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We investigate criteria to relate specifications and implementations belonging to conceptually differ-
entlevels of abstraction. For this purpose, we introduce the generic concefgrti€al implementation
relation, which is a family of binary relations indexed byrefinement functiothat maps abstract ac-
tions onto concrete processes and thus determines the basic connection between the abstraction levels.
If the refinement function is the identity, the vertical implementation relation collapses to a standard
(horizontal) implementation relation. As desiderata for vertical implementation relations we formulate
a number of congruence-like proof rules (notably a structural rule for recursion) that offer a powerful,
compositional proof technique for vertical implementation. As a candidate vertical implementation
relation we proposeertical bisimulation Vertical bisimulation is compatible with the standard in-
terleaving semantics of process algebra; in fact, the corresponding horizontal relation is rooted weak
bisimulation. We prove that vertical bisimulation satisfies the proof rules for vertical implementation,
thus establishing the consistency of the rules. Moreover, we define a corresponding natietrax-
tion that strengthens the intuition behind vertical bisimulation and also provides a decision algorithm
for finite-state systems. Finally, we give a number of small examples to demonstrate the advantages of
vertical implementation in general and vertical bisimulation in particulas.2001 Academic Press
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O~NOUAWNPE

1. INTRODUCTION

There is a long tradition in defining process refinement theories (see, e.g., [8, 11, 29]), esse
based on the ideathat, given two processasdl, | is animplementation dif | is more deterministic
(or equivalent) according to the chosen semantics. Still, Bathd | belong conceptually to the same
abstraction level, as the actions they perform belong to the same alphabet. For this reason, we ¢
implementation relationsorizontal

Inthe development of software components, however, itis quite often required to compare systel
realize essentially the same functionality but belong to conceptually different abstraction levels, \
the change of the level is usually accompanied by a change in the alphabets of actions they perfo
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such components, we would like to develegrtical implementation relations that, given an abstra
processSand a concrete procesbstell usif | is a possible implementation for the specificat®mhis
problem is rather unexplored, with the exception of the work on action refinement in process al
[1,2,12,17, 35, 41, 42], which however is not satisfactory in some respects (to be discussed late
main contribution of this paper is to single out some sensible criteria that any vertical implemen
relation should satisfy. Furthermore, we introduce one specific instance of such a vertical relation,
we call vertical bisimulation.
The concept of a vertical implementation relatishentails the following:

1. It is parametric with respect to refinementfunction r that maps abstract actions of th
specification to concrete processes, thus fixing the implementation of the basic building blocks
abstract system.

2. ltisflexible enough (i) to offer several possible implementations for any given specificatior
(i) not to require that the ordering of abstract actions is tightly preserved at the level of theirimpleme
processes. To be more explicit, consider the following examp=ifa; b andr (a) = a;; ap, then we
would like to accept as legal implementations batha,; b anday; (a; ||| b), where in the latter an
ordering at the abstract level (betweeandb) has been partially forgotten at the concrete levebgas
andb are in parallel).

3. ltissimple enoughto be defined on the standard interleaving models of classic labeled tra
systems. This has the advantage of making it possible to reuse most existing techniques develc
interleaving semantics.

4. |Itis a generalization of existing (horizontal) implementation relations; i.e., if the refinen
function is the identity, then the vertical implementation relatioft, should collapse to some horizonte
relation. This has two consequences: (i) the theory of horizontal and vertical implementation c
integrated uniformly, and (ii) the number of possible vertical relations is not less than the numt
horizontal relations, at least in principle.

5. ltis deadlock-freedom-preserving: Typically, if the specification is deadlock-free, we wi
expect that also the implementation is so.

6. Itcomes equipped with a set of sound congruence-like proof rules. This givesrise to a pow
compositional proof technique to verify whether a certain prodeissan implementation for some
specificationS.

The work on action refinement in process algebra satisfies few of these requirements. For in:
the existing theories say that the implementation of a specific&isngiven byr (S) (the syntactic
substitutionof concrete processesa) for actionsa in S) [1, 2, 21, 31] or by [](I S]) (the semantic
substitutionof the semantics of concrete processgs for actionsa in the semantics of) [12, 18,
22, 35]. Hence, the basic assumption of these theories is that thmrly isnepossible implementation
for a given specification; in other words, the action refinement function is usegras@&iptive tooko
specify the only way abstract actions are to be implemented. Consequences of this are the follo

e The refinement function can be used as an operator of the language, as it also defines a f
on processes. Hence, it becomes immediately relevant to investigate the sacaafegence problem
find an equivalence relation such that, if two procesSeand S; are equivalent, then alsqS;) and
r(S) are equivalent. Dating back to [9], it is clear that it is then necessary to mawaniaterleaving
semantics: the parallel execution of actiar@db, denoted ||| b, is equivalent in interleaving semantic
to their sequential simulatiag b+b; a; however, if we refin@to the sequenca ; a,, then we obtaimy;
a, ||| banday; ap; b+b; a;; ap, which are not equivalent at all, as only the former may offer the execut
sequencey; b; ap. In [14, 23, 42, 43] it is shown that the coarsest congruence for the operator of a
refinement contained in standard interleaving semantics is the ST semantics [19], a notion of equiv
that, roughly, considers actions as honatomic activities split into two consecutive phases (see al:

e Because of the strong relation to the (syntactical or semantical) structure of the specifical
the implementation(S) is quite rigidly defined. One of the typical constraints is that the possible ca
relation between two abstract actions is strictly preserved amibtige actions of the two implementing
processes. For instance 3f= a; b andr (a) = a;; a, as above, then the only possible implementati
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isr(S) = a;; ap; b and not the alternative;; (a; ||| b) where the causal relation betwearandb is
partially forgotten. This can be a serious drawback in practice, as pointed out in [28]. Some wot
been devoted to define less rigid forms of action refinement that do allow some overlapping [13, 2
39, 44]. Still, in all these approaches, given a specification and a refinement function there is &
only one possible implementation.

By allowing more than onémplementation for a given specification, we get that in our approe
the congruence problem simply disappears: since one single specification may admit nonequ
implementationsa fortiori two equivalent specifications need not to have equivalent implementati
Hence, there is no longer a need to move to noninterleaving semantics.

The paper is organized as follows. In Section 2, our investigation starts by introducing the langue
use (a mixture of CCS and CSP, containing all the well-known operators), equipped with opera
and behavioural semantics (the standard notion of rooted weak bisimulation equivalence, see
Then we present the class of refinement functions we use, which are restricted in that they map &
actions to nonempty (i.e., not immediately terminating) processes that cannot deadlock.

Section 3 introduces the set of desired proof rules we would expect any vertical implemestation
satisfy. We us&" as the formal symbol in the proof rules for a vertical implementation relation par:
eterized byr, andC (without parameter) for the corresponding standard (horizontal) implementa
relation. The rules can be divided into three main groups. The first group states the interplay lo&twe
andC: whenr is the identity function=® reduces ta; moreover=" andC compose, meaning that
if, e.9.,SCS andSC"I"andl’'C I, thenSC" |. The second group defines a set of congruence-I
properties; e.g., i§ C' |; fori = 1, 2,thenS + S C" I + I,. Some of the congruence rules have sid
conditions o, in particular on the nature of the alphabets of processes refining distinct abstract ac
These side-conditions are necessary in order to obtain an intuitively sound (e.g., deadlock-fre
preserving) proof system; we give some examples to illustrate this. The third group consists of a
rule that relaxes precisely the causality preservation constraint discussed above, and thus is a
example of a rule that surmounts the intrinsic limitations of the standard approach to action refine

An interesting consequence of the proof system is that the (almost) standard notion of “action 1
ment as syntactic substitution” is a sound implementation technique (but by no means the only ol
any vertical relation that enjoys the proof rules.

Section 4 introduces vertical bisimulatiogl,, as the concrete notion of vertical implementation w
propose in this paper. Its main features are the following:

e The underlying horizontal implementation relation is rooted weak bisimulation equivalen

e \fertical bisimulation is formed of three componentgl@vn-simulationeach abstract move
must be matched by a sequence in the implementationjp-@imulation(each move of the implemen-
tation should find a justification either as the initial action akav refined action or as a continuation o
apendingrefinement), and eesidual simulationrequiring that each move of the pending refinemer
must be present in the implementation.

e <" enjoys all the proof rules: iSC" | thenS<"I. In particular,<" reduces to rooted weak
bisimulation equivalence when no action is refined. (The problem of findicmnapleteset of proof
rules for<' is outside the scope of this paper.)

The proof system makes it possible to prove nontrivial facts in a completely proof-theoretic
Alternatively, one may show directly thgt holds between two given (finite-state) systems, by providi
an actual vertical bisimulation relation over their states. Furthermore, in Section 5 we also report al
model-theoretic approach to chegkover finite-state transition systems: we introduceahstraction
theorem according to which (under some constraints) a concrete transition system can be m
algorithmically to a corresponding abstract transition system. Checking vertical bisimulation is
equivalent to first mapping the concrete-labeled transition system to its corresponding abstract ol
then checking (classical) rooted weak bisimulation between the two abstract transition systems.

Section 6 extends the result presented so far to the case of open terms. In particular, we (
the proof rule ofrecursion congruengevhich makes it possible to deduce vertical implementatio
of recursive, possibly infinite-state systems. Under the assumption of strict guardedness, rec
congruence is proved to hold fgf.
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Section 7 shows several variations of vertical implementation on an example taken from [7], as v
an example of a finite-state specification admitting an infinite-state implementation. Especially the
demonstrates the fact that the proof rules can be used to deduce nontrivial vertical implement
Finally, in Section 8 we discuss further extensions of our work, concerning possible variations ¢
notion of vertical implementation relation.

The proofs of this paper’s most interesting theorems can be found in the Appendix; all proo
given in the full report version [38]. A preliminary version of this paper appeared as [37].

2. BASIC DEFINITIONS

2.1. The Language

We assume a universe of action narikganged over by, b, ¢, an invisible actiorr ¢ U, and a
termination label” ¢ UU {r}. Subsets ol are denoted\, C, A, C (where we sometimes uge A for
abstractandC, C for concreteactions, respectively). We denote = AU {t}, A, = AU {V}, and
A;, = AU{z, v} foranyA € U.U. . isranged over by, 8, y. Furthermore, we consider a univers
of process variables(, ranged over by, vy, z; subsets oK are denoteX, Y. We define a family of
languaged.,, indexed by the set of actiors € U that may be used within terms and ranged over
t, u, v, according to the grammar

to=0]1]a|t+t|tt{t]at|t[d]|t/A]X]px.t,

wherea € A, (hencev is not allowed in the language\ C A, ¢: A — A andx € X. We drop the
indexA if it equalsU. The operators have the following intuitive meaning:

e Qis a process that immediately deadlocks.
e 1is aprocess that immediately terminates with a transition labéled
e  indicates the execution of the actian

e t + uindicates a choice between the behaviors described by the sulitands. The choice
is decided by the first action (even if it isv8) that occurs from either subterm, after which the oth
subterm is discarded.

e t;uis the sequential composition bandu; i.e.,t proceeds until it terminates, after whiah
takes over.

e t|auis the parallel composition of the behaviors described bBpdu; A is a set of actions
over whicht andu synchronize. That is to say, actions fréktan only be performed by both subterm
in concert, whereas all other actions can be done by either subterm in isolation. In addition, we L
following special case of parallel composition:

tifu=tlgu.

e t[¢] behaves at, except that actions are renamed according to the fungtiemtended when
necessary with the mappings— r andv' +— v".

e t/Abehaves ak except that the actions i arehidden i.e., turned into internal actions.

e X € X is a process variable, presumably bound by some encompassing recursive operat
next item), or to be replaced tpyntactic substitutiart (u/x) denotes the replacement within the ten
t of every (free) occurrence aofby the termu (see below for the formal definition).

e uX.t with x € X is a recursive term. It can be understood through its unfoldifgx. t/x).
The variablex is considered to bleoundin wx. t, meaning that it cannot be not affected by substitutic
Therefore, the identity of bound variables is considered irrelevant; in fact, we apply the stal
technique of identifying all terms up to renaming of the bound variables, meaning that & fresh
variable not occurring i, thenux.t anduy. t(y/x) are identified in all contexts.

We only consider recursion ovguardedterms; see Definition 2.1 below.
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TABLE 1

Free Variables and Syntactic Substitution

t fu(t) t(f)

0 [4) 0
1 [4) 1
o [%) o
t1+t2 fu(ts, t2) t(f) +t2(f)
titr fu(ty, t2) t(f); to(f)
tillatz fv(ty, t2) t(f) ata(f)
t1[¢] fv(ty) t1(f)[a]
t1/A fu(ta) ti(f)/A
f(x) if x e dom(f
X ) {x( ) otherwise( )
uX.ty fu(t)\{x} wy. (ta{y/x)(f)) wherey ¢ fv(t) Udom(f) U fv(f)

To formalize the notion of syntactic substitution, we first define filee variablesof a termt,
denoted f\), as those variables that do not occur in the scope of a recursion operator; see Table
write fv(t, u) = fv(t) U fv(u). If fv(t) = @ for a given ternt € L, we callt closed in contrast, we
sometimes call a termpenif it is not (known to be) closed. We will ude, to denote the set of closec
terms.

A substitution function s a partial function fronX to LLa; its domain of definition will be denoted
dom(f). We useX — L to denote the space of substitution functionsf ifs a substitution function
withdom(f) = X, wewritef: X — L or f: X — La. Table 1 defines the application of a substitutic
function f to aternt, denoted ( f ), as the simultaneous replacement, withiof every free occurrence
of every variablex € dom(f) by its image f (x). Note the (standard) definition of substitution fo
recursive terms in Table 1: the bound variable is renamed to a variable not occurring in the ternr
substituted, in order to avoid the capture of free variables.

Notation for Substitutions. If dom(f) = {x, ..., Xn} and f maps eaclx; to a termt;, we also
write f as an explicit list of substitutions: = (t1/Xa, .. ., tn/Xn) Or (ti /X )1<i<n. CoOrrespondingly, we
writet(f) = t(t1/Xq, ...t /Xn) Ort(ti /% )1<i<n. The notion of free variables is extended to substitutit
functions by defining fv{) = Uxedom(f) fv( f(x)). As with terms,f is called closed if fvf) = @.

Guardedness. We can now also formalize the notion gbiardednessalready mentioned above
This is a syntactic property: in principle, a varialile X is said to be guarded in a tetne L if every
occurrence ok is within a subterna; u of t. The precise definition is slightly more flexible than tha
for instance x (but noty) is also considered to be guarded in &); x. Furthermoret is calledwell
guardedif it contains only recursion over terms in which the recursion variable is guarded. Note
this doesnotimply that all variables are guardedtinfor instancet = x is well guarded buk is not
guarded irt.

Derinimion 2.1, First we define when an arbitrary term [ihis calleda guard

e Oandw are guards (for alk € A;);

e t+uisaguard if botht andu are guards;

e t;uandt | uare guards if eitheror u is a guard;
e t/A t[¢], andux.t are guards if is a guard,;

e 1andx arenotguards (for alix € X).

Next we define when a variable is callgdardedin a term:

e X isguardedirD, 1 andux (foralla € A,);
e Xxisguardedirt + u andt |5 u if x is guarded in both andu;
e Xxis guarded irt;u if x is guarded it and eithett is a guard o is guarded iru;
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e Xxisguardedirt/A, t[¢], andux.t if x is guarded irt;
e Xxisguardediny (e X)if x # .

We callt € I well guardedf in all subtermsux. u of t, x is guarded iru.

The following proposition states that both guardedness of a variable in a term and well-guarde
of a term are preserved by syntactic substitution.

ProposiTion2.1. Lett,ue L and x y € X.

1. If x isguardedint and uthen x is guarded in{u/y).
2. Iftand u are well guardedthen so is tu/y).

The set of well-guarded terms will be denoteff (and accordinglyt 3° for the closed fragment);
however, where this does not give rise to confusion we will drop the superée@otd simply assume
all terms to be implicitly well guarded.

2.2. Operational Semantics

The operational semantics is given in terms of labeled transition systems (LTSs). An LTS is a
(A, S, —) whereA is a set of labelsSis a set of states, and € Sx A x Sis the so-called transition
relation. As usual, we denote—> s’ for (s, o, S) € —, s — for 3s.s = &, ands /% for —(s ).

If v €A, this plays the special role of modellingrmination Accordingly, in any LTS we impose
as a requirement on termination transitions (ive-labeled ones) that they must lead to deadlock
states:

she=faecAs S, (1)

The LTS forL  is obtained as follows. The set of labelsAs .. The set of states is given by the
terms ofL . The transition relation is defined as the least relation satisfying the rules of Tab
Note that these rules apply to open as well as closed terms; for instance, y 5 xis a derivable
transition.

The termination label” is needed to give a satisfactory semantic treatment of sequential compo:s
(see [4]). Note that a choice may terminate even if only one of the operands terminates (cf. [5]). F
v' cannot be hidden and must be synchronized upon.

The following proposition shows the consequences of (well-)guardedness for the operational s
tics: guarded variables are not “used” in initial transitions of a term, well-guardedness is presen
transitions, and for well-guarded terms, the derivation rule for recursion can be replaced by anoth
in which the premise is structurally simpler than the conclusion (see also [3]). The latter fact he
consequence that more properties can be proved by induction on the term structure.

TABLE 2

Transition Rules

t St usu
150 a31 t+u>S v t+u>uw
130 atv  tSU ud v t 2
. LS . o / #(a)
t;u—>t;u t;u—u t[¢]—>t/[¢]
tSt a¢A, usSu ag¢A, t3S¢ udu acA,
tau-=>t|lau thau-=>tlau tau-=>tau

t3t a¢gA  tSt aeA  tuxt/x) St
t/AS t/A t/AS /A ux.t >t
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ProposiTion2.2. Lett,u € L and xe X.
1. Ifx is guarded int andu/x) - t/, thent-> t” for some t such thatt = t"(u/x).
2. Iftis well guarded and t> t’, then t is well guarded.

3. Iftiswell guardedthen the set of derivable transitions® t’ remains the same if we replace
the last rule of Tabl@ by

t St

UX.t >t (ux.t/x)
The following property expresses that the semantics satisfies the conditiofransitions imposed
onanlLTS.
ProposiTion2.3. Forall A C U, (A, .,L°, —)isanLTS.

2.3. Behavioral Semantics

In an interleaving operational semantics such as the above, a widely acecegibstiacting equiva-
lencerelationisooted (weak) bisimilaritysee [29]. The definitionis as follows. First, the basic, one-st
transitions are extended teabstracting transitions in the usual fashionr i oy - - - an € U7, then

* *Oln *

* o T T
e S U

tSuets> 35
Furthermore, the definition relies on a functiot); , — U? such thatr"= ¢ (the empty string, with
t = t foranyt) andd = o foralla € U, .
Derinimion 2.2, LetT = (A, S, —) be a transition system.
e A weak simulatioroverT is a relationo € S x Ssuch that for alk; p S:
—if 5, % s thends, & s, such thass, p s,.
p is a weakbisimulation if p andp~! are weak simulations.
e Arootof arelationp C S x Sis a subrelatiom T p such that for alk; p s;:
—if s > 5 then3s, = s} such thas, p s).
5 is abiroot of p if 7 is a root ofp ands~1 is a root ofp .

e Weak bisimilarityover T, denoted~, is the largest weak bisimulation ov@r, androoted
bisimilarity, denoted, is the largest biroot of.

Note that, because we will use the same “rootedness” condition several times, we have defin
a generic fashion. The following few examples illustrate the role played by termination:

gl =20%1>~14+1%14a % «a.

The following result is well known (cf. [5, 29]):

ProposiTioN2.4. 2~ is a congruence ovdr. In particular, if t € I and f, g: fv(t) — L such that
f(x) ~ g(x) for all x € fv(t), then ¢ f) >~ t{g).

Restriction to Closed Terms.In the following sections, up to (but not including) Section 6, we a
only considering bisimilarity o€losedterms. We discuss the extension of bisimilarity to open terms
Section 6.

2.4. Refinement Functions

A refinement functiomaps abstract actions to concrete processes, where the notalrstiaictand
concreteare accompanied by a change of alphabet. For the purpose of this paper, in order to
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unnecessary complications, we single outlthefragmentR of refinement termthat can be used as
the refinement of abstract actio&, is generated by the following grammar

to=a|t+t]|t;t,

wherea € A. Then, ifA is the set of abstract actions a@dthat of concrete actiong\(and C not
necessarily disjoint), a refinement function is of the farmh — Rc, with dom¢) = A, with the
property that (a) # a for only a finite number o# (i.e., if A is infinite, thenr is the identity almost
everywhere).

The restriction of refinement images B (subscript omitted when clear from context) is large
technically motivated. At the same time, however, the ternissdtisfy a number of intuitive sensibility
criteria. Indeed, if a processds to refine atomic action, then it is reasonable to requirettehbuld be:

e nonemptyi.e.,t 7/—/> This comes down to the principle that a visible abstract actavitiye.,
something the environment can synchronize on) cannot simply disappear during refinement.

e eventually terminatingi.e., after a finite number of stepsmust terminate. This criterion
essentially requires that the refinement of a given action cannot “get stuck” during execution.
seems quite reasonable in the light of the atomicity of the original (abstract) action.

Altogether,R is large enough to express sensible examples.

Confusion in Refinement Functiondn some circumstances, it is important that the refinement:
distinct abstract actions themselves satisfy some distinctness criteria. The heart of thecissfissisn
within the concrete system about the “origin” of actions.

ExavpLe 2.1. Consider a refinement function with— c; @ andb — c¢; b’. On the abstract
level, the actiong andb are distinct and cannot be confused. For instancean(a+d) ||apbitis
not possible thak andb synchronize; hence~ d; 0. On the concrete level, however, the propos
refinements o& andb start with the same action; hence itaccurs in the implementation, it is no
a priori clear whether this reflects an abstradr an abstrach. This may be especially problemati
if parts of the concrete system synchronize over an occurrencevdfile one part intends theto
reflect an abstraa-occurrence, whereas the other part intends it to reflect an abbtmdurrence.
As an example, consider = (c;a’ + d) ||a.p.c C; b’ (this being the direct, syntactic refinementtof
above). One possible runisS a’ llaw.c b’ = 0, resulting in a deadlocked state; this run does not he
a counterpart in.

To avoid this and other types of confusion, we sometimes impose further restrictions on the refin
functions considered. To formulate these, first we definalhigabetof a refinement terrh € R, which
equals the set of actions that may be executetidwyring its lifetime;

A(a) ={a} A(t +u) = A(t; u) = A(t) U A(u).

The intention of the alphabet is captured by the following (obvious) property:

ProposiTioN2.5. Forallt € R, A(t) = {a | Jo:t =>}.

Using the alphabet, we now define two properties of refinement functions that rule out confus
the kind exemplified above, to different degrees.

Derinimion 2.3. Letr: A — Rc andA C A be given.

e r is said topreserve Af A(r(a)) N A(r(b)) = ¢ foralla € Aandb € A\ A;
e r is said to balistincton A if the following conditions hold:

1. for all distincta € A andb € dom(), A(r(a)) N A(r (b)) = ;

2. foralla € Aand all subterms+ u andt; u of r(a), A(t) N A(u) = 9.

-

is simply calleddistinctif it is distinct onA.
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In other words, a refinement functionpreserves a certain sét C domf¢) if there is no overlap
between the actions occurring in the refinements of (the elementd af)d of (the elements of)
dom( )\ A. For instance, the functianin Example 2.1 does not preserag or {b}, but it does preserve
{a, b} if @, b’, andc do not occur irr (d) for anyd € dom()\{a, b}. On the other hand, is distinct on
A if also the refinements of different actionsAnhave disjoint alphabets, and the images of individu
actions inA contain no more than a single instance of any action. Hence distinctness implies presen
andr in Example 2.1 is not distinct ofa}, {b} or {a, b}.

Active Domain and Active Rangeln the following it will be useful to distinguish thactive domain
adom() of a refinement function, as well as itactive rangearng(), defined as

amgt) = |J Ar(@)

r(a)#£a
adom() = {a | r(a) # a} U (arngf) N dom()).

Hence the active domain is a subset of the domain, consisting of two types of actions: thos
are not mapped onto themselves, and those that are used in the image of any action differer
themselves. Note that adom(is always finite, due to the fact that we requiretb be the identity
almost everywhere (see above) and the fact #h@j is a finite set for alt € R. It is interesting to
observe that

arng() = A(r (adom())).

hence justifying the name of active range.

ExampLE 2.2. IfA=C ={a,b,c}andr:a~ a;b, b+ b, c+— cthen adon) = {a, b}. Note
that adonm() is preserved by.

The preservation of the active domain is a general property, formulated in the following propos
in fact, this property is the reason why we introduced the active domain.

ProposiTion2.6.  adom() is the smallest r-preserved set containiag| r (a) # a}.

Refinement Function Constants and Operationgle useida: A — R to denote the identity
refinement function o\ (hence adonids) = ), omitting the indeXA if it is clear from the context.
In addition, we use the following construction on refinement functions:

M\Aa s a ifac A

' r(a) otherwise
Hencer \ A turnsr into the identity over the actions iA. Note that \adom¢) = id and ifr preserves
A then adom(\ A) = adom()\ A.

3. PROOF RULES FOR VERTICAL IMPLEMENTATION

We now introduce the central concept of this paper, namely the notigart€al implementation
When we writet <" u we mean that is an abstract system amcdone of its possible implementation:s
according to the (generic)ertical implementation relatior<", where the correspondence betwee
actions oft and computations af is set via the refinement function Similarly, when we writ¢ < t’
we mean that andt’ are two systems at the same abstraction level, related by the (gemaiintal
implementation relatior (i.e., relating systems at the same abstraction level), which could be or
those studied in, e.g., [15].

In this section we define a set of proof rules that any relatibrshould satisfy; in the proof rules,
we use the syntactic symbal’ for <" andC for <. The list of rules, expressing natural “desiderats
is reported in Table 3. Some of the proof rules have side conditions on their applicability, conce
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TABLE 3

Proof Rules for Vertical Implementation

tcidy tCt t'Cfu uCu
=Cri =T tCu Rs
t1=fu; toC'u
R, Rs Re 1C U E u
0" 0 1cri a T r(a) ti +t 7 up + Uy
1 up L u R tC"u ¢l adom() = idadom() R
TR =ATHT t[¢] =" ul¢] °
tC" u rpreserveA t1 =" u; toC"up risdistinct onA
10
t/AC\A u/A(r(A) tillat2 E" ug lag(ayuz

r@=ugux tCcho

R
atCrug(Uzflo) 2

distinctness and preservation on a set of actions by the refinement functmbetter understand them
below we present some examples showing that these side-conditions are really necessary.

Note that the rules in Table 3 range over closed terms only. The extension to open terms, inclu
structural rule for the congruence of the (second-order) recursion operator, is dealt with in the se
Section 6.

3.1. Motivation

Before illustrating the need for the side conditions, we discuss the rules of Table 3 in some
They can be divided in three groups.

e The firstgroup of properties, consisting of rulesR3, expresses our basic assumption of cor
patibility of horizontal and vertical implementation. Rulg &mply states that every term implement
itself as long as no proper refinement takes place, rplaRs thatc@ impliest, while Rule R explains
the interplay between horizontal and vertical implementation relations. Note that, as a consequer
also have the derived rule

tCu
tCidy

that, in conjunction with rule R ensures that and=™ are indeed the same relation.

Note also that Rules Rand R imply that C is reflexive, whereas Rules;RR; together imply
that C is transitive; hence is a preorder, which indeed is the standard requirement for horizo
implementation relations.

Later in this paper, we choose weak bisimulatiarto be the horizontal implementation relatio
<; however, the interplay between vertical implementation relations and horizontal implement
relations in no way should depend on this choice, and we feel that any efdbstracting relations
studied in, e.g., [15] can, in principle, be used as a basis.

e The rules R—Ry; essentially express congruence of vertical implementation with respe:
the operators of our language. For instance, if the refinement functions in these rules aie, skéto
the properties expressed by these rules collapse to the standard precongruence propefteshef
operators of_. (In other words, the horizontal implementation relatiomeeds to be a precongruence
at least.)

Rules R and R simply express that deadlock and termination are independent of the abstraction
Rule R; is the core of the relationship between the refinement functéord the vertical implementation
relation. It expresses the basic expectation ta} should be an implementation far Rules R, Rg,
and R ; are quite obvious, as they inductively go into the structure of the components. Note that in
R1; the synchronization se& of the specification is refined in the implementation. We will comme
below on its side condition.
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Rg can be used for renaming terms when the renaming fungtisan identity on actions to be refined
Observe that no proof rule for renaming is offered in case the renaming and refinement function int
There is some room for extension here; for instance, the following additional rule may be consid

tC"u ¢ injective

tlg] Ve ufy]’

wherey or o ¢~ is a construction on the refinement functiomvith the obvious meaning. At this
point, however, we have chosen not to be exhaustive but rather to concentrate on the essential |

Rule Ry is a similar congruence-like rule for hiding, with the proviso that the refinement funct
has lost some of its active domain in correspondence to those actions that are hidden. We will co
later on its side condition. An interesting consequence;gfiifkgiven by the (derived) rule

tC"u
t/adom¢) C u/arngf)’

(Note that in this case, the side condition can be dropped, siab&ays preserves adonm() Hence,
by hiding all the actions that are refined, the vertical implementation is turned back into a horiz
implementation relation.

e Rule R, states that in certain circumstances, sequential composition in the specification
not be taken literally: there may be overlap between the tail of (the refinement of) the first operar
(the implementation of) the second operand. In other words, this rule expresses a certain degade c
eningof the causal ordering during refinement in the sense discussed in the Introduction, remin
of the approaches of [28] and [44].

Note that, because of our choice of “refinement langudet is clear thatu, is not terminated in
the premise (a) = uy; U,. This is indeed a necessary circumstance. To see why, note that we dc
not expect the following generalization ofjRto hold:

sC"ugju, tC'w
S;tE" ug; (U2 fflv)

If a = 1, a(where= = CN 1), this more general rule—which in fact also generalizgs®ould allow
one to derivea;bC%a ||| b and hencex; bE a || b; this is not consistent with a deadlock-preservir
horizontal implementation relatiom;(b cannot deadlock when synchronized wattb + a; O whereas
al| b can).

The use of Rule R is fairly limited; in the conclusion of this paper we discuss another, more gen
rule for the weakening of sequential composition. Nevertheless, there are nontrivial application:
of this limited version, as we show in Section 7.

Two small illustrations of the rules are provided by the following examples, which were alre
discussed in the Introduction. The first one is based on the assumption that we are working
interleaving model, where||b C a;b + b; a.

ExampLE 3.1. Using Table 3, we can show thaaifs split intor (a) = a;; a, in the abstract system
S=al||| b, this can be implemented either by treating (the implementatioa afidb as independent,
resulting inl; = a;; az ||| b,

R R
acla;a 6b|;rb 6
SC' 14

Ru1,
or by imposing an ordering, as ln = a;; ay; b+ b; a;; ap,

Py=L P
LEI

: : Re
SCcab+ba ab+bacl, >

SC' 1,

Rs.

The second example concerns the weakening of the causality uging R
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ExampLE 3.2. Consider again: a — a;; a, b — b, and letS= a; band| = a;; (a2 ||| b):

r(@ =a;a b b

= Riz

More interesting examples can be found in Section 7.

3.2. Side Conditions

Although the side conditions on rulesRand Rg in Table 3 seem ugly, it is not difficult to see
that they are necessary, at least if one wants to meet the minimal requirement of choosing a hot
implementation relation that preserves deadlock freedom (i.e., such thatéadlock-free and < u
thenu is deadlock-free). We show a few examples illustrating some of the most striking problems
first example concerns the side condition of Ruig fer hiding.

ExampLE 3.3. Letr:A — Rc be a refinement function with active part— a;c andb — b;c
(wherec ¢ A). Hencer preserves neithda} nor {b}. Then, if we use the proof rule ignoring the sid
conditions, we would get the derivation

7R6
a,CMa;c

a/bCr"\P(a;c)/b, ¢ acr\ba;c
(a/b) laa Cr\b ((&;c)/b,c)lacasc
((a/b) laa)/aE (((a;c)/b, €) llaca;c)/a, C

Rio Re

Ri1

10, Ro.

The left-hand term on the bottom line contains no deadlock (there is just one transition of synchrt
tion, leading to the terminated stat& () |, 1)/a), whereas the right hand term has the transition

(& c)/b, ¢) llaca;c)/a, ¢ > ((L;¢/b, €) llac 1;¢)/a, C

to a deadlocked state. This contradicts the requiremenktipaéserves deadlock freedom.

The next few examples show problems that derive from unintended effects of RulerfRarallel
composition if we omit its side condition of distinctness.

ExampLE 3.4. Letr be a refinement function with active part> c¢; b + c¢;d. The rules of Table 3
then allow the derivation

R R
aC'cb+c;d 6 aC'cb+cd 6
alaac’ (C;b+cd)[ea(Cb+cd)
(@llaa)/aE((c;b+c;d)llbca(c;b+c;d))/b,c,d

Rio, Ro.

The left-hand term on the bottom line contains no deadlock (there is just one transition of synchr
tion, leading to the terminated state||§ 1)/a), whereas the right-hand term has the transition

(G;b+¢;d) llbea(c;b+c;d))/b, c,d = (1;bllpca1;d)/b, c,d

to a deadlocked state. This contradicts the requirementtipaéserves deadlock freedom.

It is clear that the problem is related to the fact th@) is nondeterministiand that, in synchro-
nization, local choices can show up inconsistent at a global level. The side condition of distinc
solves the problem by invalidating the above derivation, sme®lates Condition 2 of distinctness
(Definition 2.3). Much the same problem can also be generated if the refinements of two diff
abstract actions start with the same concrete action (hence violating condition 1 of Definition 2.
the following example shows.
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ExampLE 3.5. Letr be a refinement function with active part—> c;a andb > c;b. The rules of
Table 3 then allow the derivation

acca® docrd e bocb ® dord e
atdcrcat+d b+dC" cb+d
(@+d)llap(b+d)C" (c;a+d) [lapc(cb+d)

(@+d)llap(b+d))/a,bE((c;a+d)[labc(cib+d))/a, b, c

R7

Ri1

Rio0, Ro.

The left-hand term on the bottom line contains no deadlock (all transition sequences lead to a term
state), whereas the right-hand term has the transition

((c;a+d)[lapc(c;b+d))/a,b,c > (Lallabc 1 b)/a, b, c

to a deadlocked state. This contradicts the requiremenitipaeserves deadlock freedom.

To prevent this sort of things from occurring, itis necessary that distinct synchronizing abstract a
are refined to terms having disjoint initial actions. Moreover, initial actions and later (i.e., nonini
actions of a refinement imagéa) should also be kept distinct, as the following example shows.

ExampLE 3.6. Given a refinement functionthat is the identity everywhere except for- c; ¢, we
have thatd; b |4 ((a + b) ||| (a + b)))/a, b is implemented byd; c; b || ((c; c + b) ||| (c; c + b)))/c, b.
However, while the former cannot deadlock, the latter can.

Again, imposing the side condition of distinctness invalidates the derivation, since the refine
functionr in this example violates Condition 2 of Definition 2.3.

The identification of suitable side conditions for rulg; s related to the issue of “syntactic versu
semantic action refinement” studied in [21], where suitable conditions for syntactic substitutic
distribute over the parallel operator (with synchronization) have been singled out. Hence, differer
conditions for different classes of refinable terms are possible, according to the results presentec
paper.

3.3. Syntactic Refinement

Although the derivation rules in Table 3 give no recipe for deriving implementations from speci
tions, one particular implementation can in many cases be obtained througynthetic substitution
of all abstract actions by their refinements. For a given refinement furctdor> R¢, syntactic substi-
tution can be formalized as a partial functiohlLy — ¢, defined in Table 4. The partial definednes
(originating in the rules for parallel composition, renaming and hiding) is necessary to ensure
syntactic refinement (if defined) always yields a validimplementation. We then have the followin
result:

TABLE 4

Syntactic Refinement

r*(0):=0
r¥*(1):=1
r*(a):=r(a)
rt+u):=r*@) +r*u)
r(t; u) :=r*); r*(u)
reEfau):=r*@t)lacyr*(u) ifrisdistinct onA
r*tlgl) :=r*(t)l¢] if ¢ adom() = idadom()
r*t/A) :=r*(t)/A(r(A) if r preserveA
r*(x):=x
r(ux.t) = pux.r*t)
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THeorem3.1. For all recursion-free te L and r: A — R, if r* is defined on tthen tC" r*(t).

Proof. By induction on the structure of thanks to the rules in Table 3m

Note that this result is limited, not just to closed terms, but to recursion-free terms, i.e., with
behavior. The reason is that our current proof system does not allow reasoning about recursion. \
repair this omission in Section 6.

One could turn the fact that syntactic refinement implies vertical implementation arouralefmel
a vertical implementation relation in terms of syntactic action refinement, taking care to interpre
specification and implementation up to some horizontal implementation relation or equivalence
as, for instance, bisimulatichThis gives rise to

t<'u & Juit~v,r @) =u

<" meets several of the requirements discussed in the Introduction; for instance, we hayghhat
;& llbaswellasa||b<"a;; a; b+ b;ag; a if r:ar— ag; ay (see also Example 3.1), showing the
a single specification can have incomparable vertical implementations. Iafasdtisfies all the proof
rules of Table 3, with the exception ofR

A similar technique can be used to define a vertical implementation relation sesingnticather
than syntactic refinement. This again gives rise to a relation that satisfies all proof rulegblit F
appears that B is typical of the flexibility one would like to have in implementing causality but
excluded by the traditional approach to action refinement.

4. VERTICAL BISIMULATION

We now define an actual vertical implementation relation that satisfies all the proof rules of Tal
This section starts by introducing the basic definition, built on rooted weak bisimulation (see D
tion 2.2), chosen as the horizontal implementation relation. Then we present the main results
vertical bisimulation relation, namely soundness of the rules in Table 3 (even if such a set of rt
not complete) and (as a consequence) soundness of syntactic refinement.

4.1. The Relation

As we have seen, rooted weak bisimulation is defined using bisimulation relations that co
states of the specification with states of the implementation and vice versa. In an analogous w
define vertical bisimulation as the combination of unidirectional simulations. However, in con
to weak bisimulation, the directions are no longer symmetric. To simulate the abstract trans
of the specification by the implementation, we define the concegbwi-simulationaccording to
which abstract transitions are matched with complete runs of the corresponding refinements
implementation.

In the following definitions,T = (U, ., S, —) is a fixed transition system, amdA — Rc a refine-
ment function.

Derinmion 4.1. - Adown-simulation up to over T is a binary relatiorp € S x Ssuch that for all
s1p S, if 1 — s] then one of the following holds:

1. « € adom(), and ifr (c) LA thends, = S, such thas; p s);
2. « ¢ adom(), and3s, = s, such thas; p s,

It follows that down-simulation is a rather weak notion: w.r.t. the implementation, it regards
complete runs of the refined actions. The intermediate states of the implementation, traversed
such a complete run, are not investigated at all.

2 This observation is due to an anonymous referee.



VERTICAL IMPLEMENTATION 109

ExavpLE 4.1. Letr:a— aj;ap, b b, c— c. There is a down-simulation betwe&n= a; b and
| = ay; (ag; b+c), given by{(S, I), (3; b, 1; b), (1, 1), (0, 0)}; this does not investigate the intermediat
statel; (az; b + c) that the implementation passes through while ddingZ 1; b.

To define the dual notion afp-simulation we also must take into account that in any given state
the implementation, there may be associated refined actions whose execution has not yet tern
These will be collected in a set adsidual(or pending refinementshat will be used to parameterize
the bisimulation.

To be precise, an-residual set will be a multiset of nonterminated proper derivativesiofages.
Such a set is formally represented by a functRi. — N. We will denotet € Rif R(t) > 0. To be
precise, the collection of residual sets dé defined as

rsdr) = {R:L - N|Vvt € Ri3a € dom(), 3o € U*:r(a) :”>t7/—/>}.

(Note that we cannot requirg: R — N, even thoughlt maps toR only, since the derivatives of terms
in R may contain occurrences df) We use the following constructions over residual sets:

?: u—0

1 ifu:tandt/—“>

t]: u
[t] ~ 0 otherwise

R @ R: u—> Ry(u) + Ry(u)
R © Ry: u>maxRy(u) — Ry(u), 0}.

The behavior of a residual set corresponds to the synchronization-free parallel composition
elements. Formally,

RSR:edteRISt:R =(RO[t]) ®[t].

Note the fact that terminated terms do not contribute to the residual set. The reason we can
terminated terms is that it is certain that such terms no longer display any operational behavior.

An up-simulation must maintain the multiset of residual refinements: either the implementat
move corresponds to the initial concrete action of a refined abstract action, or it is an actior
residual refinement. The residual set forms an additional component to every pair of (specificatic
implementation) states; hence we haveraaryrather than a binary relatioh.

Notation for Ternary Relations. In the following, we will often work with ternary relations of
the formp € Sx Sx rsd(r) for some set of stateS and refinement function. We use the notation
s1 pRs, to abbreviated, S, R) € p; in other words pR is interpreted as the binary relati¢s;, ) |
(s1, %2, R) € p}.

DeriniTion 4.2, Anup-simulation up to overT is a ternary relatiop € S x S x rsd(r) such that
forall s pR'sp, if 5 5> s, then one of the following holds:

1. Ja € adom(): 3s; = s) andar (o) > v such thas; pReM )
2. 3s; = s;andIR > R such thas, pR's);
3. y ¢ arngt) and3s; & s; such thas] pR's,.

Note that when the implementation move is matched by the pending refinements in the residt
(item 2), then the specification is allowed to move silently (i.e., with-taansition). See [38] for a
discussion on variations on this definition, showing among other things that this is indeed neces

To combine a (binary) down-simulatign and a (ternary) up-simulatiqep, we require thap; equals
the subrelatiopy, i.e., where the residual set component is empty. (This is the natural choice, sin

3 Other ternary bisimulation-based relations are, for instanisery-preservingisimulation [16], andsymbolichisimulation
[25].
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the definition of down-simulation we assumed to investigate only states of the implementation \
all refinements had been simulated completely.) Unfortunately, such a combination does not y
rise to a useful notion of vertical implementation, since there is no guarantee that refinements the
started (and hence are in the residual set) can be finished.

ExampLE4.2. Letr:ar> a;;aandconsideB=aandl = a;;0+ a;; a,. Down-and up-simulations
betweenSand| are given by

p1={(S1),(1,1), (0,0}
P2 = {(S’ I, @)? (17 10, [a2])v (la 1 a, [3-2])7 (1’ 1, @)’ (O’ 0, @)}

Note thatp; = pg. However, we certainly do not wamtas an implementation d, sincel may be
not able to complete the sequence implemengéingnd may deadlock instead. In particular, we ha
1pl%l 1: 0, which relates a terminated state with a deadlocked state. In fact, Ryjesi® R would
allow us to deriveS/a >~ | /a;, a; from S<' |, which is false.

Vertical bisimulation, therefore, is determined by a relation that is both a down-simulation, at
simulation, and gesidual simulationthe latter requires that any move of the pending refinement setn
be matched by the implementation, without the specification moving at all. This implies that pel
refinements can be “worked off” in any possible order, or indeed in parallel, by the implemente
This property can be construed as an operational formulati@tamhicity that which is started can
always be finished.

DeriniTion 4.3, Letr be a refinement function.

e A weak vertical bisimulation up tooverT is a ternary relatiop € Sx S x rsd(r) such that
1. p”is a down-simulation;
2. pis an up-simulation;
3. {(R %) | s1pRsy} is a weak simulation (calleesidual simulatiopfor all s, € S.
e \Weak vertical bisimilarity up to bverT, denoted’, is the largest weak vertical bisimulatior
up tor overT, androoted vertical bisimilarity up to over T, denoted<', is the largest biroot ok"™".

Figure 1 shows an example of an actual vertical bisimulation: givan- a;; a,, the figure shows
vertical bisimulations proving; b <" a;; ap; banda; b <" a;; (a2 ||| b). The dotted lines connect relate
states and their labeling is the residual set indexing the relation.

4.2. Soundness Results

Directly from Definition 4.3, the following consistency result follows:

ai; (02 ||| b)

FIG. 1. An example of vertical bisimulation: with: ar— ay; ap.
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ProposiTion4.1. <4/ =~and<¥= ~.

(This easily follows by noting that adoid( = @; hence Clause 2 of Definition 4.1 and Clause 3 «
Definition 4.2 always apply. Moreovesd(id) = {#}; hence there can be no proper pending refinemen
This immediately implies the soundness of RulgsaRd R for closed terms. In fact, we can prove
soundness of each of the proof rules in Table 3—in particular alsq.0f R

THeorem4.1. <M satisfies all the rules in Tabl@

The proof is deferred to the Appendix. The soundness result ensures that wHenéves provable
in the proof system of Table 3, th&x'" | . As animmediate consequence, we get the following prope
(see Theorem 3.1):

CoroLLAry 4.1. For all recursion-free te L andr: A — Rc, if r* is defined on tthen t<' r*(t).

Another relevant property we want our vertical bisimulation to satisfy is the preservation of dea
freedom: ifS<' | andSis deadlock-free, then aldois deadlock-free. We first need to formally defin
when an agent is deadlock-free.

Derinimion 4.4, A process € L is deadlock-fredf for all t' € L such thaBo € A*:t =St it
follows thatda € A, /it .

We say that a binary relation preserves deadlock freedom if whenever the left-hand side is dee
free then so is the right-hand side. Directly from the definition of vertical bisimulation, it follows tt

THeOREM4.2. < preserves deadlock freedom.

As a trivial corollary of Theorems 4.2 and 4.1, we have that pleyablevertical implementation
(using the proof rules of Section 3) preserves deadlock freedom.

CoroLLARY 4.2. ' preserves deadlock freedom.

5. ABSTRACTION

In order to strengthen the intuition behind vertical bisimulation, in this section we show that it c:
fact be characterized as a combination of (horizontal) rooted weak bisimilarigfeticiction Building
the abstraction of a transition systéhup to a given refinement function consists of “guessing” whe
the transitions ob) originate from, i.e., which abstract actions they refine. The states of the abstra
of U are therefore pairss(R), wheres is a state olJ andR is the residual refinement set of thos
abstract actions that have been already guessed. The transitions of the abstradtame essentially
the same as those bf, but with a different labeling: if a transition & “opens” a new refinement,
then the corresponding transition of the abstraction is labeled with the action being refined; if
transition “continues” a pending refinement, then (this must be matched by the residual set of th
of the abstraction and) the labeling is the invisible actiofThen some constraints, calledturation
conditions which resemble the three simulation-like conditions of the definition of vertical bisimulati
are to be satisfied.

Note that, in this section, we consider transition systems with a further comppnen®;, denoting
theinitial state. We furthermore consider (rooted) weak bisimilarity and vertical bisimilarity as hold
between transitions systerisandU rather than within a single transition system; ilex U, T ~ U
or T <"U. This is interpreted as meaning that the initial state¥ @ndU are related (i.egr ~ qu
etc.) when regarded within the disjoint union of the transition systé@nuslJ .

Derinmion 5.1, LetU be atransition systemwithy = C, ,, andr: A — Rc arefinementfunction.
An r-abstraction of Uis a transition systerfA, ., S, —, (Qu, ¥)), whereSC S, x rsd(r) and

— c{((5 R, (8, R&[])|s > 8, a € adom(), r (@) & v}
U{((s,R),7.(s,R)) s> s, R> R}

U{((s, R, 7. (s, R)|s > s,y ¢ amgt)).
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Moreover, the following saturation conditions are required to hold forsalRf € S:

1. if(s,R) % (s, R)for « € adom¢), R = ¢ andr (a) 25, thens = s” such that§, R) =
(S//7 VJ) ~ (S,, R/),

2. ifs 5 s'theneitheBa € adomé):r(a) > v, (s, R) = (s, R®[v]),ordIR > R: (s, R) >
(s, R), ory ¢ amgf) and 6, R) > (s, R);

3. if RS Rthends % s suchthat§ R) = (s, R) ~ (s, R).

Before showing the formal connection between abstraction and vertical bisimulation, we give
examples.

ExampLE 5.1. Letr:a+> ap; ap. Two easy examples of abstraction are given by the following tr:
sition systems (where we only show the nonempty residual sets).

— —

b ay ) a

Sone S SN NN
N GNY Y N

Roughly speaking, the algorithm to follow in order to produce the abstraction of an implement
U, up to some refinement function is as follows: first, build all the states and transitions that ¢
reachable from the initial statg, ¥); then check if the saturation conditions are satisfied. If a st
does not satisfy one of these three conditions, then remove it, together with the transitions that r
and depart from it. If alsogy, ¥) is removed in this way, then there is no abstractiob) o{Below we
give a more precise definition of the algorithm for the special case whisrdistinct.)

ExampLE 5.2. The following transition system has no abstraction up o— a;; a,. Consider: if
T is anr -abstraction, then the abstract statg/Rviolates condition 2 and (3ay]) violates condition 3
above, and hence neither is$; therefore, (1¢) does not satisfy condition 1. Hence the initial sta
is not in Sy, contradicting the assumptions. (“Invalid” states are depicted by open circles, and ir
transitions by dashed arrows.)

¢1 — !(1,@)
0 3 (2,0) 3 \gm [as)])
fm% N ’
IS CHEANNS

L] L]

ExampLE 5.3. Abstraction becomes more complex if the “explanation” of a transition is ambigu
finding the correct explanation involves generating all potential ones at first, and then cutting aw
those that violate any of the saturation conditions of the definition. For instamce, # c;a, b+ b,
¢ — ¢; b then the following abstraction holds:

VVY :
, la m
Ta bf (1[% 6 %[a}z/%

° 3 ° (@)

(b))
(3, [0])

Due to ambiguity, it may also be the case that there are several abstractions of a given transition ¢
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for instance, botfi; andT, are abstractions &f up tor:a+> c;c, b+ c:

T
c a b

e W L

The following theorem states that vertical bisimulation is implied by rooted weak bisimulation v
some abstraction.

THeoremb5.1. T <" U if there exists an r-abstraction V of U such thatTV.

The proof can be found in [38]. Although the principle of abstraction strengthens the intuition be
vertical bisimulation, it does not yet offer an easier method of checking vertical bisimulation. Afte|
as Example 5.2 shows, the abstraction of a transition system is not always defined, and as Exan
shows, it may not be unique when it is defined, and may be nontrivial to construct even when ui
The construction consists of first guessing a solution, i.e., an “explanation” of the transitions c
low-level system, and only afterward checking its correctness w.r.t. the saturation conditions. The
is hard to do “on the fly” because of saturation conditions 1 and 3, which require weak bisimil
between certain states of the abstraction. Even worse, abstraction is not a necessary condition for
bisimulation, as the following example shows.

ExampLE 5.4. Letr:br—d, c—~d,andlet =a+b+rt;c,uy=a+d+rt;d, andu, = a+t;d.
It is easily seen that<"u; ~ u,, and hence als6<" u, due to Rule B. However,u, has nor-
abstraction that is observationally congruent;tindeed, the possible-abstractions ofi, are given
by the following transition systems, none of which are observationally equivalén(itie pending
refinements are empty everywhere.)

AN A

L]

L=y

On the other hand, it is not difficult to see that for specific classes of refinement functions the pre
becomes much easier. In particular, this is true for the cladsthctrefinement functions introducec
in Definition 2.3. The reason for this follows from the next lemma.

Lemma 5.1. Letr: A — Rc be a distinct refinement functiplet R € rsd(r).
1. Ifr(e) > vandr(@) > v/, thena = o’ andv = v'.
2. fRL RandRA R'then R=R’.
3. Ifr(e) 5 then RAL.

It follows that for any transitiors % s, and any residual s& < rsd(r), if r is distinct then there
is at most one abstracted transitia (R) — (s, R) satisfying the construction in Definition 5.1
Hence, ifT is an abstraction df up to a distinct, then the transition relation> of T actuallyequals
the set constructed in Definition 5.1, instead of being a subset.

Distinctness of the refinement function ensures that the existence of an abstraction is a nec
condition for the existence of a vertical specification; in fact, the two are bound to be rooted bisir
In other words, for distinct refinement functions the inverse direction of Theorem 5.1 also holds
proof can be found in [38].

THeoremb5.2. If T <M U for a distinct r, then there exists an r-abstraction V ofdnd T~ V.

To abstract a given transition system with respect to a distinct refinement function, the only rem:
problem is to check whether the saturation conditions of Definition 5.1 can be fulfilled, i.e., i
appropriate relation between pending refinement lists and states exists. Fortunately, this, too, i
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easier than for the general case. First, noterttatgives rise to a finite-state transition system for ¢
actionsa € A. The next observation (the proof of which can be found in [38]) is that the abstractic
a finite-state system up to a distinct refinement function is bound to be finite-state.

Lemma 5.2. Ifr is distinct and U is finite-state with r-abstraction, Then T is finite-state.

Now we turn to the matter of actually constructing an abstraction up to a distinct refinement fun
Although this is not a really difficult task, one does have to be a bit careful: even if the abstraction
(if one exists) is known to be finite, thgtentialabstractions are not, as the following example shov

ExampLE 5.5. The following transition system has no abstraction upr:tar b;c, but an
infinite potential abstraction, if we take each subseqbemnansition to “open” anothea-refinement.
The resulting states (h = [c]) violate Condition 3 of Definition 5.1, but if we would try to gen
erate all potential abstractions before checking their saturation properties, the algorithm me
terminate.

It follows that if we are not careful about the order in which to create states of the abstractio
check the saturation conditions, it may be that the algorithm does not terminate in case an abst
does not exist. The following algorithm builds the abstractimmementallyon the size of the residual
set, checking the intermediate result before continuing with the next step.

Derinmion 5.2. LetU be a transition system withy =C. , and letr: A — Rc¢ a distinct refine-
ment function. Theprek-abstraction olU, with k € N U {w}, is the transition systenA, ./, S, —,
(Qu,9)), whereSC S, x rsd(r) and— C Sx A, , x Sare the smallest sets satisfying

e (u.MNesS

e forall(s,R) € Sands > s”:
—if |R| < k andr(«) L vwitha € adom(), then 6, R) > (s, R® [v]) (¢ S);
—if R5 R, then§, R) > (s, R) (€ 9);
—if y ¢ arngf), then 6, R) > (s, R) (€ 9).

e if(s,R) € SandR > R, then, R) > (s, R) (€ 9).

A prét-abstraction is called

e saturatedfforall(s, R) € Sands - s, either3a € adom¢):r(«) 2> orR = ory ¢ arngg).
e consistentf the following conditions hold:
—if (s, 0) % (8, [v]) andr (@) 25, thens 3 " such that €, [v]) ~ (5", %);
—if (s, R) € SandR & R/, thens & s’ such that§, R) ~ (s, R).
The pre&-abstraction ol is also simply called its preabstraction.

Note that the preabstraction of a finite-state transition system need not be finite-state; see Exam
The following observations are easy to check. Assumertisadlistinct, and let the pkeabstractions of
U (k € NU {w}) be given byu*.

e If U® is saturated and consistent, then it igragbstraction ofJ;

e If U has arr-abstraction, theb) ® is saturated and consistent;

e |If U“is saturated, then dll¥ (k € N) are saturated;

e If UK=UK1 thenUk = U<;

e If U is finite-state andl ® is saturated, theBn € N: Yk > n:U® = UK,
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The latter observation is shown using an analogous proof to that of Lemma 5.2. Example 5.5
that it doesnot hold if U is not saturated. This brings us to the following algorithm to construct
r-abstraction ofJ; we will denote the constructed systésmr .

ALGORITHM 1.

Letr: A — Rc be a distinct refinement function atba
finite-state transition system withy = C, .

1. Initially, letk := 0.

2. Construct the pteabstractiori .

3. If UK is not saturated, the algorithm fails.

4. Ifk =0o0rUk £ UKL letk := k + 1 and go back to Step 2.

5. The algorithm succeeds Iff¥ is consistent, with outcom fr = UK.

The correctness of the algorithm is formulated in the following theorem, which follows from
observations above.

THEOREMB.3. Letr: A — Rc be adistinct refinement function and U a finite-state transition syst
with Ay = C, . Algorithm1 succeeds iff T has an r-abstractionhich is then given by tgr.

6. OPEN TERMS

So far, we have restricted the proof system for vertical implementation to closed terms only.
consequence, there is no proof-theoretic way to deduce vertical implementation of recursive
Since this is a severe restriction to the usefulness of the theory, in this section we consider its ext
to open terms.

6.1. Implementation Environments

The prime candidate proof rule for a (horizontal) implementation relation over recursive terms
recursion congruencproperty

tCu
uX.tCoux.u’

The premise of this rule is a statement concerning open terms. Since an implementation relatic
usually only defined directly over closed terms, to apply the rule one must extend the relation
standard open term extension is defined by

t<u:e Vifu(t,u) > L:t(f) <u(f). (2
(See [36] for alternative ways of extending relations to open terms.) As for the proof system, rathe

turning the above definition into a proof rule (which would not be finitary), one can at least provid
following reflexivity axiom for open terms:

X E X.

Now let us consider the appropriate generalization to vertical implementation. In order to inte
t <" uwheret andu are open terms, we must take into account et t lives in the abstract world,
whereax in u lives in the concrete world. This means that we must atlfferentterms to be substituted
for x on the left- and right-hand sides; in fact, the term substituted on the right-hand side should
be an implementation of the term substituted on the left-hand side. In other words, the relation
should not be interpreted to mearx' t for arbitraryt (which certainly does not hold in general) bu
rathert <" u for arbitraryt, u such that <" u (which is trivially true). However, but this interpretatior
still poses problems, as the following example shows.
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ExampLe 6.1. Consider the refinement functiona — aj;a,. With the rules above we can
derive

XC' x
x/aCdx/ay, a
X/aEX/aq, a

Ri1o

This conclusion is not correct for any reasonable implementation relati@iter instantiation ok,
the terms</a andx/az, a, are in general not even related up to trace inclusion.

Here, the error lies in the fact that the relatiog” x is interpreted as meaning that /x) <" x{u/x)
(i.e.,t <" u) holds for allt, u such that <" u (which is trivially true), whereas /a <'d x /ay, ay is taken
to mean thatX/a)(t/x) <9 (x/ay, a»)(u/x) (i.e.,t/a <9 u/ay, ay) holds for allt, u such that t<' u;
i.e., the substitutions considered fonave implicitly changed. In other words, the reason for the erro
that the derivation rule f§ changes the refinement function, whereas the assumption about the va
shouldnotbe changed.

This problem can be solved by making the assumptions about free variables explicit. For this pu
we introducémplementation environmenits which are lists<; : rq, ..., X : rp (Wherex; = x; implies
thati = j). We denote dom’ = {3, ..., Xy} andl’(xj)) =r; forall1 <i <n.Eachpairg:ri) el
expresses the assumption tikain the concrete system implememtsin the abstract system up to the
refinement functiom;. Correspondingly, a vertical implementation relation over open terms con:
not of statements of the form<" u, but rather of statements of the fotm!. u, with fv(t, u) € domr.
For instancet <'., u expresses thatx on the right-hand implementson the left-hand side up tq
then uimplementg up tor’.

For the proof-theoretic counterpart to the actual relatier). u, we use the notatioh -t =" u. For
instance, the correct version of the judgement derived in Example & is x/a 9 x/ay, a. If
domI" = ¢, meaning that andu are closed terms, we writet C" u or simplyt C" u as before. We
abbreviate multiple statemeritst; =" u; fori = 1,2tol" -1t C™ ug, t; £ up.

Using implementation environments, we can now formulate the proof rules for open terms, incl
recursion congruence. The existing proof rules of vertical bisimulation loypresented in Table 3,
must be extended with environments as well. The result is given in Table 5. The new ruleg anelR
Roe. It is straightforward to show that the following properties hold:

ProposiTIONG. 1.

1. Tt uanddomI’ ndomI” = ¢, thenl', I -t C" u (weakening)
2. fO,xir' FtC uandll Ht/ CF U/, thenT = t(t’/x) C u(u’/x) (substitutivity)

TABLE 5

Vertical Proof Rules for Open and Recursive Terms

R X:id-tciduy tCt -t W u’;uR

M) aFtodg =3 tCu 14 FrHtcru 15

R R Pt up, b E up

rFoC"0™® TrRIC1 Y TraCTr(@ @ Tro+C utu *°
F'FtHC up, tr =F U2R tc"u ¢ adom¢) = idadom) R

Tt Uy 20 I Ftg] T ul¢] 2

C'HtC"u rpreserveA 't C" ug, tp &7 up risdistinct onA
22

L Et/AC\AU/A(A) TEtyllate E ug llagay) U2

r@=ugpuy THtC v
TEatC ug(Uzllv) o

X ¢ domrl’ xir=tcu

- 2 = " R
Lx:;rExCrx % ' ux.t " ux.u %
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ExampLE 6.2. Letr:a > a;;ap. The following is a derivation ofix. a; x ||| bE" ux. ag; ap; x ||| b:

Ros

: Pl T B :
X:r-achaa Xr=xCcrx
: Py 20 - Rus
XirEa,xCag;ap; X X:r-bC'b
XirEa;x|lbE a;ag;x|llb
Fux.a; X [|bE" ux.a;a; x || b

23

Rae.

6.2. Vertical Bisimilarity of Open Terms

Above, we defined the standard open term extension of a given closed-term refafsae (2)).
There is a corresponding extension of closed-term vertical bisimilgtitp open-term vertical bisim-
ilarity <f., based on investigating arbitrafifrespecting closed instantiations of the free variables. T

~

definition is
t<huie (Vi gfv(t,u) = L: f <M g=t(f) <" u(g)), 3

where f <" g abbreviates/x € dom(f) = dom(g) =domI: f (x)<"®g(x). Comparing (3) with (2),
a prominent difference is the fact that in the extension of vertical bisimilarity, the terms on the
(“abstract”) and the right-hand (“concrete”) sides are instantiated with different (albeit related) func
f andg. Thisis necessitated by the fact that both sides of the relation live on different levels of abstra
For instance, Rule R in Table 5 could not be satisfied if we would use the same substitutions for
abstract and concrete instances of the variable

Unfortunately, the definition in (3) has as a consequence that the congruence of vertical bisim
with respect to recursion, as formulated in Rulg Bf Table 5, is quite difficult to prove. The usua
proof techniques for this kind of congruence property, such asghetechnique proposed in [26, 30]
or Howe's technique used in functional calculi [26, 40], are not applicable to nonreflexive, nontran:
relations like vertical bisimilarity. Furthermore, we have investigated alternative extensions of ¢
relations to open terms in [36]; however, the resulting theory is neither developed far enough nor ¢
enough to apply here. For that reason, we resort to the sublangusigiethf well-guarded termswith
this sublanguage, which gives rise to image-finite systems only (w.r.t. the weak transition relatior
can use an inductive characterization of vertical bisimulation that makes it possible to prove the d
recursion congruence property.

Derinimion 6.1, First we define when an arbitrary term [ihis calleda strict guard

e (0anda are strict guards (for all € A);

e t 4 uis astrict guard if both andu are strict guards;

e t;uandt| au are strict guards if eithdror u is a strict guard;
e t[¢]andux.t are strict guards if is a strict guard;

e 1 7,t/Aandx arenotstrict guards.

Next we define when a variable is callstlictly guardedn an arbitrary term:

e X is strictly guarded i, 1 and« (for all @ € A,);
e X is strictly guarded in + u andt| 5 u if x is strictly guarded in both andu;

e X is strictly guarded irt; u is guarded ifx is strictly guarded irt and eithet is a strict guard
or x is strictly guarded in;

e X is strictly guarded in[¢] and ux. t if x is strictly guarded in;
e X isnotstrictly guarded irt/ A,
e X is strictly guarded iry (€ X) if X # y.

We callt e LL strictly well guardedf for all subtermsux. u of t, x is strictly guarded iru andux. u
occurs outside the context of any hiding operator.
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The set of strictly well guarded terms will be denote}® (and accordingly. 3" for the closed
fragment); however, where this does not give rise to confusion we will drop the supefé€ragid
implicitly assume all terms to be strictly well guarded.

Clearly, if x is strictly guarded irt thenx is guarded irt (see Definition 2.1), and if is strictly
well guarded themis well guarded. Strict guardedness satisfies the same preservation properties
substitution as guardedness; the following proposition is the counterpart of Proposition 2.1.

ProrPosiTion6.2. Lett,ue L and x y € X.

1. If x is strictly guarded in t and uthen x is strictly guarded in(ti/y).
2. Ift and u are strictly well guardedthen so is {u/y).
The following proposition states the operational consequences: strict guardedness is prese

internal transitions, and strict well-guardedness is preserved by any transition (just like ordinary
guardedness; compare Proposition 2.2).

ProposiTionG.3. Lett e L.

1. If x is strictly guarded in t and t> t’, then x is strictly guarded in't
2. Iftis strictly well guarded and t> t’, then t is strictly well guarded.
A transition system is callestrict image-finitef for all s € Sanda € A, the number of states

such thas = ¢’ is finite. The following property formalizes the claim, already made above, that s
guardedness is enough to guarantee strict image-finiteness.

ProposiTIon6.4. Forall A C U, (A, ., L'"?, —) is a strict image-finite LTS.

Stratified Vertical Bisimilarity. The soundness proof of the congruence rule for recursion is base
an inductive characterization of vertical bisimilarity, applying the principle of stratification seenin |
except that—due to the strict image-finiteness of the systems we consider—we need only cot
many approximations.

TrheorReMB.1. If T is a strictimage-finite transition systethen<" = (N, .y i and<' =Ny S/
where(x])ieny and(s[ )i e are stratifications of weak and rooted vertical bisimilarity defined as foliov

e <[=SxSxrsdr)and<y=Sx S
e Foralli >0, x| € Sx Sx rsd(r) is the largest ternary relation such that for all s{’ng:
—if R= @ and § = s|, then one of the following holds
1. « € adom(), and r(a)ﬁ% with |o | <i implies that3s, 2 s, such that §<i’f"ﬂ/| S,.
2. a ¢ adom() and3s, = s, such that $<"”, s).
—ifs & s, then one of the following holds
1. 3o € adom(). 3s; = s andr (@) 5> v such that <2 g,
2. 3,5 s andIR 5 R such that §<I"% s;
3. y ¢ amgf) and3s; & | such that <R
—If R% R then3ds, & s) such that <" ).
e Foralli >0, < € Sx Sisthe largest biroot ok!’,.

> i
The proof is not essentially different from the case for standard (rooted) weak bisimilarity; it ce
found in [38]. We now show thak., u implies thatux. t </ ux. uforalli e N; this then implies that
uXx.t <" ux. u. For this purpose, we define tapproximationf a recursive ternuXx. t, in the standard
way:
wx.t=0

WXt = t(u'x. t/x).

By induction oni and the fact thab <" 0, by the definition of<" over open terms (see (3)) it follows
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thatt <'., u implies thatu'x.t <" ' x. u for alli e N. The precise relation between a recursive ter

~XIr

and its approximants can be captured by yet another stratification, this time of strong bisimilarity

DeriniTion 6.2.  LetT be a transition system. For alle N, the relation~; C S x Sis defined as
follows:
® ~o = Sx S
e ifi > 0, then~; C S x Sis the largest relation such that for gjl ~; s,:
—if 5 > 8], thens, > s, such thas| ~_; S5, ands| ~; s, if & = t;
—if 5, > s, thens; > | such thas| ~_; s), ands| ~; s, if & = .
Note that the above definition is unusual in that the stratification deptbtidecreased for internal
actions. This again has to do with the strict image-finiteness of the systems we consider. We no\
two auxiliary lemmas (the proofs of which can be found in the Appendix). The first one states t

sufficient condition for stratified vertical bisimilarity is to compose stratified strong bisimilarity, tt
ordinary vertical bisimilarity, and then stratified strong bisimilarity again.

Lemvma 6.1. Foralli > 0, the following inequalities hold:

<R forall R e rsd(r);

The following lemma states that every approximation of a recursive term is related to the ¢
recursive term up to a stratification depth equal to the approximation depth.

LEmma 6.2. Lette LS9 withfv(t) C {x}. Foralli € N, ux.t ~; u'x.t.

We are now ready to prove the desired recursion congruence property of rooted vertical bisimi

THeoREMG.2. Lett,u e LS. Ift <[, u, thenux. t <[ ux. u.

Proof. First we treat the case whefe= ¢, i.e., fv(t, u) < {x}. For arbitraryi, using Lemma 6.2
we have

uX.t ~i Xt <l xou ~p opx.u.

By Lemma 6.1.2, it follows thatx.t < ux.u for all i € N. According to Theorem 6.1, therefore
pX.t <" pux.u. For arbitraryl’, the theorem follows from the fact that ff maps to closed terms anc
x ¢ dom(f), then @ux.t)(f) = ux.t(fyand @'x.t)(f) = u'x.t(f)foralli e N. m

We can now state the main result of this paper, namely the soundness of the derivation rules fc
terms in Table 5 with respect to vertical bisimilarity. The proof is given in the Appendix.

THeEOREM6.3. Rooted vertical bisimilarity satisfies all the rules in Table
It is also not difficult to see that the following semantic counterpart to Proposition 6.1 holds:
PropPosITIONG. 5.

1. Ift <t uanddomI’ NndomI” = @, then t<h - u.
2. Ift < uand f(x) <t g(x) for all x € domT, then t(f )<, u(g).
This is proved by applying the definition of the open term extenglorgiven in (3).
As a final result, note that Corollary 4.1, concerning the correctness of syntactic refinement m
vertical bisimilarity, can immediately be generalized to the language with recursion. See Table 4 f
defination ofr *: L — L.

CoroLLArY 6.1. Forallt € Ly andr:A — R, ifr* is defined on t thengf, ), r(t).
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7. EXAMPLES

In this section we apply our theory to a number of examples. First we consider a small date
example used by Brinksmet al.in [7]. We then extend this example to demonstrate the principle
weakening sequential composition during refinement. Finally, we consider a refinement-driven
step of a booking agent, inspired by Wehrheim [44], as an example of a nonfinite-state implemer
that can nevertheless be proved correct using our proof system.

7.1. A Distributed Data Base

The first example concerns a distributed data base that can be queried and updated, and &
responsible for updating the data base; the latter can alternatively decide to do some local actit
concerning the data base. An important simplification is thasthteof the data base is completely
abstracted away from. Data base and agent are modeled by the transition dyatagwand Ageng
depicted in Fig. 2.

The problem considered in [7] is to change the interface between data base and agent, so that
no longer communicate over a single update action; instead, updating consists of two separate
in which the update isequestedandconfirmed respectively. In our setting, this can be expressed b
refinement functiom: upd+— req; cnf. Moreover, it is required that in the meantime (between requ
and confirmation), querying the data base should not be disabled. The solution proposed is tc
data base and agent by the behavior shown in Fig. 3.

It is seen that, similar to our approach, the implementations proposed in [7] differ from the c
sponding specifications in the level of abstraction of their alphabets. The correctness criterion em
in [7] circumvents the associated problems by just requiring (horizontal) correaftes$idingthe
relevant actions: i.e., they prove that

(Datas ||upg Agent)/upd < (Datay [|req,cntAgent)/req, cnf,

where< is a testing preorder.
The same result holds in our approach (albeit up to rooted bisimilarity); in that sense, we ac
nothing new. However, our method of establishing this result is quite different.

e The first point is that we can state correctness in a more general maefae hiding the
actions that are changed; for it is not difficult to see that the following hold:

Datas <" Data
Agent, <" Agent
Moreover, we have an effective way of checking this, through the Abstraction Theorem 5.1, by cons
ing Data i1 andAgent fir (see Fig. 4) and observing tHaata, fir ~ Datag andAgeni{r ~ Agent.

e The second point is that we can also prove these vertical inequalitiebraically, and in fact
derive Data from Datas andAgent from Agent. (In the approach of [7], such a derivation is possib
for Data but not forAgent) Consider the algebraic specifications

Datas = (ux.qrg; X |[| (xy. upd y)
Agent = uz.upd z+ loc; z

Data, = (ux. gry; X) [l (wy. req; cnf y)
Agent = pz. req; cnf, z 4 loc; z.

Datag Agentg loc
V V\
%

FIG. 2. Specification of data base and agent.
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Data, Agent,

\V loc

ary
req cnf cm\ ; req

ary

FIG. 3. Implementation of data base and agent.

The correctness of tHeata part can be shown as

R R
y:r - updC' req; cnf 18 yrEye'y 2

: y:r Fupd yC' req; cnf, y
F ux.gry; X C" uX. gry; X Fwy. upd yC© ny. regcnf y R
+ DatagC' Data 2z

The correctness of thgentpart is proved in an analogous fashion.

e Asalfinal point, the correctness of the combined system again follows by application of alge
derivation rules:

F Datag C" Datay + Agent C' Agent
= DataS ||upd Ageng Cr Datal ||req cnf Agent
+ (Datas |lupa Agent)/upd C' (Datay |lreq et AgENt)/req, ont 2
(Datas ||upd Agen%)/upd c (Datal ||req,cnf Agent)/req, cnf

Note that we can as easily derive another, incomparable implementatiDatfay by first rewriting its
specification to the rooted bisimilarD. qry; D + upd D, and applying syntactic substitution to the
term. This results in an equally correct implementatiia; = wD. qry; D + req, cnf, D, where the
gry action is not possible in betweesgandcnf.

Refinement-as-Operator.In the “traditional” approach to action refinement, where refinement
treated as an operator, one can also showdibtd; implement®atas andAgent implementsigent. In
fact, the implementations can even be derived algebraically: Reference [21] gives conditions under
syntactic substitution coincides with semantic refinement, and it so happens that these conditic
satisfied in the present example. In the light of this example, the advantages of vertical implemen
already discussed in the Introduction, are the following:

e Our method, being based on interleaving semantics, allows more than one implementat
the abstract transition systeatas, but not so for traditional action refinement: instead, there a m

Data{r Agent, ﬂv
ary
upd T R
[enf ]
ary [cnf]

FIG. 4. Abstraction of the data base implementation of Fig. 3.
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“precise” specification must be given, either as a term or in a more expressive semantic mode
more precise specification will then allaither Datg or Data, as an implementation (or possibly ye
something different); in no circumstances will it allow both.

e More importantly, our method makes it possible to “collapse” vertical implementation bac
horizontal implementation: having derivE&ta, andAgent, we can compose them, hide the interfas
actions, and get a system that is correct in the well-known, standard interleaving sense with res
the specification (being the composition@étag andAgent). This means that our notion of vertica
implementation can be integrated into existing interleaving-based design methods.

7.2. The Data Base Revisited: Multiple States

Itis clear that the above is only a toy example; for instance, the data base has only a single stz
now consider a slightly more realistic version in which changes of state are possible. Assume tl
state of the data base consists of a natural number in the range dnd consider the specification

Query = ux.1+qry;;x (fori =1,...,n)

n
Datag = Query; j1y. (Z upd; Query> ;Y-

i=1
HenceDatag specifies that after an update action, where a value is written, any humber of conse
gueries can be performed, each of which reads the value just written. Furthermore, for the initia

it is assumed that= 1. For instance, ifi = 2 then the behavior ddatas is depicted in Fig. 5.
The refinement consists of splitting the update actions as before:

r:upd — reqg;cnf.

In the implementation, querying is allowed to overlap with the confirmation phase of the update:
n
Data; = Query; ny. (Z req; (cnf || Query)) pY.
i=1

The behavior oData, for the casen=2 is also shown in Fig. 5. It is straightforward to prove tf
correctness obata, up tor, i.e., Datas <" Data, . We show the crucial part of the proof:

R .
y:r = upd C' reqg; cnf 18 y:r = Query C" Query R
y:r = upd ' req; (cnf || Query) “

Note that, as before, there are many possible implementatiobatag; in particular, the completely

ary, upd, ary, ary,

upd, upd,

ary upd, ary, (T

cnf

req,

ary,

FIG.5. Specification and implementation of a data base with two states.
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sequentialized version is also correct:

+ Datas <" Query; uy. <Z req; cnf; Query>; y.

i=1

7.3. A Booking Agent

The final example involves an implementation that is no longer finite-state. We show that our tl
can nevertheless be used to prove correctness. Consider a travel agent whose task is to allow ct
to book a holiday trip of their choosing. The procedure followed by the agent consists of reque
information about a possible trip, on the basis of which the customer says either yes or no. An al
description of the agent and a potential customer could look as follows:

Agent = uX. info; (no; X + yes x)
Cusk = wy.info; (z; no; (y + ) + yestrip).

This particular example customer either agrees to the requested trip immediately or thinks fol
and decides against it, after which he either tries again or quits. The combined behaviour of age
customer is described by

S= (Agent || Cusk)/ A,
where the synchronization set is given Ay= {info, yes no}. Note that we have the equivalence
S~ 1;(r + t;trip);

that is, the cooperation of customer and travel agent results either in no visible effect or in a trip
taken.

It is a particular, important aspect of booking systems that in between the request for inforn
and the booking decision, no other person may access the same information, since this coulc
in double bookings. Hence the request for information has an implicit “lock” associated with it.
design step we investigate is to split the “yes” answer into phases: first the trip is actually booked
the relevant information is either printed directly or mailed to the customer’s address. The lock ¢
released only after booking, but the second phase is independent of it: the next customer can alr
helped during the second phase. The “no” action, on the other hand, corresponds to releasing tt
on the) info. Hence, the implementation is driven by the following refinement function

yes book (print + mail)

no — rel.

The proposed implementation is

Agent = uX. info; (rel; x + book ((print + mail) ||| x))
Cust = ux.info; (z; rel; (y + ) + book (print 4+ mail); trip).

Note that, since there is no bound on the number of outstanding print or mail aétgey, is infinite-
state. Figure 6 sketches its behavior.

SinceCust =r*(Cust), it follows by Corollary 6.1 thaCusk <" Cust. On the other handdgent <"
Agent, can again be shown using the proof system; the crucial part of the proof is

- —R R
X:r F yesC" book (print + mail) ¥ oXrExcrx 2

X:r Enox C' rel; x X:r - yesx Cf book ((print + mail) ||| x)
X:r - no;x 4+ yesx C" rel; x + book ((print + mail) ||| x)

24
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Agent, info

print | mail

print | mail

FIG. 6. Implementation of the booking agent.

By Ry3 and Ry, it moreover follows that
S| = (Agentlic Cust)/C,

whereC = {info, rel, book print}. Note that we are back to standard rooted bisimilarity here; he
for instance, together with the observation above it follows that

| >~ 7; (7 4 7;trip).

This shows once more that vertical implementation, in the sense of this paper, seamlessly fit
standard (interleaving) correctness criteria.

8. EVALUATION AND FUTURE EXTENSIONS

The method used to relate specifications and implementation belonging to different levels of at
tion proposed in this paper is quite new, and differs from existing theories of action refinement |
following respects:

e We allow a given abstract specification to have different, incomparable implementations 1
a given, fixed refinement function. This immediately implies that refinement cannot be treated
operator; hence the standard congruence problem of traditional action refinement disappears.

e We integrate action refinement with interleaving semantics. To our knowledge, the only «
works that are even remotely similar are [10], which studies the traditional congruence proble
action refinement with the aim of establishing restrictions under which interleaving models ar
compositional, and [22], which considers a different type of action refinement where the refiner
are explicitly serialized—an operation for which interleaving models are in fact already compositi

e We directly compare systems on different levels of abstraction, using a conceettiofl
implementation relatiothat extends the standard notion of “horizontal” implementation relation.

e We give algebraic proof rules for vertical implementation. The only comparable conce
traditional action refinement seems to be its treatment as syntactic substitution, studied by Ace
Hennessy in [1, 2] and compared by us with semantic refinement in [21].

e We allow vertical implementation to lmellapsedo the well-known rooted bisimilarity relation,
by hiding all the actions that were refined, reminiscent of the interface refinement principle disc
in [7]. This makes it possible to mix action refinement with established methods for “horizor
implementation.
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Some of the basic ideas behind the approach of this paper were proposed first (in a restrictive <
in [22] and later (independently) in [33, 34]. However, the technical material, including the algel
proof rules and the notion of vertical bisimulation, is completely new in this approach.

Vertical Composition. Our proof theory is subject to improvement. For instance, one may wisl|
consider the following additional rule concerning the composition of vertical refinement steps,

Fr-tCctu,ucho
F'EtCRoy

27,

wherer; o ry is the composition of the refinement functiansafterry, for instance by — r;(r1(a)).
Indeed, vertical bisimulation does not satisfy this rule, for a very surprising reason: adopting the
would reintroduce the standard congruence problem of the traditional approach to action refine
Consider:

1. Rule R implies thata <®~tt.
Applying Rule Ry, if t <" uthena <" 0Oy,
Therefore, it <" u; andt <" u, thena <@>""® y; fori = 1, 2.
Definition 4.3 implies thaa <" t if and only if t~ r(a).
Combining steps 3 and 4,tik" u; andt <" u, thenu; >~ u,.
Applying also Rule R, if t; >~ t, t; <" u; andt; <" u, thenu; >~ u,.

oo s wN

Since among other things<' r*(t) for all distinctr, and we know well enough that rooted bisimilarit
is nota congruence for syntactic action refinementcannot satisfy Rule .

The above line of reasoning is quite generic; crucial points seem to be the definition of compo
of refinement functions and step 4. It can be concluded that if a vertical implementation redai®n
based on an interleaving relatiéhand satisfies both RulegRnd Ry, then either refinement function
composition must be defined in some other waya gf' t may not automatically imply that= r (a).

In particular, if= is rooted bisimilarity as in this paper, a notion of vertical bisimulation satisfying R
R,7 must beweakerthan<". On the other hand, we have found that weaker versiong shtisfying
R,7 may easily fail to satisfy i and Rg3, so that “solution” would be worse than the problem.

Lax Refinement. A problem in the context of action refinement that we have touched upon !
eral times is that traditional refinement is tswict: it forces all abstract causalities to be inherited |
the implementation. To some degree, we have solved this problem by “closing up to rooted t
ilarity,” so that apparent abstract causalities may sometimes be turned into independencies
a;b+ b;a<®> @ gy; a, || b), and by formulating B, which states that activities that on an abstra
level were specified completely aftemay in the implementation overlap the “tail” of the refinemel
of a. Examples of this rule can be found in Section 7. The following rule is yet more permissive:

r@=upiu; I'EtC vijv
['Fajt & ug; (U2 ]l va); v2

This expresses thainy initial fragmentof the implementation of may overlap with the tail of the
refinement of; it does not need to be the entire implementatioh. @he reason we have not put thi
rule in the desiderata for vertical implementation, rather than R that it is not sound fog" (for
instancep; b¢" ag; (ax ||| by); be if ria — ag;a, b — by;hy).

A possible “relaxation” of another kind concerns choice rather than sequential composition. |
paper we have required that all options specified by a refinement function must indeed be offered
refined system. For instance, uprt@a — a’; b+ a’; ¢, the abstract systemay d is implemented by the
concrete systena(; b+ a’; ¢); d. An interesting alternative is to take the decision about which optior
implement during the refinement step, hence allovaih; d ora’; c; d as an implementation, or to turn
the nondeterministic choice into a deterministic one, hence allo®irfh + c); d as an implementation.
For instance, in the booking agent example, it would be more reasonable to let the customer
whether he wants his booking info to be printed directly or mailed to him, instead of having him ac
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both possibilities (asitis now). Again, this would be reflected by additional derivation rules; for inste
the first alternative is expressed by a rule of the form

FHtCtu
CHtCcntey’

where (1 +r2):a — ry(a) +ro(a) for all a € A (for instance, in the example above;a — a’; b,
r;ar> a;candr =ry+ry).

In [24] we have developed a notion of “lax vertical bisimulation,” satisfying the above rules; howe
this in turn fails to satisfy B&. Rather, to give a vertical implementation of communicating paral
subsystems, in the approach of [24] it is necessary to gisg&iet vertical implementation of one
component and kx vertical implementation of the other. Since, as it turns out, the soundness o
and R is quite sensitive to changes in the definition of vertical bisimulation, it may be the case
such a combination of strong and lax refinement is the best possible compromise between the di
maybe intrinsically contrasting, desiderata for vertical implementation.

Varying the Basis. We have chosen rooted bisimilarity as the basis of our vertical implementa
relation because itis well known, has a well-understood theory, is easy to visualize and is straightfc
to prove on finite-state systems. However, we feel thatmaapstracting congruence (see [15] for a
overview) would probably also be suitable as a basis for vertical implementation. Natural intere
candidates areertical testing(see also [33]) anbdranching bisimulatior{see [20]). Indeed, the latter
was investigated in [24] and gives rise to a notion of vertical bisimulation that is in some ways sir
than the one proposed in this paper.

APPENDIX: PROOFS OF SELECTED THEOREMS

First, we prove the soundness of the rules in Table 3 for vertical bisimilarity of closed terms.
THeorem4.1. <" satisfies all the rules in Tablg

Proof. R;. The relationo = {(t,t, ) | t € L} is trivially a weak vertical bisimulation relation up
toid, such that syntactic equality ovkris a biroot ofp”.

R,. Note that for the identity refinement, the active domain is empty and there can be no pe
refinements; i.e., adom) = arng¢) = ¥ andrsd(id) = {#}. It follows that down-simulation and up-
simulation relations up tal are simply weak simulation relations, whereas the “residual” simulat
is irrelevant. Hence, any weak vertical bisimulatipuip toid gives rise to a weak bisimulatigef’. It
automatically follows that any biroot gf” is a subrelation of'.

Rs. We showthap C L x L x rsd(r) with pR =~ o <"Ro a forall R € rsd(r) is a weak vertical
bisimulation relation. It automatically follows that any birootfis a subrelation of'.

Let us first show thap” is a down-simulation. Considérp” t, due toty ~ tp <"’ tz & ta. If t; > t],
then

th=> Uy —> Up = t)

with t; ~ t; (where—&> stands for equality if = 7, and for—> otherwise). Due td, <" s, it follows
thatts = us with u, <" us. We recognize two cases.

1. « e adom(). For allr () <5, it follows thatus =3 uj with uj <™ uj; henceu = t; with
t, <"”;. Due tots = t3, alsots = t; with t; ~ t;.
2. «a ¢ adom(). If @ = 7 thenu, = uj, and hences, <"/ uj for u = us; otherwiseuz = uj

such thau, <"’ uj. In either case, it then follows that = t} such that, <" t;. Due tot; = t3, also
ts = t; such that ~ t}.

In each case, it follows that p” t;; hence we are done.
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We now show thap is an up-simulation. Considey o t4 due tot; ~ t, <"Rtz ~ t4. If t4—y> t;,
then

14 :
t3=8>U3—> U/3=€>té,

such that} = t,. Due tot, <"Rts, it follows thatt, = u, with u, <"Rus. We now recognize three cases

1. 3o € adom(): uz = u, andr (o) 2> v with uj, <"-Re0 uz 1t then follows thatr, = t} such that
t, <" "RelI 12, Due tot, = t}, alsot; = t; such that; ~ t,. It follows thatt; pRel ;.
2. U;=>u,andR-2 R with u, <R uj. It then follows that, = t} such that) <" t;. Due to

t, = t5, alsot; = t; such that] ~ t,. It follows thatt; pR't;.
3. y ¢ ang(). If y = t thenus = uj and hencau, <"Ruj for u, = uy; otherwisr—;u2:y>u/2

such thau), <"R uj. In either case, it then follows that = t; such that, <"Rt;. Due tot, = t}, also
t; & t; such that; ~ t}. It follows thatt; pRt;.

Finally, we show that for alt € L, the relation = {(R, u)|t pRu} is a “residual” weak simula-
tion. This is due to the fact that=«’ o ~ wherex’ = UtOM{(R, Uo) | to <" Rup}; here, the relations
{(R, Ug) | to <" R ug} (for arbitraryty) and~ are weak simulations, and union and composition of we
simulations yield weak simulations.

R4. Therelationp = {(0, 0, #)} is a weak vertical bisimulation relation (for any, and{(0, 0)}
is a biroot ofp?.

Rs. Therelationo = {(1, 1, ¥), (0, O, ¥)} is a weak vertical bisimulation relation (for any, and
{(1, 1)} is a biroot ofp”.

Rs. If o ¢ adom¢) then the statement is obvious. Otherwise,
{(e. T (@), 9), (0,0, M} U {(Lt, [t]) |Fo e UT i1 (o) St}

is a weak vertical bisimulation relation upttoand{(«, r («))} is a biroot ofp”.

R;. Therelationp = {(ty+1t2, us + Uz, @) | t1 <" ug, 1 <F U} U X' is a weak vertical bisimulation
relation up tar, and{(t; + to, Uy + Uy) | t1 <" ug, to <" Uy} is a biroot ofp”.

Rg. Therelationo = {(t1;to, U1; Us, R) | t1 <"Ruy, t, <" uo}U <" is a weak vertical bisimulation
relation up tar, and{(ty; to, ug; uy) | t1 <" ug, t <" Uy} is a biroot ofp”.

Ro. Assume ¢ [adom() =idagom¢). The relation p = {(t[¢], u[¢], R[¢]) It <"Ru}, where
Rl¢] = > _,crv[¢] for all Rersd(r), is then a weak vertical bisimulation relation up itp and
{(t[#], u[o]) |t <" u} is a biroot ofp”.

Ri0. Assume that preservedA, and letC = A(r (A)). For arbitraryR € rsd(r), let

R\C={ve R| AW)NC =¢}.

We first prove thap = {(t/A, u/C, R\C)|t <"Ru} is a weak vertical bisimulation relation uprtgA.

First, we show thagp” is a down-simulation. Assunig¢ A p” u/C; hencet <"R u such thaR\C = ¢.
Moreover, assume thatA—>t'/A.

Sincer preserved, it follows thatA(v) € C for all v € R. Since, moreover, all € R are finite and
terminating terms (due to the definitionRy, R= ¢ for somes € C*. Bythefactthaf(R, u) | t <"Ru}
is a weak simulation, it follows that= u’ such that <" u’. We now recognize two cases.

1. « € adom¢); hencex ¢ A andt-%t'. For all (\A)(x) 2%, alsor (o) Z5: henceu’ % u”
such that’ <7 u”. It follows thato e (C\C)* and hence’’/C = u”/C andt’'/Ap”u’/C.

2. o ¢ adom(). There are two subcases.
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—a=randt Bt forsomes € A. Letr (8) LA (such atransition always exists due (g) € R);
thenu’ = u” such that’ <' "u”. Sinces € C*, it follows thatu’/C = u”/C andt’ /Ap u’/C.

—t % t". Thenu' = u” such that’ <"?u”; sincea ¢ A, it follows thatu’'/C = u”/C such that
t'/Ap’u”/C.

We now show thap is an up-simulation. Assurrig A pR u/C; hencet <" u such thatR)\C = R.
Moreover, assume tha/C R u’/C. We recognize two cases.

—ubu andy ¢ C. There are three subcases.

1. 3o € adom¢):t = t" andr () = v such that’ <" Re®l] i/, It follows thate € adom¢\ A)
andA(v) N C = ¢, implying that (Ro @ [v])\C = R@® [v]; hencet/A=t'/Aand ¢\ A)(«) > v such
thatt’/A pRell y//C.

2. t3t andRy > R, such thatt’ <"Rou’. It follows that R = Ry©[v] @ [v'] such that
v v'; sincey ¢ C andr preservesA, it follows that A(v) NC = #. Hencev € RandR-5 R =
Roe[v] @[v'], where, moreoverR’ = Rj\C. We may conclude thay A=t’/Aandt’/ApR u'/C.

3. y ¢ arng() andt St such thatt’ <"Reu’. It follows that y ¢ arng¢\ A); moreover,
t/AZSt'/Aandt’/ApRu’/C.
—y = tandu % U’ for somes e C. Itfollows thaty ¢ arngf \ A). Again, there are three subcase

1. 3o € adom():t =t andr (@) > v such that’ <" @[l /. Sincer preserves, it follows
thate € Aand.A(v) € C; hence R @ [v])\C = R, implying thatt/A=>t'/Aandt’/ApRu’/C.

2. t=t and Ro—8> R, such thatt’ <"Rou’. It follows that R} = Ry©[v] @ [v'] such that
v v'; sinced € C andr preservesA, this implies that4A(v) € C and . A(v') € C, and hence
Ro\C = Ro\C. We may conclude that/ApR u’/C.

3. § ¢ arngf) andt 2t such that’ <Ry, It follows thats e A; hencet/A=>t'/A and
t'/ApRu/C.

Finally, we show that for alt/A, « ={(R,u/C)|t/ApRu/C} is a weak simulation. Assume
R« u/C; it follows that R= Ry\C wheret <"Reu. Now assume thaR 2> R'. It follows thaty ¢ C
andR = R & [v] @ [v'] such that %> v andA(v) N C = A(v') N C = #; henceRy > Rye vl @ [v],
whereR’ = R\ C. This implies thau = u’ such that <" u’; we may concludei/C & u’/C such
thatR « u’/C.

It is straightforward to show thdtt/A, u/C) |t <" u} is a biroot ofp”.

Ri11. Assume that is distinct onA (hence also preserve8), and letC = A(r (A)). For arbitrary
R € rsd(r), let

RiC={veR|A(v) CC}
R\C={ve R| AW)NC =¢}.

Sincer preserve®A, R = (R|C) & (R\C) for all R € rsd(r). We now prove that
={(t1llatz, Uz llc Uz, (RI\NC) ® Ry) [ta <" M ug, to <" Uy, Ry 1C = Ry [ C}

is a vertical bisimulation relation up to

First we prove thap” is a down-simulation. Assume thats™” u; fori = 1, 2 andt; | at, — tllats.
We recognize three cases.

—a ¢ Aty 5 t; andt, = t;. There are two subcases.

1. « e adom(), and ifr (@) =5, thenuy = u) such thatt] <"/ u,. Sincer preserves, we
haveo € (C\C)* and hence; ||c ux = U] |lc uj with up = uj andt; [|at p” U] llc Uj.
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2. o ¢ adom() and u1§> u; such thatt; <" u;. It follows thatuy [|c u2:&> uj llc uj with
Uz = U, andt; || aty p7U] [l Us.
—a ¢ A t; =t} andt, - t). Symmetrical to the case above.
—a € Aandt > t/ fori = 1, 2. Again, there are two subcases.

1. «a € adom¢), andifr («) U=/>thenu. 2 u/ fori = 1, 2 suchthat’ <" u/. Sincer preserves
A, we haver € C*; henceuy |c U2 =S uj llc us andt/ llaty0” uj llc Uj.

2. o ¢ adom() andu; : u; fori = 1, 2 such that <"y u;. Itfollows thatu; ||c u2=&> uj llc uj
andt; [|aty p” uj [lc .
We now prove thap is an up-simulation. Assumg || at2 pRuy ||c ug; fori = 1, 2, let R be such
thatt; <"~ u; with R; |C =R, |C andR = (R;\C) ® R,. Now assume thai; ||Au2—y> u [l aus. We
recognize three cases.

—y ¢ C,uy RN u; andu, = u;. We recognize three further cases.

1. 3o € adom(): t; = ] andr (o) > v such that] <"R@l u]. Sincer preserves, it follows
thata ¢ A; moreover, due tor ¢ C, it follows that Ry @ [v]) IC=R;1C = R,|C and (R &
[v])\C) ® Ra= R [v]. We may conclude tha || a t2 = t] || ath withta =t; andt; || a ty pREM U] |Ic us.

2. t, =t andR, 5 R, such that] <" uj. Sincer preservesA andy ¢ C, it follows that
Ri1IC=RIC=RC; Iet R’ = (R;\C) & Ru. It follows thatR>% R andt; ||At2=>t’ |at; with
= t2! such thati ||At2 ,O Ul llc U2

3. y ¢ arngf) andt; = t; such that; <"Rt u]. It follows thatty [|ato 2> t; [ aty with t, = t5,
such that; |at; pR U] [Ic Ub.

—y ¢ C, u1 = uj anduy X u,. Symmetrical to the above case (note tRat R; @ (Rx\C).
—y € C andy; % u; fori = 1, 2. We recognize three further cases.

1. Ja € adom(): t1=>t’ andr(a)—> v such that; <"R® y). Sincer is distinct onA, it
follows that R, A% andr(a’)—> v/ implies thate = o’ andv = v; hence alsd2:>t’ such that
t, <"-Re®lvl y),. Moreovera € A.

Due to yeC, we have Ri@[v]) IC=(RiIC)®[v]=(RI1C)®[v]=(R.®[v])IC and
(Ri®[vV)\C)® R ®[v] =R®[v]. We may conclude that; [atz=>t] |at; and t; [|aty oREM
u llc Up.

2. t5t,andR; > R} such that1 <"Ruu]. Sincer is distinct onA, it follows thatr (a) A%
for alla € A; hence alsd, = t; andRy X R, such that) <" Rz u2
By definition,R' = R © [vi] ® [v{]fori =1, 2, whereu. % vi. Again since is distinct onA, and
R e rsd(r) (fori = 1, 2) implies that (a.) 2, y; for somew; € A ando; € C*, it follows thatv, = v,
andv; = v5,. We may conclude the, |C = R} 1C andR5>R = Ro [vd] @ [vi] = (R{\C) & R,.
We may conclude thdf ||at, :>tl ||At2 andt1 ||At2 p et uj llc u.

3. y ¢ arngf) andtl R t; such that; <" u}. It follows that alsd, :> t; such that} <" u,,.
We may conclude, [|aty = t; ||At2 andt; [aty pR Uy lic Up.

Finally, we prove that for arbitraty= t; || o t2, « = {(R, u) | t pR u}is aweak simulation. Assume tha
R« u; thenu = uy ||c uz andR = (R;\C)@® Ry with R; | C = R, | C andt; "R u; fori = 1, 2. More-
over, assume th® > R’ It follows thatR' = R© [v]®[v'] such thab L. We recognize two cases.

—y € C; hence (since preservesA) A(v) < C. It follows thatv € Ri1C = Ry |C, and
henceR - R = R & [v] @ [v] for i = 1,2, implying thatu; & u/ such that; <% u/. Moreover,
R 1C =R, 1CandR = (R}\C) & R;; henceus ||c U = uj llc u; andR'x U ||c U5.

—y ¢ C; hence (since preservesA) A(v) N C = @. Assume thav € Ry; the case € Ry is
symmetrical. It follows thaR; - R, = Ry © [v] @ [v'], implying thatu; & u} such that; <" uj.
Moreover,R; IC = Ry 1C = Ry C andR = (R;\C) & Ry; henceuy ||c u2 L uj llc up with up =
andR « U] [c uj.

A straightforward proof shows théft; || t2, Uy ||c Uo) | t1 <" ug, to <" U,} is a biroot ofp”.



130 RENSINK AND GORRIERI

Ri2. Assume that: A — Rc with r(a) = uy; u,. We show that the relation

p = {(@&t, ug; (U2l v), %)}
ULt u; (U2 lllv), R) | 1"Rusuz, t <" v)
Uit ullv, R [ 1<"Ru, t< v}
U{t.ulllv, Rk ® Ry) | 1<"Rru, xR}

is a weak vertical bisimulation relation up to Only the first and second components of the abo
union are in fact interesting: the third and fourth follow from the proof of RulgiRcombination with
Rule Ry (namely,1<"Ru with t <" v and1;t ~1]||t implies thatl;t <"Ru||v, and1<"R u with

t <"Ryandt~ 1|t implies thatt <"R®R y ||| v).

First we prove thap” is a down-simulation. SincR # ¢ if 1<"Ru; uy, there is only one interesting
case:

—a:t p” up: (Uz || v), &t S 1t andr (a) =< . It follows thatu; < andu, 2 u’ -5 such that, e
C* ando = o107, implying thatl~"? u’; henceus; (U2 ||| v) = U’ ||| v and1;t p? u’ ||| v.

Now, we show thap is an up-simulation. There are several interesting cases.
—a;t p?ug; (Uz |l v) andug; (Uz Il v) 2> U'; (U2 ||| v) due tou; 2> u'. Note thatl <"1 2l u/; uy. It
follows thata; t > 1;t, r (a) = u’; up andZ; t plV¥2u’; (us || v).
—1L;t pRu; (Uz |l v) andu; (U [l v) 2> U; (Uz ||| v) due tou 2 u'. By 1<"Ru;uy, it follows that
R- R such thatl <R u’; u,; hencel; t pR u’; (Up ||| v).
—1;t pRu; (uz ||| v) andu; (uz ||| v) Luw Il v due tou A andu, > u'. By 1<"Ru;u,, it follows
thatR % R’ such thatl <"R u’; it follows that1;t p® u’ ||| v.
— 1t pRu; (U ||l v) andu; (uz Il v) > uz ||| v’ due tou > andv 5 v'. Due tot <" v, there are two
possibilities.
1. There is anx € adom¢) such thatt = t’, r () 2> v” andt’ <"["1v/. Thenl; t =t’ and
t'pRe T, v,
2. y ¢ arngf) andt = t’ such that’ <™? v'. Thenl; t = t’ andt’ pR®" u, ||| v'.

Finally, we show that for arbitrary, « = {(R, u) | t pRu} is a weak simulation. There is only on
interesting case.

—Rxk U; (U2 |l v) and R -5 R'. Due tol <"Ru; uy, it follows thatu; u, % u’ such thatl <"R u’;
henc? eitheu %> u” such that’ = u”; us, in which case:; (uzlllv) Lou; (uz2 llv)andR’ « u”; (uz ||| v),
oru-> andu, % u’, in which case; (uz Il v) Lu|lvandR kU ||| v.

Finally, it is straightforward to show thg{a;t, us; (U2 ||| v))} is a biroot of p? (neithera;t nor
uz; (U2 |l v) can do an initiak -transition). =

Furthermore, we give the proofs of the auxiliary lemmas leading up to Threorem 6.2.
Lemma 6.1. Foralli > 0, the following inequalities hotd

1. ~jox"Ro~ xR forall R ersd(r);
2. ~oglo~MCg .
Proof. By induction oni.

e Fori =1, the result is immediate.
e Assume that the lemma has been proved foj adl i.
1. Assumetha$; ~i S <"Rs3 ~; 5.

—If R= @ ands; > g, thens, > s, such thas; ~;_; s). We then recognize the following
cases.
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(i) e adom() Thenr () AN implies thals, = s, such thas, "7 s} If i > o],
we may deduce th& = s, such thas] ~_| ;. Since~i_;;) 2 ~j_1, by the induction hypothsis it
follows thats; <[* o)1 S4-

(i) o ¢ adom¢). ThenEI58=>s3 such thats, <" s;; sincei > 1 we may deduce that
s.4z>s4 such thas, ~i_; s,. By the induction hypothesis, it follows thsf<!"’, ;.

—If s4—> s, thenss X s; such thas; ~_; s;,. We then recognize the following cases.

(|) Jo € adom(). s, = s} andr («) 2> v such thass, <R s}, Sincei > 1, we may
deduce thag; = s; such thas| ~;_; s;. By the induction hypothesis, it follows ths <" RZ@[“] s;.

(i) 3s,=s,andIR> R suchthas, <"R s,. Sincei > 1 we may deduce that = s
such thas; ~i_; S,. By the induction hypotheS|s it follows thsq_t<

. (i) y ¢ arngf). ThenE|32:>s2 such thats, "R s}; sincei > 1, we may deduce that
s12 s such tha‘s1 ~i_1 S, By the induction hypothesis, it follows tha <", s;.

—IfRLR, thensg:s3 such thas, <R s;. Sincel > 1, we may deduce tha1=>s4 such
thats; ~i_1 S,. Since~;j_1 2 ~;, by the induction hypothesis it follows thsit<"%, s;.

It follows from the above observations that<!" " .

2. Assumesl~|52<fsg ~i . Itfollowsthatsg <"’ s3,and hence (bythe above case%, 154
Moreover, ifs; — s, then (sincé > 0)s, = s, such thas; ~_; S,. Hencesg = s; such thais2 <" ”
Hence (sincé > 0) s, = s, such thats; ~;_; s;. It follows by the case above that<!"’,s}; hence
SHSIIRETA

LEmma 6.2. Lette LS9 withfv(t) C {x}. Foralli € N, ux.t ~; u'x.t.
Proof. The proof proceeds in three steps.

1. First, one proves the following auxiliary result: If fy(C {x} andx does not occur within a
hiding operator irt, thenu ~; v implies thatt (x/u) ~; t{(v/x). Fori = 0 this is immediate, whereas
fori > O itis proved by induction on the structuretof

2. The next step is to show that if tj( < {x} and x is strictly guarded irt, thenu ~; v
implies thatt(x/u) ~i+1t{v/x). This can be deduced from the auxiliary result of the previous st
using Propositions 2.2.1 (observing that strict guardedness implies guardedness) and 6.3.1, |
fact that if x is strictly guarded irt andt = t’, thenx does not occur i’ in the context of a hiding
operator.

3. Finally, the statement in the lemma is proved by induction asing the fact that the behaviol
of ux.t equalsthat of (ux. t/x). Fori = 0, the statementisimmediate, whereas otherwise it is obtail
by applying the result of the previous step to the induction hypothesis.

Finally, we can prove the paper’s main result.
THEOREM6.3. Rooted vertical bisimilarity satisfies all the rules in Table

Proof. The soundness proofs of R Ry, are straightforward extensions of the case for closed tert
since essentially nothing happens with the implementation environments.

Ris. Assumef, g: fv(t) — L. Itfollows from the closed case (RulgRhat f </ () iq 9iff £(x) =~
g(x) for all xe fv(t); hence Rule R states thait( f ) ~ t(g) for all such pairsf, g. ThIS |s aconsequence
of the congruence at (Proposition 2.4).

Rus. Assume that <, . U. Let f:fv(t, u) — L be arbitrary; thenf <Mt f due to Rule
R1. It follows thatt () <9 u( f), which by Rule R implies thatt ( f) ~ u( f). By definition of the open
term extension of- (see (2)), it follows that ~ u.

Ris. Assumethat~t’ <. u'~u.Letf, g:domI’ — L be suchthaf <" g;thent(f) ~t'(f) <
u'(g) ~ u(g), and hence (by 5 t(f) <" u(g). By definition of <[ (see (3)), it follows that <. u

Rzs.  Immediate, by definition of" over open terms; see (3).

R.s. Proved in Theorem 6.2.m



132 RENSINK AND GORRIERI

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.
22.
23.
24.

25.
26.

27.

28.

29.
30.

REFERENCES

. Aceto, L., and Hennessy, M. C. B. (1993), Towards action-refinement in process aldafvas. and Comput103,
204-269.

. Aceto, L., and Hennessy, M. C. B. (1994), Adding action refinement to a finite process algéhra. and Computl15
179-247.

. Badouel, E., and Darondeau, P. (1991), On guarded recufi$ieoret. Comput. Sc82, 403—408.

. Baeten, J. C. M., and Glabbeek, R. J. van (1989), Abstraction and empty process in processralgdaraenta Inform.
12,221-242.

. Baeten, J. C. M., and Weijland, W. P. (1990), “Process Algebra,” Cambridge Univ. Press, Cambridge, UK.

. Bravetti, M., and Gorrieri, R. (1999), Deciding and axiomatizing ST bisimulation for a process algebra with recursio

action refinementin “Expressiveness in Concurrency” (I. Castellani and B. Victor, Ed@déctronic Notes in Theoretical
Computer Sciengevol. 27. Elsevier, Amsterdam. [Full report version: UBLCS-99-1, Department of Computer Scie
University of Bologna.]

. Brinksma, E., Jonsson, B., and Orava, F. (1991), Refining interfaces of communicating syst8&BSOFT '91, Vol. 2,”

(S. Abramsky and T. S. E. Maibaum, Eds.), Lecture Notes in Computer Science, Vol. 494, pp. 297-312, Springer-
Berlin.

. Brookes, S. D., Hoare, C. A. R., and Roscoe, A. W. (1984), A theory of communicating sequential proLe&sssc.

Comput. Mach31, 560-599.

. Castellano, L., De Michelis, G., and Pomello, L. (1987), Concurrency vs. interleaving: An instructive exBaiplEur.

Ass. Theoret. Comput. S&il, 12-15.

Czaja, |, van Glabbeek, R. J., and Goltz, U. (1992), Interleaving semantics and action refinement with atomimch
“Advances in Petri Nets 1992” (G. Rozenberg, Ed.), Lecture Notes in Computer Science, Vol. 609, pp. 89-109, Sp
Verlag, Berlin.

De Nicola, R., and Hennessy, M. C. B. (1984), Testing equivalences for procEssest. Comput. Sc34, 83—-133.
Degano, P., and Gorrieri, R. (1995), A causal operational semantics of action refinerfenmt, and Computl122,
97-119.

Degano, P., Gorrieri, R., and Rosolini, G. (1992), A categorical view of process refin@mi&amantics: Foundations and
Applications” (J. W. de Bakker, W.-P. de Roever, and G. Rozenberg, Eds.), Lecture Notes in Computer Science, \
pp. 138-153, Springer-Verlag, Berlin.

Glabbeek, R. J. van (1990), The refinement theorem for ST-bisimulation semarifcegramming Concepts and Methods,
IFIP, North-Holland, Amsterdan.

Glabbeek, R. J. van (1993), The linear time—branching time spectrum Il: The semantics of sequential systen
silent movesjn “Concur '93” (E. Best, Ed.), Lecture Notes in Computer Science, Vol. 715, pp. 66-81, Springer-Ve
Berlin.

Glabbeek, R. J. van, and Goltz, U. (1990), Equivalences and refinem&gmantics of Systems of Concurrent Processe
(I. Guessarian, Ed.), Lecture Notes in Computer Science, Vol. 469, pp. 309-333, Springer-Verlag, Berlin.

Glabbeek, R. J. van, and Goltz, U. (1990), Refinement of actions in causality based mot&tispwise Refinement of
Distributed Systems—Models, Formalisms, Correctness” (J. W. de Bakker, W.-P. de Roever, and G. Rozenberg, Eds.),
Notes in Computer Science, Vol. 430, pp. 267-300, Springer-Verlag, Berlin.

Glabbeek, R. J. van, and Goltz, U. Refinement of actions and equivalence notions for concurrent systems, Acta Info
37(4/5), pp. 229-327, 2001.

Glabbeek, R. J. van, and Vaandrager, F. W. (1987), Petri net models for algebraic theories of condurteA&LE—
Parallel Architectures and Languages Europe, Volume |l: Parallel Languages” (J. W. de Bakker, A. J. Nijman, anc
Treleaven, Eds.), Lecture Notes in Computer Science, Vol. 259, pp. 224—242, Springer-Verlag, Berlin.

Glabbeek, R. J. van, and Weijland, W. P. (1996), Branching time and abstraction in bisimulation setaysstx;. Comput.
Mach.43, 555-600. [Extended abstract in Proc. IFIP Conference, 1989.]

Goltz, U., Gorrieri, R., and Rensink, A. (1996), Comparing syntactic and semantic action refinafoemt, and Comput.
125 118-143.

Gorrieri, R. (1992), A hierarchy of system descriptions via atomic linear refinefemiamenta Informl6, 289-336.
Gorrieri, R., and Laneve, C. (1995), Split and ST bisimulation semafifosm. and Computl16, 272—-288.

Gorrieri, R., and Rensink, A. Action refinemeint,'Handbook of Proacess Algebra” (J. Bergstra, A. Ponse, and S. Smc
Eds.), Elsevier, Amsterdam, 2001, Chapter 16, pp. 1047-1147.

Hennessy, M. C. B., and Lin, H. (1995), Symbolic bisimulatidregoret. Comput. Sc1.38 353-389.

Howe, D. J. (1996), Proving congruences of bisimulation in functional programming langlréiges, and Computl 24,
103-112.

Huhn, M. (1996), Action refinement and property inheritance in systems of sequential ag&basicur '96: Concurrency
Theory” (U. Montanari and V. Sassone, Eds.), Lecture Notes in Computer Science, Vol. 1119, pp. 639-654, Springer-
Berlin.

Janssen, W., Poel, M., and Zwiers, J. (1991), Action systems and action refinement in the development of parallel s
in “Concur '91” (J. C. M. Baeten and J. F. Groote, Eds.), Lecture Notes in Computer Science, Vol. 527, pp. 298
Springer-Verlag, Berlin.

Milner, R. (1989), “Communication and Concurrency,” Prentice-Hall, Englewood Cliffs, NJ.

Milner, R., and Sangiorgi, D. (1992), Barbed bisimulationAutomata, Languages and Programming” (W. Kuich, Ed.
Lecture Notes in Computer Science, Vol. 623, pp. 685-695, Springer-Verlag, Berlin.



31.

32.
33.
34.
35.
36.

37.

38.

39.

40.
41.
42.

43.
44.

VERTICAL IMPLEMENTATION 133

Nielsen, M., Engberg, U., and Larsen, K. S. (1989), Fully abstract models for a process language with refin&oesdr
Time, Branching Time and Partial Order in Logics and Models for Concurrency” (J. W. de Bakker, W.-P. de Roever, &
Rozenberg, Eds.), Lecture Notes in Computer Science, Vol. 354, pp. 523-549. Springer-Verlag, Berlin.

Olderog, E.-R. (Ed.) (1994), “Programming Concepts, Methods and Calculi,” IFIP Transactions, Vol. A-56, IFIP.
Rensink, A. (1993), “Models and Methods for Action Refinement,” Ph.D. thesis, University of Twente, Enschede, Nethel
Rensink, A. (1994), Methodological aspects of action refinenrefrogramming Concepts, Methods and Calculi” (E.-R
Olderog, Ed.), IFIP Transactions, Vol. A-56, pp. 227-246, IFIP.

Rensink, A. (1995), An event-based SOS for a language with refineimé8tructures in Concurrency Theory” (J. Desel
Ed.), Workshops in Computing, pp. 294-309, Springer-Verlag, Berlin.

Rensink, A. (2000), Bisimilarity of open ternhisform. and Computl56, 345-385. [Report version: Hildesheimer Informatik
Bericht 5/97, http://www.cs.utwente.nl/rensink/HIB97-5.ps.gz.]

Rensink, A., and Gorrieri, R. (1997), Action refinement as an implementation relatibBAPSOFT '97: Theory and Practice
of Software Development” (M. Bidoit and M. Dauchet, Eds.), Lecture Notes in Computer Science, Vol. 1214, pp. 772
Springer-Verlag, Berlin. [Improved report version in [38].]

Rensink, A., and Gorrieri, R. (1998), Vertical bisimulation, Hildesheimer Informatik-Bericht 9/98, University of Hildesh
[Available as http://www.cs.utwente.nl/rensink/HIB98-9.ps.gz.]

Rensink, A., and Wehrheim, H. (1994), Weak sequential composition in process algelitz@ncur '94: Concurrency
Theory” (B. Jonsson and J. Parrow, Eds.), Lecture Notes in Computer Science, Vol. 836, pp. 226-241, Springer-
Berlin.

Sands, D. (1997), From SOS rules to proof principles: An operational metatheory for functional langju&ges1 ACM
SIGPLAN-SIGACT Symposium on Principles of Programming Languages,” pp. 428-441, Assoc. Comput. Mach.
Vogler, W. (1991), Failures semantics based on interval semiwords is a congruence for refilbestémt,Comput.4,
139-162.

Vogler, W. (1993), Bisimulation and action refinemdrtgoret. Comput. Scl14, 173-200.

Vogler, W. (1996), The limit of Splitlanguage equivalenctnform. and Computl27, 41-61.

Wehrheim, H. (1994), Parametric action refinemierirogramming Concepts, Methods and Calculi” (E.-R. Olderog, Ed
IFIP Transactions, Vol. A-56, pp. 247-266, IFIP.



	1. INTRODUCTION
	2. BASIC DEFINITIONS
	TABLE 1
	TABLE 2

	3. PROOF RULES FOR VERTICAL IMPLEMENTATION
	TABLE 3
	TABLE 4

	4. VERTICAL BISIMULATION
	FIG. 1.

	5. ABSTRACTION
	6. OPEN TERMS
	TABLE 5

	7. EXAMPLES
	FIG. 2.
	FIG. 3.
	FIG. 4.
	FIG. 5.
	FIG. 6.

	8. EVALUATION AND FUTURE EXTENSIONS
	APPENDIX: PROOFS OF SELECTED THEOREMS
	REFERENCES

