cleanupproceduredescribedabove,andescapedeadlocks,while keepingtheagent
reasonablydumbassuitsa formalbiologicalmodel.

7 From 0 � -calculusto ~ -calculus

In this final sectionwe begin with a brief introductionto � -calculus[20], andthen
detail thecompilationof 
�	 -calculus.Our compilationis “protein-centric”,that
is to sayproteinsaretranslatedasprocesseswhosebehaviour is obtainedfrom all
the interactionsthey participateto. This is in line bothwith Regev’s direct repre-
sentationsof variousbiologicalpathways[23, 26], andwith thesecondencoding
providedin aprecedingpaperdealingwith amultiset-basedversionof 	 [7].
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7.1 The � -calculus

The � -calculususesthreecountablesets:
$ names, � , rangedover by ( , ) , * , . . .

$ agentnames, rangedoverby A, B, . . .

$ variables� , � , � , . . .

As usual,weaddresstupleswith Ø andwrite 3 Ø 7 for thecorrespondingset.Weuse
a � -calculusextendedwith naturalnumberswherewe distinguishthreesyntactic
categories,valueswritten Ø , matcheswritten / , andprocesseswritten � . The
grammaris detailedbelow.

Ø f K O É ( É � values
/ f K � Ø K Ø � É /�/ matches
� f K � É2� &T� É (X� � � &T� É (�� Ø�� &T� É �t1l� processes

� É � É /,� � � É �@( � � É�� � � �
Valuesarenaturalnumbers,names,andvariables.Variablesrepresentformal pa-
rameters,andsometimes,whenthecorrespondingparameteris aname,wesimply
usea nameratherthana variable. Matchesaresequencesof equalitiesbetween
values. A processcan be the inert process

�
, a processperformingan internal

move, an input (u� � � &T� , an output (�� Ø�� &T� , a choice,a parallel composition,a
matchguardingtwo processes,a restrictedprocessof theform �@( � � where �@( � is
the“new” operatorthat limits thescopeof ( to � , or anagentinvocation

� � Ø � , in
which casewe askfor a uniqueequation

� � � � f K � defining
�
. Restrictionsbind

names,that is �@( � in �@( � � bindsthename( wherever it is freein � andlikewise,
input andagentdefinitionbind variables,thatis (X� � � &T� and

� � � � f K � bind the
freeoccurrencesof thevariables� in � . Namesandvariablesthatarenot bound
arecalledfreeasusualandwe write

F DV��� � for thesetof suchnamesandvariables
in � aswedid in 	 .

Table8 collectsthesemanticsof � -calculus,exceptfor thesymmetricformsof
rules(SUM) and(PAR) whichareomitted.Thesemanticsis describedasatransition
systemon syntacticprocesseswith transitionslabelledby certainactions. As can
beinferredfrom Table8, actions,written � , areof threetypes:internal actions

�
,

inputs(u� � � andoutputs� ) � (�� Ø�� . When � ) � is notemptyin anoutputaction,one
saysit is a boundedoutput. This tupleof names) representstheboundednames
that theprocessis exportingto thecontext. Boundedoutputs,� ) � (�� Ø4� , generated
by thetransitionsabove all satisfy:1) ) W Ø and2) (tyO ) . Onedefines:

F DV� �E� K � DE� �E� K
F DV�@(X� � �[� K 30( 7 � DE�@(X� � �[� K 3 � 7F DV�[� ) � (�� Ø�� � K 30( 7�r �-� H 3 Ø 7vH 3 ) 7  � � DE�[� ) � (�� Ø�� � K 3 ) 7

Rules(PAR), (COM), (NEW) and(OPEN) all haveside-conditionscontrollingbounded
outputandinvolving

F DV�-� � and
� DE�-� � . Specifically, theseconditionsensurethat1)
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(TAU)

� &T� �� ©��

(INP)

(u� � � &T� a W P� X� ©��

(OUT)

no variableoccursin Ø
(�� Ø�� &T� a�� PÙ9�� ©��

(NEW)

� �� ©�� (tyO F DV�-� �
�@( � � �� ©¯�@( � �

(OPEN)

� W P{ X a�� PÙ9�� © � *�yK ( * O Ø s 3 ) 7
�[* � � W � P{ X a�� PÙ9�� © �

(SUM)

� �� ©�� c
�t1l� �� ©��Zc

(PAR)

� �� ©�� c � DE�-� ��H F DE��� ��K
� É � �� ©��Zc É �

(MATCH)

� �� ©��
� Ø K Ø �9� �g� �� ©��

(MISMATCH)� �� ©�� Ø yK Ø c
� Ø K Ø c �9� �g� �� ©��

(COM)

� W P{ X a�� PÙ��� © � c � a W P� X� ©�� c 3 ) 7vH F DE��� ��K
� É � �� ©¯� ) � ���vc É ��c@3 Ø4� � 7��

(APP)

��3 Ø4� � 7 �� ©��
� � Ø � �� ©��

Table8: Operationalsemanticsof the � -calculus.

theexportedboundednamesdon’t captureany variableswhenthey finally appear
in the right handsideof the conclusionof rule (COM), 2) onedoesn’t sendon a
boundname.

Theserules are standard,except for (OUT) whereagent (�� Ø�� &T� may go to
state� with a reductionlabeled(�� Ø4� only if it carriesvaluesthatarenumbersor
channels.Onecannotsendavariable.

7.2 The translation of �|# -calculus

Thetranslationin � -calculus,written � �¥j0� �[  , is first definedon interfaces:

� � 
 Ù c 8
Ç c 1|j�j�j�1¡O Ù�¢�8

Ç
¢ � �   K Ø P � 
pP ��! P � &�&�& � Ø l � 
Èl ��! l

with
! Ë K � if Ø Ë O 3 ����6J7 , ! Ë K 
 if Ø Ë O 1 , and

! Ë K � if Ø Ë O ' .
Interfacesareencodedastuples,the stateof eachsitecorrespondingto three

elementsin thetuple: thestateof thefirst siteis encodedby thefirst threeelements,
thatof thesecondwith thenext three,andsoon.

Thereadermightwonderwhy oneneedsto encodeatypeinformation
! Ë in the

stateof site
�
. This technicalityreflectsthe fact that the 
�	 notion of matching
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implicitly checksthetype.For instanceif:

+ K �@( � � � � � a �[� �X� � a �[� © � � ���[� �u� �T�
b K � � � : �[� �u� � : �

and Æ O 1 , ( O ' , thenthereisn’t a matchbetweenb andthe + left handside.To
preventa matchin thetranslationin � -calculusof this situation,onewill dynam-
ically typecheckthenamescarriedby thecorrespondingprocesses

�
, £ (inserting

matchesof the form � � ß ËY¤TS K×! Ë�� and � � ß�¥ ¤TS K×! ¥ � at suitableplaces,seethe
encodingbelow) and in order to do this, onehasto make this type information
availableto theprocesses.

Theencodingextendsnaturallyto solutions:

� � � ��5 � � �`  K � �n� � 5�� �T  �
� � b ��~ � �   K � � b�� �   É � � ~ � �  
� � �@( � �eb � � �-  K �@( � �n� � bd� �[  �

where
� � � �

is definedas:

� � � � f K ¦ W¨§ X[©�ª«@«©�¬'­ ¬
¦ Wr§ X � � � 1 ¦ ©�®°¯«±A²4©�¬ c

� &��­+ ² É7� � � �[�

Notation
� ��5 �`Og³ ¬ meansthat

� ��5 � is a reactantin the interaction¬ . Likewise,�£Og´ ¬ meansthat someproductof ¬ hasname
�

. The left andright sumsare
indexedby disjoint setsof interactions:Ú � is thesubsetof interactionsin Ú with
nonemptyleft handsides,while Ú P is thecomplementsubsetof interactionswith
emptyleft handsides.

To completethedefinitionof the translation,it remainsto definetheparame-
terizedprocesses¬ ¦ W¨§ X � � �

and+ ² . In orderto do this conveniently, we first setup
somenew notations.

7.2.1 Filters

Givena partialextendedinterface 5 , anda tupleof variables� , � � K 5�� denotes
thefollowing sequenceof matches,for

�¹O ;=<5>M��5 � :
— � �?ß Ë K�� �0� �?ß Ë)¤�P K 
��0� �?ß ËY¤TS K �0� , if 5,� ���mK���� 
 ;
— � � ß Ë KR6 �0� � ß Ë)¤�P K 
��0� � ß ËY¤TS K �0� , if 5,� ���mKR68� 
 ;
— � � ß ËY¤�P K 
��0� � ß ËY¤TS K 
0� , if 5,� �0�mK Æ � 
 , andÆ O 1 ;
— � � ß ËY¤�P K 
��0� � ß ËY¤TS K �0� , if 5,� �0�mK ( � 
 , and( O ' ;
— � � ß Ë K � ß�¥ � , if 5�� ���mK Ø � 
 , 5,� �T��K Ø � O , andØ O 1�1q' .

Onehasto supposethat � haslengthgreaterthan � 3 >?B}µ�3�;=<5>?��5 �[7 1|� ,
Thefilter matchescheckwhetheror not a proteinmayparticipatein an inter-

action.In particular, thematcheswill verify thatlogshave theright value,whether
a site is visible, hidden,carriesa groupname,or carriesanedgename,andlastly
(item 5) whethertwo occurrencesof a samenamein the interfacearethesamein
thetuple.
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Oneneedsalsoabinaryanalogof this first filter operator.
Giventwo partialextendedinterfaces,5 and ¶ , andtwo tuplesof variables,�

and � , of suitablelength, � � � � K 5 � ¶�� denotesthesequenceof matches� � ß Ë K
� ß�¥ � , for all

�YO ;=<5>?��5 � , ��O ;=<5>?�-¶ � , suchthat 5,� ���`K Ø � 
 , ¶`� �T��K Ø � O , andØ O 1�1�' .
Thebinaryfilter operatorproducesaseriesof matchesthatcross-checkwhether

nameswhichareidenticalin 5 and¶ , arealsoidenticalin � and � .

7.2.2 Updates

Finally, oneneedsto implementtheeffect of an interactionon anextendedinter-
face,asspecifiedby thepartialextendedinterfacesin its products.

Giventhreepartialextendedinterfaces· , ¸ and ·7¹ , a setof namesº in » , such
that:
— 1) ¼r½e¾�·¿¹-À'Ái¼r½e¾�·ÂÀ^Ã�¼r½e¾-¸dÀeÃ º ,
— 2) ºÅÄ�¼¨½e¾�·ÂÀ4Æ º�Ä�¼¨½�¾-¸AÀ'Æ ,
and two tuplesof variablesÇ , È of appropriatelengths,onedefinesa tuple of
values, Ç,É�·7¹ , of thesamelengthasÇ , asfollows:
— ÇJÊ�ËCÌCÇJÊ�ËYÍ^Î7ÌCÇJÊ�ËYÍ°Ï , if ÐÒÑÓÕÔ�ÖØ× ¾�·ÂÀ ;
— Ù;ÌCÚÛÌ7Ü , if ·7¹-¾-Ð�À.ÆGÙ�ÌCÚ with Ù ÓÕÝ�Þ ÌCß�à ;
— º�ÌCÚÛÌ7á , if · ¹ ¾-Ð�À.Æâº�ÌCÚ andº Ó º ;
— Ç Ê�ã ÌCÚÛÌCä if · ¹ ¾-Ð�À'Æâå�ÌCÚ , ·Â¾-æ°À.Æâå�ÌCç , with äèÆGé ( á ) if å ÓÕê (» );
— È�Ê�ã¿ÌCÚÛÌCä if · ¹ ¾-Ð�À�Æâå�ÌCÚ , ¸d¾-æ°À.Æ�å�ÌCç , with ä�ÆGé ( á ) if å ÓÕê (» );

Theinterfaces· , ¸ representinterfacesin theleft handsideof someinteraction,
while theinterface ·7¹ representtheinterfaceof someagenton theright handside,
andº standsfor creatededges.

This definition is a bit peculiar in that the last two clausesare ambiguous.
Thereisn’t a uniquetuple satisfyingthem,because,for instance,onecould have
· ¹ ¾-Ð�À
Æ�å�ÌCÚ , ·Â¾-æëÀ'Ælå�ÌCç and ·9¾�ìíÀ or ¸A¾�ìíÀ
Æ�å�ÌCî . But it doesn’t matterhow one
resolves this choice,sincewhenthereis ambiguity, all optionsleadto processes
behaving identically. The notation Ç É · ¹ doesn’t mention the other needed
parameters,· , ¸ , º , and È , but thesewill beclearfrom thecontext.

Note also that exactly the sitesthat are referredto in the interface · ¹ of the
productaremodified(seefirst clause).

7.2.3 The processesï�ð�ñ¨ò¿ó=¾ ÇâÀ and ô�õ .

Below weassumethateverybinarymonotonicinteractionï , thatis any monotonic
interactionwith two reactants,hasa uniqueassociatednameöø÷ . This namerep-
resentsthecapacityof theagentsto interactthroughtheir visible sites. We know
thesesitesexist by definitionof monotonicinteractions.

Again for suchbinary ÚÛù -interactions,we chooseoneagentto be translated
asa sender, andoneasa receiver. This, of course,is anartefactof the translation
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whichhasnocounterpartin ÚÛù andonly comesfrom thefactthatthecommunica-
tion modelof ú -calculusis asymmetric.In thespecificcasewherebothreactants
areexactlythesameagent,thenwegive to boththesumof thesendingandreceiv-
ing behaviours.

We now enumerateall casesof interactionsfollowing the total numberof
agentsinvolved,reactantsandproducts:thereare4 agentsinvolved in case1–2,3
in case3–4,andat most2 in case5–8. Eachtime thecorrespondingcontributions
ï�ð�ñrò¿óû¾ ÇâÀ or ô�õ to thebehaviour of thereactantsis given.

Case1: ïüÆbýA¾�·ÂÀ�Ì7þÿ¾-¸AÀ�� ¾ º�À�¾�ý�¾�·7¹YÀ�Ì7þÿ¾-¸�¹YÀ�À , we take
�

to assumetherole of
thesenderon öø÷ . Eachagentverifiesthat its own currentinterfaceis compatible
with theinteraction;thenagent

�
sendstwo new nameson thereactionchannel,�

for success,and �7¹ for reset,togetherwith its own interfacerepresentedby Ç ; the
otheragent� is in chargeof verifying whether

�
and � areproperlyconnectedand

usesthematchingoperatorto do this.

ï�ð�ñ¨ò¿ó=¾ Ç�À �TÆ � Ç ÆG·��
¾	�
� ¹ À�¾ öø÷�� Ç�Ì��ÂÌ�� ¹�
	�
¾	�'¾ º�Ì È À � � ¾ ÇxÉ�·7¹`À����7¹!¾�À � � ¾ ÇlÀ�À�À

ï�� ñ���ó ¾ È À��TÆ � È Æâ¸��
öØ÷í¾ �AÌ��9Ì�� ¹ À � � �dÌ È Æi·ÂÌC¸��
¾ º�À�¾ ��� º�Ì È 
	� �Ø¾ È É ¸ ¹ À�À�� � ¹ � 
	� �Ø¾ ÈÿÀ

If theconnectionis asit shouldbe in ï , then � createsthenew edgesº andsend
themon thesuccesschannelto

�
. � alsosendsits own interface,in case(group)

namesthereinareneededto updatetheinterfaceof
�
. Thereforebothagentsupdate

their interfaces. If the connectiondoesnot matchwith ï , then � sendsthe reset
signalandbothagentsreturnto their precedingstate.

Case2: ï�Æ ¾ º�À�¾�ýA¾�·ÂÀ�Ì7þÿ¾-¸AÀ�À�� ý�¾�· ¹ À�Ì7þÿ¾-¸ ¹ À , by definition of an antimono-
tonic interaction,reactantsareconnected,andthereforethereexists Ð , æ suchthat
·9¾-Ð�ÀÒÆ º�ÌCÚ , ¸A¾-æ°À Æ º�ÌCç and º Ó » . We usethis nameº asa channelthrough
which the interactionis triggeredandthereforein this casethereis no needof a
nameassociatedto the reactionandit is enoughto sendsomeinteger �`ï! coding
for thereaction.

ï�ð�ñ¨ò¿ó=¾ Ç�À �TÆ � Ç Æi·"�
¾	�
�7¹YÀ�¾ ÇJÊ�Ë��	�`ï! 9Ì ÇlÌ��ÂÌ��7¹ 
	�
¾	�.¾ È À � � ¾ ÇxÉ�· ¹ À��#� ¹ ¾�À � � ¾ ÇlÀ�À�À

ï � ñ���ó ¾ È À��TÆ � È Æ�¸��
È9Ê�ã�¾-ç.Ì ��Ì��9Ì��7¹=À � � ç2Æ$�`ï! ��%� �ÒÌ È ÆG·ÂÌC¸��
�&� È 
	� �Ø¾ È É ¸ ¹ À�� � ¹ � 
	� �Ø¾ ÈÿÀ
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We observe that the binders ¾ º�À�¾	'TÀ in the left handsideof ï arenot encoded
in ú -calculus.By the third clauseof definition 7, thesenamesmay only be edge
namesin » , andsinceall ÚÛù -solutionsaresupposedto begraph-like, thesenames
mayonly occurin theagentsýA¾�·ÂÀ and þÿ¾-¸AÀ . Therefore,by definitionof � �(')� �+* , they
only occurin

� ¾ Ç�À and�ø¾ È À andonedoesn’t needto testwhetherthesenamesare
private.(Whichis fortunatesinceit seemsveryunlikely thatthisis possible.)Thus,
theedgesdeletionsperformedby ï aremimicked in theprocessesby theerasings
doneby theupdatesÇ�É · ¹ and È É ¸ ¹ . Whatis notmimickedis theerasureof
thebinderitself º . Thecorrectnessof � �,'�� �(* will beestablishedup to this garbage
collection.

Case3: ïAÆ ¾ º�À�¾�ýA¾�·ÂÀ�Ì7þÿ¾-¸AÀ�À-� ýA¾�·7¹-À , this caseis analogto case2 exceptthat
thesuccessfulcontinuation�Ø¾ È É ¸ ¹ À in ï � ñ���ó ¾ È À is replacedwith . .

Case4: ï�Æ ýA¾�·ÂÀ/� ¾ º�À�¾�ýA¾�· ¹ À�Ì7þ ¾-¸dÀ�À . Sincethereis only oneagenton the
left, onedoesn’t needa synchronisationanda ä move is enough.Recallthat,by
the(synth)clause,theinterfacȩ is complete,so(thefirst clauseof thedefinition
of updatesneverappliesandtherefore)noneof the È ã occurin �ø¾ È É ¸AÀ , andthe
processdefinitionbelow is well-defined:

ï�ð�ñ¨ò¿ó=¾ Ç�À0�TÆ � ÇxÆG·"�íä � ¾ º�À�¾ � ¾ Ç�É�· ¹ À&1"�Ø¾ È É ¸dÀ�À
Case5: ï ÆGýA¾�·ÂÀ2��¾ º�À�¾�ýA¾�·7¹YÀ�À , this caseis similar to theprecedingone:

ï�ð�ñ¨ò¿ó=¾ Ç�À0�TÆ � ÇxÆG·"�íä � ¾ º4À�¾ � ¾ ÇxÉ�· ¹ À�À

Case6: ï ÆG¾ º�À�¾�ýA¾�·7¹YÀ�À3��ýA¾�·ÂÀ , againthiscaseis similar to theprecedingone:

ï�ð�ñ¨ò¿óû¾ ÇâÀ��TÆ � ÇxÆG·"�ëä � ¾ � ¾ Ç�É�· ¹ À�À

Case7: ï�Æ ¾ º�À�¾"4�À5� . , this caseis similar to case6 if there is only one
agentandcase3 if therearetwo of them;in bothcasesonejust hasto replacethe
successfulcontinuation

� ¾ Ç,É�·¿¹-À with . .

Case8: ï Æ6.7� 8 , in this casewe mustdefinetheprocessô�õ . Therearetwo
subcases:either 8 Æ ¾ º�À�¾�ýA¾�·ÂÀ�À or 8 Æ�¾ º�À�¾�ýA¾�·ÂÀ�Ì7þÿ¾-¸AÀ�À , where · and ¸ are
complete.Accordingly, ô�õ is definedas:

ô ñ:9; ó[ñ¨ð�ñ¨ò¿ó[ó �TÆ ¾ º�À�¾ � ¾ ÇxÉ�·ÂÀ�À
ô9ñ:9; ó[ñ¨ð�ñ¨ò¿ó+< � ñ=��ó`ó>�TÆ ¾ º�À�¾ � ¾ ÇxÉ�·ÂÀ?1��ø¾ È É ¸AÀ�À
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7.3 Examples

In this subsection,we review threeexamplesillustrating variousaspectsof the
translationexplainedabove. Let usconsiderfirst thefollowing “swap” interaction:

ô Æ ýA¾�é�@!À�Ì7þÿ¾�é�A!À2��ýA¾�é�A#À�Ì7þÿ¾�é�@�À
with B�Ì�C ÓÛê , andôÂ¾�ýAÀ'Æ�ôÂ¾�þÿÀ'ÆGé . This interactionsatisfiesdefinition7 but it is
not monotonicor antimonotonicbecausenoneof thesidesis connected.We will
modifiy it to bemonotonicjust below. As it is, therespective contributionsof ô to
thebehaviour of theprocesses

�
and � are:

ô¿ð�ñ ÎED óû¾-ÇGFÂÌCÇèÎ{ÌCÇJÏÂÀH�TÆ � ÇèÎ ÆGÜ%�%� ÇJÏ ÆGé%�û¾	��FI�!Î}À
öKJ2�¨ÇGFÂÌCÇèÎ{ÌCÇJÏÂÌ���FÂÌ��!Î 
	�
¾	� Î ¾�È F Ì7È Î Ì7È Ï À � � ¾�È F Ì7Ü�Ì7é�ÀL�M� F ¾�À � � ¾-Ç F ÌCÇ Î ÌCÇ Ï À�À

ô � ñ Î	N ó ¾�ÈOFÂÌ7È�Î{Ì7È�Ï�À �TÆ � È�Î ÆGÜ%�%� È�ÏüÆGé%�
ö J ¾-Ç F ÌCÇ Î ÌCÇ Ï Ì�� F Ì�� Î À � � �
¾ �!Î3�-ÈIFÂÌ7È�Î}Ì7È9Ï 
	� �ø¾-ÇGFÂÌ7Ü�Ì7é�À�� �PF&� 
	� �Ø¾�ÈOFÂÌ7È�Î{Ì7È9Ï�À�À

No cross-checkis neededin thiscase,hencetheemptymatch � � , but eachprocess
needsthenamecarriedby theother.

As said,by introducingaslight variationon this interaction:

ô7¹KÆ ý�¾�é @ �lá�À�Ì7þÿ¾�é A �lá�À3��¾-º�À�¾�ý�¾�é A ��á ; À�Ì7þÿ¾�é @ �lá ; À�À
with º Ó » , B�Ì�C Ó ê , and ôÂ¾�ýAÀÛÆxôÂ¾�þÿÀÕÆ á , we obtain a monotonic ÚÛù -
interaction.Thecorrespondingtermsin

�
and � now become:

� Ç Î ÆGÜ%�%� Ç Ï ÆGé%�%� Ç Ê Æ ßO�%� ÇGQ ÆGÜ%�%� ÇGR ÆiÜ%�û¾	� F � Î À
ö J�S �¨ÇGFÂÌ���FÂÌ��!Î 
	�
¾	�!Î^¾-º�Ì7ÈOFÂÀ � � ¾�ÈIF�Ì7Ü�Ì7é�ÌCº�Ì7Ü�Ì7á�À2����F'¾�À � � ¾-ÇGFÂÌCÇèÎ7ÌCÇJÏÂÌCÇJÊÂÌCÇ Q ÌCÇ R À�À
� È�Î ÆGÜ%�%� È�Ï Æ é%�%� È�Ê ÆâßI�%� È Q ÆGÜ%�%� È R ÆGÜ%�
ö J�S ¾-ÇGFÂÌ���FÂÌ��!Î{À � � �
¾�¾-º�À�¾ �«ÎT�¨º�Ì7ÈOF 
	� �Ø¾-ÇGFÂÌ7Ü�Ì7é�ÌCº�Ì7Ü�Ì7á�À�À�� ��F&� 
	� �ø¾�ÈIFÂÌ7È�Î{Ì7È9ÏÂÌ7È�Ê�Ì7È Q Ì7È R À�À

We have slightly shortenedthe translationby only sendingrelevant names:º�Ì7ÈIF
from � to

�
and ÇGF from

�
to � , andnot the logs and type indications. This is

somethingwhichcanalwaysbedone.
As a last example, let us illustrate the cross-checkingpart of the encoding.

Considerthefollowing antimonotonic“unbind” reaction:

ï�Æ ¾-º�À�¾�ý�¾�é ; < Ê À�Ì7þ ¾�é ; < Ê À�À3� ý�¾�é�À�Ì7þÿ¾�é�À
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whereº Ó » , ôÂ¾�ýAÀ Æ ôÂ¾�þ À
Æ é . Sendingtheonly relevantname,hereÇ F , aswe
did in theprecedingexample,we find thecorrespondingcontributionsin

�
and � :

� ÇèÎ ÆVU%�%� ÇJÏ ÆGá%�û¾	��FO�«Î}À
öø÷��¨ÇGFÂÌ��PFÂÌ��«Î 
	� ¾	�!Î^¾�À � � ¾-ß�Ì7Ü�Ì7Ü�ÀW�M��F4¾�À � � ¾-ÇGF9ÌCÇèÎ{ÌCÇJÏ9À�À
� È Î ÆXU%�%� È Ï ÆGá%�
öø÷ë¾-ÇGFÂÌ��PFÂÌ��«Î{À � � ÇGF ÆiÈIF%�û¾ �«Î�� 
	� �Ø¾-ß�Ì7Ü�Ì7Ü�À�� �PF&� 
	� �Ø¾�ÈOFÂÌ7È�Î{Ì7È9Ï�À�À

And here,in contrastwith thetwo precedingexamples,oneseesthat � hasto verify
whetherhis º is thesameas

�
’s º , a taskwhich is performedby thecross-check

� ÇGFüÆiÈIF%� .

7.4 Observations and Corr ectness

To conclude,we statethecorrectnesspropertiesof ourencoding.
Given a set of ÚÛù -interactionsY , let us write ýA¾�·ÂÀ[Z,\ ï if ï is a binary

monotonicinteractionin Y , and ýA¾�·ÂÀ matchesone of the reactantsof ï . This
observationrelationextendsto arbitraryÚÛù -solutionsasfollows:

] Ì_^7Z,\|ï if
] Z,\ ï or ^#Z,\|ï

¾-º�À�¾ ] À3Z,\ ï if
] Z,\ ï

Suchobservationsareoftencalledbarbs.
Let uswrite `a��b to abbreviate ` cd ��b , anddenotethetransitive closure

of � by �[e . Wealsodefinebarbson the ú -calculusside:

`VZ º �TÆ fgbh` id � b
wherej is an input or an outputactiononanameº .

Finally, let k be the usualleastcongruenceover ú -calculusclosedunderre-
namingof boundvariables( l -equivalence),making“ 1 ” associative andcommu-
tative with . asneutralelement,andsatisfyingthescopelaws:

¾-º�À�¾nm^À	` k ¾nm�À�¾-º�À	`'Ì
¾-º�À	` k ` if º�ÑÓ ¼¨½e¾	`üÀ�Ì
¾-º�À	`o1pb k ¾-º�À�¾	`q1rb À if º�ÑÓ ¼¨½e¾	b À

Recallthat öø÷ is thenameassociatedto abinarymonotonicinteractionï .
Theorem 6 Let ¾�sÿÌ��lÀ bean ÚÛù -system,and

]
bea closedÚÛù -solution:

1. if � � ] � � * Z º thenº|Æâöø÷ for somebinarymonotonicinteraction ï ;
2.
] Z,\|ï if andonly if � � ] � �(*tZ öø÷ ;

3. if
] �u^ then � � ] � � * �wv_kq� � ^L� � * ;
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4. if � � ] � � * ��vxb , thenthere exists ^ such that bV��v%k$� � ^L� � * , and
] �wv�^ .

Proof: (Sketch)Onehasto supposethat
]

is closedin ordernotto observetheedge
names(seethe ÇJÊ�Ë Ì7È9Ê�ã in case2). Thatsaid,points1, 2 areobvious.

Onealsohasto suppose
]

to be graph-like (which is the default assumption
sincetheendof section5) elseonehasproblemswith “news” on theleft handside
(seethediscussionat theendof case2).

Points3 and4 areprovedby establishingthatfor any b suchthat � � ] � �(*��[eyb ,
therearethreepossiblekindsof transitions:eithera pair of processes(ona public
channelö ÷ or aprivatechannelÇ Ê�Ë ) goingto an“unstable”statewhereoneof them
cross-checksbothinterfaces,or a successsignal(on a private � channel)wherean
interactionis finalized,or a failuresignal(on a private � ¹ channel)wherea pair of
processesrolls backto apreviousstate.z

This theoremis morepowerful thanthecorrespondingresultfor theencoding
of ù -calculusinto ÚÛù -calculus. Specifically, item 4 ensuresthat no deadlockis
introducedby theencodingof therules. Besides,item 2 mesheswell with the in-
tuition that onecannotobserve an antimonotonicinteractionwhich is an internal
event. An easyconsequenceof all itemstogether, is the weakbarbedbisimilar-
ity [20] of

]
and � � ] � � * .

8 Conclusion

We have presenteda coarse-grainedcalculusof proteinsand worked out a for-
malizationof thelactoseoperonillustratingtheeaseandtheprecisionwith which
our languagecandescribeproteininteractionsandsimilar basiceventsof biolog-
ical systemssuchassynthesisandeven metabolitetransformation.The process-
algebraicnotationwhich we choose,with its explicit edgeresidualsandbuilt-in
treatmentof namegenerationseemselegant enoughif one comparesit with a
graph-basedformalismand in particularallows for a cleandefinition of the no-
tion of monotonicreaction.

As adynamicannotationlanguageù mightbeusefulfor thedifferentpurposes
of archiving, playingandcomparingmodels.But beyondits representationalabili-
ties, ù alsohasanimportantstructuralpropertywhichwecalledself-assembly, and
we have madethis a theorem.Namelythat thereis a finer-grainedcalculuswith
only binary interactionsandvery limited additionallocal structurein which one
canencodethecoarser-grained ù -reactions.Herethenotationalinvestmentreally
paysoff andlet thesimplicity of theencodingbeseenthroughthesyntax.

Yet, anddespiteits spartansyntax,thefiner-grainedcalculusmight still seem
to endow agentswith too much intelligenceto be biologically meaningful,and
onemight well wonderif our effort to explain the high-level reactionsby incor-
poratingthemin theproteinshasnot led uscontemplatingunrealisticallytalented
proteins.We don’t think so. Oneway of understandingthecombinatorialpower
of the agents,which is not enormousanyway, is to seeit asa digital translation
of thecombinatoricsthat trueproteinshave, becausethey areembeddedin space.
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Forward engineeringof biological systemsfocuseson the analysisandconstruc-
tion of the basiccomponentsonecan engineerin biological systems[14]. Our
self-assemblyresultseemsavaluablestepin understandinganotheraspectof bio-
computingthatis how in aworld whereasynchrony is thenorm,by usinglow-level
binarysynchronizationeventsasbuilding blocks,onecanengineerarbitrarysyn-
chronizations.
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PhDThesis.EcolePolytechnique,France,2001.

[11] W. Fontanaand L. W. Buss. The barrier of objects: From dynamicalsystemsto
boundedorganizations.In J.CastiandA. Karlqvist, editors,BoundariesandBarri-
ers, pages56–116.Addison-Wesley, 1996.

[12] C. Fournet and G. Gonthier. The reflexive chemicalabstractmachineand the
join-calculus. In 23rd ACM Symposiumon Principlesof ProgrammingLanguages
(POPL’96), 1996.

44



[13] D. T. Gillespie. Exactstochasticsimulationof coupledchemicalreactions.J. Phys.
Chem, 81:2340–2361,1977.

[14] J.Hasty, D. McMillen, andJ.J.Collins. Engineeredgenecircuits. Nature, 420:224–
230,Nov. 2002.

[15] T. Inada,K. Kimata,andH. Aiba. Mechanismresponsiblefor glucose-lactosediauxie
in EscherichiaColi: challengeto thecAMP model.GenesCells, 1(3):293–301,1996.

[16] J.W. Kimball. Kimball’sBiology Pages.Onlinebiology textbook,2003.

[17] E. Klavins. Automaticsynthesisof controllersfor assemblyandformationforming.
In Proceedingsof theInternationalConferenceonRoboticsandAutomation, 2002.

[18] K. W. Kohn. Molecular interactionmapof the mammaliancell cycle control and
DNA repairsystems.MolecularBiologyof theCell, n. 10:2703–2734,1999.

[19] Y. Lafont. Interactioncombinators.InformationandComputation, 137(1):69–101,
1997.

[20] R. Milner, J.Parrow, andD. Walker. A calculusof mobileprocessesI andII. Infor-
mationandComputation, 100:1–41,42–78,1992.

[21] J. Monod andF. Jacob. Generalconclusions:Teleonomicmechanismsin cellular
metabolism,growth anddifferentiation.ColdSpringHarbor Symposiaon Quantita-
tiveBiology: Cellular RegulatoryMechanisms, 26:389–401,1961.

[22] C. Priami. Stochasticpi-calculuswith generaldistributions. In CLUP, editor, Pro-
ceedingsof PAPM’96, 1996.

[23] C. Priami, A. Regev, E. Shapiro,and W. Silverman. Application of a stochastic
name-passingcalculusto representationandsimulationof molecularprocesses.In-
formationProcessingLetters, 2001.

[24] A. Regev, E. M. Panina,W. Silverman,L. Cardelli,andE. Shapiro.Bioambients:An
abstractionfor biological compartments.Theoretical ComputerScience, 2003. To
Appear.

[25] A. Regev andE. Shapiro.Cellsascomputation.Nature, 419,September2002.

[26] A. Regev, W. Silverman,andE. Shapiro.Representationandsimulationof biochem-
ical processesusingthe { -calculusprocessalgebra.In R. B. Altman, A. K. Dunker,
L. Hunter, andT. E. Klein, editors,Pacific Symposiumon Biocomputing, volume6,
pages459–470,Singapore,2001.World ScientificPress.

[27] I. H. Segel. EnzymeKinetics: Behaviorand Analysisof Rapid Equilibrium and
Steady-StateEnzymeSystems. John-Wiley & Sons,New York, 1975.

[28] A. UnypothandP. Sewell. NomadicPict: Correctcommunicationinfrastructurefor
mobilecomputation.In Proceedingsof POPL2001, 2001.

45


