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Abstract. Finite-state machines, a simple class of finite Petri nets, are equipped
with a truly concurrent, bisimulation-based, behavioral equivalence, called team
equivalence, which conservatively extends classic bisimulation equivalence over
labeled transition systems and which is checked in a distributed manner, with-
out necessarily building a global model of the overall behavior. An associated
distributed modal logic, called basic team modal logic (BTML, for short), is pre-
sented and shown to be coherent with team equivalence: two markings are team
equivalent if and only if they satisfy the same BTML formulae.

1 Introduction

A finite-state machine (FSM, for short) is a simple type of finite Petri net [17, 29, 33]
whose transitions have singleton pre-set and singleton, or empty, post-set; therefore,
they are very similar to finite-state, labeled transition systems (LTSs, for short) [22],
a class of models that are suitable for describing sequential, nondeterministic systems,
and are also widely used as a semantic model for process algebras (see, e.g., [16]). On
this class of models, there is widespread agreement that a very natural and convenient
equivalence relation is bisimulation equivalence [28, 25], an equivalence relation that
can be verified efficiently for finite-state LTSs; more precisely, if m is the number of
transitions and n is the number of states of the LTS, checking whether two states are
bisimilar can be done in O(m log n) time [31].

Even if FSMs are the simplest distributed model of computation, the equivalence
checking problem may be not easy. For instance, if we want to check if two markings
m1 and m2 are interleaving bisimilar, (see, e.g., [17]), we have first to build two LTSs,
one rooted in m1 and the other rooted in m2, usually called the interleaving marking
graphs, and then to check whether these two rooted LTSs are bisimilar. However, such
LTSs have a number of states that can grow exponentially with the size of the marked
net, in particular w.r.t. the size of the involved markings, so that the equivalence check-
ing problem is exponential, in general. This problem is shared by essentially all the
equivalences that have been proposed in the literature for FSMs (see, e.g., [7, 30, 15,
17]), because all these equivalences are defined directly over the markings of the net.

Our main goal is to define a new equivalence relation that can be computed in a
distributed manner, without resorting to a global model of the overall behavior of the
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analyzed marked net. The initial observation is that a place in an FSM represents a
sequential process type and the number of tokens in that place represents the number
of currently available instances of that sequential process type. Since an FSM is so
similar to an LTS, we propose to define bisimulation equivalence [28, 25] directly over
the set of places of the unmarked net. The advantage is that bisimulation equivalence
is a relation on places, rather than on markings, and so much more easily computable;
more precisely, if m is the number of net transitions and n is the number of places,
checking whether two places are bisimilar can be done in O(m log (n+ 1)) time, by
adapting the algorithm in [31]. Moreover, the resulting notion of bisimilarity enjoys the
same properties of bisimulation over LTSs, i.e., it is coinductive and equipped with a
fixed-point characterization [25, 34, 16].

After the bisimulation equivalence over the set of places has been computed once
and for all, we can define, in a purely structural way, that two markings m1 and m2
are team equivalent if they have the same cardinality, say |m1| = k = |m2|, and there
is a bisimulation-preserving, bijective mapping between the two markings, so that each
of the k pairs of places (s1,s2), with s1 ∈ m1 and s2 ∈ m2, is such that s1 and s2 are
bisimilar. Team equivalence is a truly concurrent behavioral equivalence as it is sensitive
to the size of the distributed state; as a matter of fact, it relates markings of the same
size, only. Therefore, a sequential finite-state machine, i.e., an FSM with a singleton
initial marking, can never be equated to a concurrent finite-state machine, i.e., an FSM
with a non-singleton initial marking. The name team equivalence reminds us that two
distributed systems, composed of a team of non-cooperating, sequential processes, are
equivalent if it is possible to match each sequential component of the first system with
one bisimulation-equivalent, sequential component of the other one, as in any sports
where two competing (distributed) teams have the same number of (sequential) players.
Once bisimilarity has been computed, checking whether two markings of size k are
team equivalent can be computed in O(k2) time.

Note that to check whether two markings are team equivalent we need not construct
an LTS describing the global behavior of the whole system, but only find a suitable,
bisimulation-preserving match among the local, sequential states (i.e., the elements of
the markings); in other words, we consider a collection of LTSs for the local, sequential
states only, and try to match them through bisimilarity. Nonetheless, we will prove that
team equivalence is coherent with the global behavior of the net. More precisely, we
will show that team equivalence is finer than interleaving bisimilarity (so it respects the
token game), actually it coincides with strong place bisimilarity [4, 5] (and so it respects
the causal semantics of nets). Since we need not to construct the global behavior of the
net under scrutiny, if we need to check whether other two markings of the same net,
say m′1 and m′2, are team equivalent, we can reuse the already computed bisimulation
equivalence over places, and so such a verification will take only O(k2) time, if k is the
size of m′1 and m′2.

The second part of the paper approaches the problem of finding a modal characteri-
zation of team equivalence over FSMs, in line of what Hennessy and Milner proved for
standard bisimulation equivalence over LTSs [20]. The basic modal logic we start with
is Hennessy-Milner Logic (HML) [20, 3], which is here slightly extended in order to
distinguish between successful and unsuccessful termination; the resulting modal logic
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is called HMT. We prove a basic coherence theorem comparing model checking and
equivalence checking: two places of an FSM are bisimilar if and only if they satisfy the
same HMT formulae. Basic team modal logic (BTML, for short) is a proper, conser-
vative extension of HMT, with an additional operator of parallel composition ⊗ of
formulae, to be used at the top level only. Also in this case, we prove a full coherence
theorem: two markings are team equivalent if and only if they satisfy the same BTML
formulae.

The paper is organized as follows. Section 2 introduces the basic definitions about
finite-state machines and two behavioral equivalences: interleaving bisimilarity and
strong place bisimilarity [4, 5]; the latter is quite interesting, as we will prove that team
equivalence coincides with strong place bisimilarity for FSMs. Section 3 copes with
the equivalence checking problem; first, bisimulation over places of an unmarked net
is defined, showing that the classic results of bisimulation over LTSs also hold in this
case; then, team equivalence is introduced and some examples discussing its pros and
cons are presented; moreover, the minimization of an FSM w.r.t. bisimilarity is defined.
Section 4 describes first HMT (the new variant of HML), its syntax and semantics, and
shows the basic coherence theorem. Then, the new modal logic BTML is introduced
and the full coherence theorem is proved. Finally, Section 5 discusses related literature,
some future research and open problems.

2 Basic Definitions and Behavioral Equivalences

Definition 1. (Multiset) Let N be the set of natural numbers. Given a finite set S, a
multiset over S is a function m : S→ N. The support set dom(m) of a marking m is the
set {s∈ S

∣∣ m(s) 6= 0}. The set of all multisets over S, denoted by M (S), is ranged over
by m, possibly indexed. We write s ∈ m if m(s) > 0. The multiplicity of s in m is given
by the number m(s). The cardinality of m, denoted by |m|, is the number ∑s∈S m(s), i.e.,
the total number of its elements. A multiset m such that dom(m) = /0 is called empty
and is denoted by θ . We write m⊆ m′ if m(s)≤ m′(s) for all s ∈ S.

Multiset union ⊕ is defined as follows: (m⊕m′)(s) = m(s)+m′(s); the operation
⊕ is commutative, associative and has θ as neutral element. If m2 ⊆ m1, then we can
define multiset difference 	 as follows: (m1	m2)(s) = m1(s)−m2(s). The scalar
product of a number j with m is the multiset j ·m defined as ( j ·m)(s) = j · (m(s)).

A multiset m over S = {s1, . . . ,sn} can be represented as k1 ·s1⊕k2 ·s2⊕ . . .⊕kn ·sn,
where k j = m(s j)≥ 0 for j = 1, . . . ,n. 2

Definition 2. (Finite-state machine) A labeled finite-state machine (FSM, for short) is
a tuple N = (S,A,T ), where

• S is the finite set of places, ranged over by s (possibly indexed),
• A is the finite set of labels, ranged over by ` (possibly indexed), and
• T ⊆ S×A× (S∪{θ}) is the finite set of transitions, ranged over by t (possibly in-

dexed), such that, for each ` ∈ A, there exists a transition t ∈ T of the form (s, `,m).

Given a transition t = (s, `,m), we use the notation:

• •t to denote its pre-set s (which is a single place) of tokens to be consumed;
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• l(t) for its label `, and
• t• to denote its post-set m (which is a place or the empty multiset θ ) of tokens to be

produced.

Hence, transition t can be also represented as •t
l(t)−→ t•. 2

Remark 1. (Constraints on the definition of an FSM) Our definition of T as a set
of triples ensures that the net is transition simple, i.e., for all t1, t2 ∈ T , if •t1 =

•t2 and
t•1 = t•2 and l(t1) = l(t2), then t1 = t2. Note also that we are assuming that each transition
has a nonempty pre-set: for our interpretation of net models, where a transition can only
be performed by some sequential process, this requirement is strictly necessary. These
are the only two constraints we impose over the definition of an FSM, as discussed in
[17]. The additional condition that the set A of labels is covered by T (i.e., for each
` ∈ A there exists t ∈ T with label `) is just for economy. 2

Graphically, a place is represented by a little circle, a transition by a little box, which
is connected by a directed arc from the place in its pre-set and to the place in its post-set,
if any.

Definition 3. (Marking, FSM net system, token game) A multiset over S is called a
marking. Given a marking m and a place s, we say that the place s contains m(s) tokens,
graphically represented by m(s) bullets inside place s. An FSM net system N(m0) is a
tuple (S,A,T,m0), where (S,A,T ) is an FSM and m0 is a marking over S, called the
initial marking. We also say that N(m0) is a marked net. An FSM net system N(m0) is
sequential if m0 is a singleton, i.e., |m0|= 1; while it is concurrent if m0 is arbitrary.

A transition t is enabled at marking m, denoted by m[t〉, if •t ⊆m. The execution (or
firing) of t enabled at m produces the marking m′ = (m	•t)⊕t•. This is written m[t〉m′.
This procedure is called the token game. A marking m is stuck if it does not enable any
transition. 2

Example 1. By using the usual drawing convention for Petri nets, Figure 1 shows in (a)
a sequential FSM, which performs a, possibly empty, sequence of a’s and b’s, until it
performs one c and then stops successfully (the token disappears in the end). Note that
a sequential SFM is such that any reachable marking is a singleton or empty. Hence, a
sequential FSM is a safe (or 1-bounded) net: each place in any reachable marking can
hold one token at most.

In (b), a concurrent FSM is depicted, that can perform a forever, interleaved with
two occurrences of b, only: the two tokens in s4 will eventually reach s5, which is a
place representing unsuccessful termination (deadlock). Note that a concurrent FSM is
a k-bounded net, where k is the size of the initial marking: each place in any reachable
marking can hold k tokens at most. 2

Now we recall two well-known behavioral equivalences over Petri nets: interleaving
bisimilarity and strong place bisimilarity.

Definition 4. (Interleaving Bisimulation) Let N = (S,A,T ) be an FSM. An interleav-
ing bisimulation is a relation R⊆M (S)×M (S) such that if (m1,m2) ∈ R then
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s1

a c

s2

b

a)

s3 s4

a b

s5

b)

Fig. 1. A sequential finite-state machine in (a), and a concurrent finite-state machine in (b)

• ∀t1 such that m1[t1〉m′1, ∃t2 such that m2[t2〉m′2 with l(t1) = l(t2) and (m′1,m
′
2) ∈ R,

• ∀t2 such that m2[t2〉m′2, ∃t1 such that m1[t1〉m′1 with l(t1) = l(t2) and (m′1,m
′
2) ∈ R.

Two markings m1 and m2 are interleaving bisimilar (or interleaving bisimulation equiv-
alent), denoted by m1 ∼int m2, if there exists an interleaving bisimulation R such that
(m1,m2) ∈ R. 2

Interleaving bisimilarity ∼int , which is defined as the union of all the interleaving
bisimulations, is the largest interleaving bisimulation and also an equivalence relation.

Remark 2. (Interleaving bisimulation between two nets) The definition above covers
also the case of an interleaving bisimulation between two FSMs, say, N1 = (S1,A,T1)
and N2 = (S2,A,T2) with S1 ∩ S2 = /0, because we may consider just one single FSM
N = (S1∪S2,A,T1∪T2): An interleaving bisimulation R⊆M (S1)×M (S2) is also an
interleaving bisimulation on M (S1∪S2)×M (S1∪S2). Similar considerations hold for
all the bisimulation-like definitions we propose in the following, which will be defined
on a single net only. 2

Remark 3. (Comparing two marked nets) The definition above of interleaving bisim-
ulation is defined over an unmarked FSM, i.e., a net without the specification of an
initial marking m0. Of course, if one desires to compare two marked nets, then it is
enough to find an interleaving bisimulation (over the union of the two nets, as discussed
in the previous remark), containing the pair composed of the respective initial markings.
This approach is also followed for the other bisimulation-like definitions we propose in
the following. 2

We now introduce strong place bisimulation equivalence, proposed in [4, 5] as an
improvement over strong bisimilarity, a place-based, bisimulation-like behavioral rela-
tion defined by Olderog in [27] over safe nets (that is not an equivalence relation). Our
definition is formulated in a slightly different way, but it is coherent with the original
one. An auxiliary definition first.

Definition 5. (Additive closure) Given an FSM net N = (S,A,T ) and a place relation
R⊆ S×S, we define a marking relation R⊕ ⊆ M (S)×M (S), called the additive clo-
sure of R, as the least relation induced by the following axiom and rule.
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(θ ,θ) ∈ R⊕
(s1,s2) ∈ R (m1,m2) ∈ R⊕

(s1⊕m1,s2⊕m2) ∈ R⊕
2

Note that, by definition, two markings are related by R⊕ only if they have the same
size; in fact, the axiom states that the empty marking is related to itself, while the rule,
assuming by induction that m1 and m2 have the same size, ensures that s1⊕m1 and
s2⊕m2 have the same size. An alternative way to define that two markings m1 and m2
are related by R⊕ is to state that m1 can be represented as s1⊕ s2⊕ . . .⊕ sk, m2 can be
represented as s′1⊕ s′2⊕ . . .⊕ s′k and (si,s′i) ∈ R for i = 1, . . . ,k.

Definition 6. (Strong Place Bisimulation) Let N =(S,A,T ) be an FSM. A strong place
bisimulation is a relation R⊆ S×S such that if (m1,m2) ∈ R⊕ then

• ∀t1 such that m1[t1〉m′1, ∃t2 such that m2[t2〉m′2 with (•t1,•t2) ∈ R⊕, l(t1) = l(t2),
(t•1 , t

•
2 ) ∈ R⊕ and (m′1,m

′
2) ∈ R⊕,

• ∀t2 such that m2[t2〉m′2, ∃t1 such that m1[t1〉m′1 with (•t1,•t2) ∈ R⊕, l(t1) = l(t2),
(t•1 , t

•
2 ) ∈ R⊕ and (m′1,m

′
2) ∈ R⊕.

Two markings m1 and m2 are strong place bisimilar (or strong place bisimulation equiv-
alent), denoted by m1 ∼p m2, if there exists a strong place bisimulation R such that
(m1,m2) ∈ R⊕. 2

Strong place bisimilarity ∼p is an equivalence relation [4]. Its definition, however,
is not completely coinductive, as the union of strong place bisimulations may be not a
place bisimulation [4], at least for P/T nets. Nonetheless, ∼p has been characterized as
the union of all the reflexive strong place bisimulations [4].

Of course, strong place bisimilarity is finer than interleaving bisimilarity, because a
strong place bisimulation R is such that R⊕ is an interleaving bisimulation. This will be
illustrated in the following, also by means of examples.

3 A Distributed Approach to Equivalence Checking

3.1 Bisimulation on Places

We recall the definition of bisimulation, originally defined in [28, 25] over LTSs, adapted
here for unmarked FSMs. Because of the shape of FSMs transitions, in the definition
below the post-sets m1 and m2 can be either the empty marking θ or a single place.

Definition 7. (Bisimulation) Let N = (S,A,T ) be an FSM. A bisimulation is a relation
R⊆ S×S such that if (s1,s2) ∈ R then for all ` ∈ A

• ∀m1 such that s1
`−→m1, ∃m2 such that s2

`−→m2 and either m1 = θ = m2 or
(m1,m2) ∈ R,

• ∀m2 such that s2
`−→m2, ∃m1 such that s1

`−→m1 and either m1 = θ = m2 or
(m1,m2) ∈ R.
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Two places s and s′ are bisimilar (or bisimulation equivalent), denoted s ∼ s′, if there
exists a bisimulation R such that (s,s′) ∈ R. 2

We now list some useful properties of bisimulation relations on net places.

Proposition 1. For each FSM N = (S,A,T ), the following hold:

1. the identity relation I = {(s,s)
∣∣ s ∈ S} is a bisimulation;

2. the inverse relation R−1 = {(s′,s)
∣∣ (s,s′) ∈ R} of a bisimulation R is a bisimula-

tion;
3. the relational composition R1 ◦R2 = {(s,s′′)

∣∣ ∃s′.(s,s′) ∈ R1 ∧ (s′,s′′) ∈ R2} of
two bisimulations R1 and R2 is a bisimulation;

4. the union
⋃

i∈I Ri of bisimulations Ri is a bisimulation.

Proof. The proof is a slight adaptation of the analogous results for standard bisimula-
tion on LTSs [25, 34, 16], and so omitted. 2

Remember that s ∼ s′ if there exists a bisimulation containing the pair (s,s′). This
means that ∼ is the union of all bisimulations, i.e.,

∼=
⋃
{R⊆ S×S

∣∣ R is a bisimulation}.

By Proposition 1(4), ∼ is also a bisimulation, hence the largest such relation.

Proposition 2. For each FSM N = (S,A,T ), relation ∼ ⊆ S× S is the largest bisimu-
lation relation. 2

Observe that a bisimulation relation need not be reflexive, symmetric, or transitive.
Nonetheless, the largest bisimulation relation ∼ is an equivalence relation. As a matter
of fact, as the identity relation I is a bisimulation by Proposition 1(1), we have that
I ⊆∼, and so ∼ is reflexive. Symmetry derives from the following argument. For any
(s,s′) ∈ ∼, there exists a bisimulation R such that (s,s′) ∈ R; by Proposition 1(2), rela-
tion R−1 is a bisimulation containing the pair (s′,s); hence, (s′,s)∈∼ because R−1⊆∼.
Transitivity also holds for∼. Assume (s,s′)∈∼ and (s′,s′′)∈∼; hence, there exist two
bisimulations R1 and R2 such that (s,s′) ∈ R1 and (s′,s′′) ∈ R2; by Proposition 1(3),
relation R1 ◦R2 is a bisimulation containing the pair (s,s′′); hence, (s,s′′) ∈ ∼, because
R1 ◦R2 ⊆∼. Summing up, we have the following.

Proposition 3. For each FSM N = (S,A,T ), relation ∼ ⊆ S× S is an equivalence re-
lation. 2

Bisimulation equivalence over a finite-state LTS with n states and m transitions
can be computed in O(m log n) time [31]. The same partition refinement algorithm
can be easily adapted also for FSMs: it is enough to consider the empty marking θ as
an additional, special place which is bisimilar to itself only. Hence, if N has n places
and m transitions, ∼ can be computed in O(m log (n+ 1)) time. It is also possible to
characterize ∼ as the greatest fixed point of a suitable functional over binary relations,
as done over LTSs in [25, 34, 16].
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Fig. 2. Two bisimilar FSMs
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s6

b

s7 s8

c c

s9 s10

Fig. 3. Other two bisimilar FSMs

Example 2. Consider the nets in Figure 2, where the net in (b) is obtained from the
net in (a) by unfolding once the cycle and also by duplicating it. It is not difficult to
realize that relation R = {(s1,s2),(s1,s3),(s1,s4)} is a bisimulation. For instance, let
us consider the pair (s1,s2); we have to prove that for any move of s1, s2 can reply,
and vice versa; the only transition from s1 is s1

a−→ s1, which is matched by one of the
two transitions from s2, e.g., s2

a−→ s3, with (s1,s3) ∈ R, as required; symmetrically, for
any move of s2, s1 can reply, and the reached pairs are (s1,s3) and (s1,s4), which are
both in R, as required. As a matter of fact, any pair of places belongs to relation ∼, i.e.,
∼= S×S, with S = {s1,s2,s3,s4}. 2

Example 3. Consider the nets in Figure 3. A possible bisimulation is R = {(s1,s5),
(s2,s6),(s3,s7),(s3,s8),(s4,s9),(s4,s10)}. This example show that fusion of places is
possible. 2

Example 4. Consider the nets in Figure 4. It is not difficult to realize that relation R =
{(s1,s5),(s2,s6),(s2,s7),(s3,s8),(s4,s8)} is a bisimulation. 2

Example 5. Consider the nets in Figure 5. It is not difficult to realize that s1 � s3. In
fact, s1 may reach s2 by performing a; s3 can reply to this move in two different ways



9

a)

s1

a

s2

b b
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Fig. 4. Two more complex bisimilar FSMs
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s3
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s4
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s5
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c)

s6

a

s7

s8

a

Fig. 5. Some non-bisimilar FSMs

by reaching either s4 or s5; however, while s2 offers both b and c, s4 may perform only
b and s5 only c; hence, s4 and s5 are not bisimilar to s2 and so also s1 is not bisimilar
to s3. This example shows that bisimulation equivalence is sensitive to the timing of
choice.

Furthermore, also s6 and s8 are not bisimilar. In fact, s6 can reach s7 by performing
a, while s8 can reply by reaching the empty marking, but θ � s7. This example shows
that bisimulation equivalence is sensitive to the kind of termination of a process: even
if s7 is stuck, it is not equivalent to θ because the latter is the marking of a properly
terminated process, while s7 denotes a deadlock situation. 2

3.2 Team Equivalence

Starting from bisimilarity over an unmarked FSM, we can define team equivalence $
over its markings in a structural, distributed way.

Definition 8. (Team equivalence) For any FSM N = (S,A,T ), we define team equiva-
lence$⊆M (S)×M (S) as the least relation induced by the following axiom and rule.
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θ $ θ

s1 ∼ s2 m1 $ m2

s1⊕m1 $ s2⊕m2
2

In other words, team equivalence $ is the additive closure of ∼, i.e., $ = ∼⊕.
Hence, team equivalent markings have the same size.

Proposition 4. For any FSM N = (S,A,T ), if m1 $ m2, then |m1|= |m2|. 2

This proposition has the pleasing consequence that the proofs about team equiva-
lence can be done by induction on the size of the involved markings, as illustrated in
the following proposition stating that $ is an equivalence relation.

Proposition 5. For any FSM N = (S,A,T ), relation $⊆ M (S)×M (S) is an equiva-
lence relation.

Proof. By induction on the cardinality of the involved markings. The base case is for
size 0. The only marking of size 0 is the empty marking θ , which can be related only to
itself; hence, on markings of size 0, the relation is an equivalence relation. Now assume
that relation $ over markings of size k is an equivalence relation; we will prove that $
is an equivalence relation also on markings of size k+1.

Reflexivity: s1⊕m1 $ s1⊕m1 is possible only if s1 ∼ s1 and m1 $ m1; this is true
because ∼ is reflexive and m1 is a marking of smaller size and so, by induction, $ is
reflexive on such markings.

Symmetry: Assume s1 ⊕m1 $ s2 ⊕m2 due to s1 ∼ s2 and m1 $ m2; since ∼ is
symmetric, also s2∼ s1; by induction, m2$m1; and so, by rule application in Definition
8, also s2⊕m2 $ s1⊕m1 holds.

Transitivity: Assume s1⊕m1 $ s2⊕m2 due to s1 ∼ s2 and m1 $ m2; assume also
that s2⊕m2 $ s3⊕m3 due to s2 ∼ s3 and m2 $ m3. Since ∼ is transitive, then s1 ∼ s3;
moreover, by induction, we also have that m1 $ m3; therefore, by rule application in
Definition 8, s1⊕m1 $ s3⊕m3, as required. 2

The following theorem provides a characterization of team equivalence as a suit-
able bisimulation-like relation over markings, i.e., over a global model of the overall
behavior. It is interesting to observe that this characterization gives a dynamic inter-
pretation of team equivalence, while Definition 8 gives a structural definition of team
equivalence.

Theorem 1. Let N = (S,A,T ) be an FSM. Two markings m1 and m2 are team equiva-
lent, m1 $ m2, if and only if |m1|= |m2| and

• ∀t1 such that m1[t1〉m′1, ∃t2 such that •t1 ∼ •t2, l(t1) = l(t2), t•1 $ t•2 , m2[t2〉m′2 and
m′1 $ m′2,
• ∀t2 such that m2[t2〉m′2, ∃t1 such that •t1 ∼ •t2, l(t1) = l(t2), t•1 $ t•2 , m1[t1〉m′1 and

m′1 $ m′2.
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Proof. (⇒) If m1 $ m2, then |m1| = |m2| by Proposition 4. Moreover, for any t1 such
that m1[t1〉m′1, we have that m1 = s1⊕m1, where s1 =

•t1. As m1 $m2, by Definition 8,
it follows that there exist s2 and m2 such that m2 = s2⊕m2, s1 ∼ s2 and m1 $m2. Since
s1 ∼ s2, by Definition 7, there exists a transition t2 such that •t2 = s2, l(t2) = l(t1) and
either t•1 = θ = t•2 or t•1 ∼ t•2 . In the former case, m′1 = m1 and m′2 = m2, and so m′1 $m′2
because m1 $ m2; in the latter case, m′1 = t•1 ⊕m1 and m′2 = t•2 ⊕m2, and so m′1 $ m′2
by Definition 8. The case when m2 moves first is symmetric and hence omitted.

(⇐) Let us assume that |m1| = |m2| and that the two bisimulation-like conditions
hold; then, we prove that m1 $ m2. First of all, assume that no transition t1 is enabled
at m1; in such a case, also no transition t2 can be enabled at m2; in fact, if m2[t2〉m′2,
then, by the second condition, a transition t1 must be executable at m1, contradicting
the assumption that no transition is enabled at m1. If each place in m1 is a deadlock,
and similarly each place in m2 is a deadlock, then all the places in m1 and m2 are
pairwise bisimilar; hence, the condition |m1|= |m2| is enough to ensure that m1 $ m2.
Now, assume that m1[t1〉m′1 for some t1; the first condition ensures that there exists
t2 such that •t1 ∼ •t2, l(t1) = l(t2), t•1 $ t•2 , m2[t2〉m′2 and m′1 $ m′2. Note that t•1 $ t•2
holds if and only if either t•1 = θ = t•2 or t•1 ∼ t•2 . In the former case, we have that
m1 =

•t1⊕m′1and m2 =
•t2⊕m′2, and so m1 $m2 by Definition 8. In the latter case, we

have that m′1 = t•1 ⊕m1, m′2 = t•2 ⊕m2, m1 = •t1⊕m1, m2 = •t2⊕m2. Since m′1 $ m′2
and t•1 ∼ t•2 , it follows that m1 $m2, and so m1 $m2, because •t1 ∼ •t2. Symmetrically,
if we start from a transition t2 enabled at m2. 2

Corollary 1. (Strong place bisimilarity and team equivalence coincide) Let N =
(S,A,T ) be an FSM. Two markings m1 and m2 are team equivalent, m1 $ m2, if and
only if they are strong place bisimilar, m1 ∼p m2.

Proof. By Theorem 1, it is clear that bisimulation equivalence ∼ is a strong place
bisimulation, because $ = ∼⊕. Moreover, ∼ is the largest strong place bisimulation,
hence ∼⊕ = ∼p. In fact, suppose, towards a contradiction, that there exists a place
bisimulation R such that ∼⊂ R, i.e., R contains a pair (s1,s2) such that s1 � s2. Since
(s1,s2) ∈ R⊕, by Definition 6, these two places are to be bisimilar, which contradicts
our assumption. 2

Hence, bisimulation equivalence ∼ is the largest strong place bisimulation. There-
fore, our characterization of strong place bisimilarity is very appealing because it is
based on the basic definition of local bisimulation on the places of the unmarked net,
and, moreover, offers a very efficient algorithm to check if two markings are strong
place bisimilar.

In fact, once ∼ is computed in O(m log (n+1)) time (and implemented as an adja-
cency matrix), then the complexity of checking if two markings m1 and m2 (represented
as a list of places with multiplicities) are team equivalent is O(k2), where k is the size
of the markings, since the problem is essentially that of finding for each element s1 of
m1 a matching, bisimilar element s2 of m2, as described by the algorithm in Table 1.

Corollary 2. (Team equivalence is finer than interleaving bisimilarity) Let N =
(S,A,T ) be an FSM. If m1 $ m2 then m1 ∼int m2.

Proof. By Theorem 1, it is clear that $ is an interleaving bisimulation. 2
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Let N = (S,A,T ) be an FSM.
Let ∼⊆ S×S be the bisimulation equivalence, computed by the algorithm in [31].
Let m1 and m2 be two markings on S such that |m1|= k = |m2|.

1. Let R be the set of currently matched bisimilar places, initialized to /0;
2. Let i be an integer variable, initialized to 1;
3. Let b be a boolean variable, initialized to true;
4. while (i≤ k and b) do:

a) select an element s′i from m1;
b) if there exists s′′i ∈ m2 such that s′i ∼ s′′i

then
1) add (s′i,s

′′
i ) to R;

2) m1 := m1	 s′i;
3) m2 := m2	 s′′i ;
4) i := i+1;

else b := false;
5. if b = true then R is the set of matched bisimilar places, justifying that m1 and m2

are team bisimilar.

Table 1. Algorithm for checking whether two markings of equal size are team equivalent

Example 6. Team equivalence is a truly concurrent equivalence. According to [17], the
sequential FSM in Figure 6(a) denotes the net for the sequential CCS [25, 16] process
term a.b.0+ b.a.0, which can perform the two actions a and b in either order. On the
contrary, the concurrent FSM in (b) denotes the net for the parallel CCS process term
a.0|b.0. Note that s1 is not team equivalent to s4⊕ s5, because the two markings have
different size. Nonetheless, s1 and s4⊕ s5 are interleaving bisimilar. 2

Example 7. If two markings m1 and m2 are interleaving bisimilar and have the same
size, then they may be not team equivalent. For instance, consider Figure 6(c), which,
according to [17], denotes the net for the CCS process term a.C |b.0, where C is a
constant with empty body, i.e., C .

= 0. Markings s4⊕ s5 and s6⊕ s7 have the same size,
they are interleaving bisimilar (actually, they are even fully concurrent bisimilar [7]),
but they are not team equivalent. In fact, if s6⊕ s7

a−→ s7⊕ s8, then s4⊕ s5 may try
to respond with s4⊕ s5

a−→ s5, but s7⊕ s8 and s5 are not team bisimilar, as they have
different size. 2

Example 8. Continuing Example 2 about Figure 2, it is clear that, for instance, 2 · s1 is
team bisimilar to any marking obtained with a distribution of two tokens over the places
of the net in (b); for instance, 2 ·s1 $ s2⊕s3 or 2 ·s1 $ 2 ·s4. Moreover, 3 ·s1 $ s2⊕2 ·s4,
as well as s1⊕ s3 $ s2⊕ s4. 2

Example 9. Continuing Example 4 about Figure 4, we have, for instance, that the mark-
ing s1⊕ 2 · s2⊕ s3⊕ s4 is team equivalent to any marking with one token in s5, two
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a)

s1

a b

s2 s3

b a

b)

s4 s5

a b

c)

s6 s7

a b

s8

Fig. 6. Three non-team equivalent net systems: a.b.0+b.a.0, a.0 |b.0 and a.C |b.0 (with C .
= 0)

tokens distributed over s6 and s7, and two tokens in s8; e.g., s5 ⊕ s6 ⊕ s7 ⊕ 2 · s8 or
s5⊕ 2 · s7⊕ 2 · s8. Note that m1 = s1⊕ 2 · s2 has the same size of m2 = 2 · s5⊕ s6, but
the two are not team equivalent; in fact, the algorithm in Table 1 would first match s1
with one instance of s5; then, one instance of s2 with s6; but, now, it is unable to find a
match for the second instance of s2, because the only element left in m2 is s5, and s2 is
not bisimilar to s5. 2

Example 10. Consider again the net in Figure 5(c). Even if s7 is stuck, its addition to
any marking m makes the new marking m⊕ s7 not team equivalent to m. For instance,
s6⊕ s7 6$ s6. This example also shows that team equivalence is sensitive to the size of
the marking. 2

The examples above and the algorithm in Table 1 make clear that two markings m1
and m2 are not team bisimilar if they have different size, or if the algorithm in Table 1
ends with b holding false, i.e., by singling out a place s′i in the residual of m1 which has
no matching bisimilar place in the residual of m2.

3.3 Minimizing Nets

In the theory of deterministic finite automata (DFAs, for short; see, e.g., [21]), two
language equivalent states can be merged to obtain a language equivalent, smaller DFA;
in fact, it is possible to get the least DFA, whose states are language equivalence classes
of the states of the original DFA. Similarly, in the theory of labeled transition systems
(LTSs, for short), two bisimilar states can be merged to get a smaller, behaviorally
equivalent LTS; in fact, it is possible to get the least LTS, whose states are bisimulation
equivalence classes of the states of the original LTS (see, e.g., [16]).

The situation is not very different for finite-state machines, where the bisimulation
equivalence relation∼ over places can be used to obtain reduced nets. Also in this case,
two bisimilar places can be safely merged; hence, given an FSM N, we can get its be-
haviorally equivalent, reduced FSM net N′, whose places are bisimulation equivalence
classes of places of N.

Definition 9. (Reduced net) Let N = (S,A,T ) be an FSM and let ∼ be the bisimula-
tion equivalence relation over its places. The reduced net N′ = (S′,A,T ′) is defined as
follows:
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a)

s1

a

s2

a a

s3

a a

s4 s5

b b

s6

b

b)

s7

a

s8

b

Fig. 7. An FSM in (a) and its reduced net in (b)

• S′ = {[s]∼
∣∣ s ∈ S}, where [s]∼ = {s′ ∈ S

∣∣ s∼ s′};
• T ′ = {([s]∼,a, [m]∼)

∣∣ (s,a,m) ∈ T},

where [m]∼ is defined as follows: [θ ]∼ = θ and [m1⊕m2]∼ = [m1]∼⊕ [m2]∼. If the net
N has initial marking m0 = k1 · s1⊕ . . .⊕ kn · sn, then N′ has initial marking [m0]∼ =
k1 · [s1]∼⊕ . . .⊕ kn · [sn]∼. 2

Lemma 1. Let N = (S,A,T ) be an FSM and let N′ = (S′,A,T ′) be its reduced net w.r.t.
∼. Relation R = {(s, [s]∼)

∣∣ s ∈ S} is a bisimulation.

Proof. If s a−→m, then also [s]∼
a−→ [m]∼ by definition of T ′; if m = θ , then also [θ ]∼ =

θ and so the bisimulation condition is satisfied; otherwise, if m = s′, then (s′, [s′]∼)∈ R,
as required. The case when [s]∼ moves first is slightly more complex for the freedom in
choosing the representative in an equivalence class. Transition [s]∼

a−→ [m]∼ is possi-
ble, by Definition of T ′, if there exists m′ ∈ [m]∼ such that s a−→m′; if m = θ , then also
m′ = θ and the bisimulation condition is satisfied; otherwise, if m′ = s′, then m = s′′

with s′ ∼ s′′, so that [s′]∼ = [s′′]∼; hence, (s′, [s′]∼) ∈ R, as required. 2

Theorem 2. Let N = (S,A,T ) be an FSM and let N′ = (S′,A,T ′) be its reduced net
w.r.t. ∼. For every m ∈M (S), we have that m$ [m]∼.

Proof. By induction on the size of m. If m = θ , then [m]∼ = θ and the thesis follows
trivially. If m= s⊕m′, then [m]∼= [s]∼⊕ [m′]∼; by Lemma 1, s∼ [s]∼ and, by induction,
m′ $ [m′]∼; therefore, by the rule in Definition 8, m$ [m]∼. 2

As a consequence of this theorem, we would like to point out that the reduced net
w.r.t. ∼ is indeed the least net offering the same team behavior as the original net: no
further fusion of places can be done, as there are not two places in the reduced net which
are bisimilar.

Example 11. Continuing Example 2, consider the net in Figure 2(b). Since ∼= S×S,
with S = {s2,s3,s4}, it follows that its reduced net is isomorphic to the net in Figure
2(a), where s1 stands for [s2]∼ = {s2,s3,s4}. 2
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Example 12. Continuing Example 4 about Figure 4, we have that ∼= R∪R−1 ∪I ,
where R= {(s1,s5),(s2,s6),(s2,s7),(s6,s7),(s3,s8),(s4,s8),(s3,s4)}. Hence, the reduced
net is composed of three places only, namely [s1]∼ = {s1,s5}, [s2]∼ = {s2,s6,s7} and
[s3]∼ = {s3,s4,s8}, and three transitions only, namely ([s1]∼,a, [s2]∼),([s2]∼,b, [s3]∼)
and ([s3]∼,c, [s1]∼). 2

Example 13. Consider the net in Figure 7(a). It is not difficult to realize that the equiva-
lence classes of ∼ are {s1,s2,s3} and {s4,s5,s6}. Hence, the reduced net is isomorphic
to the net in Figure 7(b). If the initial marking of the net in (a) is s1⊕ s3, then the ini-
tial marking of the reduced net is 2 · s7. Of course, the two initial markings are team
equivalent. 2

4 Modal Characterization

In this section we propose a new modal logic, called BTML (basic team modal logic),
based on a variation of Hennessy-Milner Logic [20, 3], called HMT, which is sensitive
to the kind of termination. We will prove that model checking is coherent with equiv-
alence checking: two markings are team bisimilar if and only if they satisfy the same
BTML formulae.

4.1 HMT: Hennessy-Milner Logic with Termination

Here we propose a slight variation of Hennessy-Milner Logic [20, 3], which is sensitive
to the kind of termination (see Examples 1 and 5). The HMT formulae are generated
from the finite set A of actions by the following abstract syntax:

F ::= nn | vv | F ∧F | F ∨F | 〈a〉F | [a]F

where a is any action in A, nn and vv denote two atomic propositions (which are not
true and false), ∧ is the operator of logical conjunction, ∨ is disjunction, 〈a〉F denotes
possibility (it is possible to do a and then reach a place/marking where F holds), [a]F
denotes necessity (by doing a, only places/markings where F holds can be reached).
We denote by FA the set of all HMT formulae, built from the actions in A. The logical
values tt for true and ff for false can be defined as derived operators:

tt = nn∨ vv ff = nn∧ vv.
We sometimes use some useful abbreviations: if B = {a1,a2, . . . ,ak} ⊆ A, k ≥ 1,

then 〈B〉F stands for 〈a1〉F ∨〈a2〉F ∨ . . .∨〈ak〉F , and [B]F stands for [a1]F ∧ [a2]F ∧
. . .∧ [ak]F . In case B = /0, then 〈B〉F = ff and [B]F = nn; the reason for the latter will
be clear in the following.

The semantics of a formula F is the set of places (including the empty marking
θ ) that satisfy it; hence, the semantic function is parametrized with respect to some
given FSM N = (S,A,T ). Let J−Kh : FA→℘(S∪{θ}) be the denotational semantics
function, defined in Table 2.
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JnnKh = S JvvKh = {θ} JttKh = S∪{θ} JffKh = /0

JF1∧F2Kh = JF1Kh∩ JF2Kh JF1∨F2Kh = JF1Kh∪ JF2Kh

J〈a〉FKh = {s ∈ S
∣∣ ∃m.s a−→m and m ∈ JFKh}

J[a]FKh = {s ∈ S
∣∣ ∀m(s a−→m implies m ∈ JFKh)}

Table 2. Denotational semantics

Proposition 6. Let N = (S,A,T ) be an FSM. For every F ∈FA, we have that JFKh is
a finite set.

Proof. By inspecting the cases in Table 2, JFKh is always a subset of the universe S∪
{θ}, which is a finite set. 2

Definition 10. (HMT satisfaction relation) We say that a place s satisfies a formula
F, written s � F, if s ∈ JFKh; similarly, the empty marking θ satisfies F, written θ � F,
if θ ∈ JFKh. 2

Of course, this definition offers a trivial model-checking algorithm. In order to
check whether a place s (or the empty marking θ ) satisfies a formula F , just compute
the finite set JFKh and then verify whether s (or θ ) belongs to this set.

Let us now comment on the semantic definitions in Table 2. The semantics of nn is
S: all the places satisfy nn, but not the empty marking θ ; complementarily, the seman-
tics of vv is {θ}: only the empty marking satisfies vv. Note that the semantics of the
logical values tt and ff respects the expected condition that all the places (and the empty
marking) satisfy tt , while no place (and not even the empty marking) satisfies ff. Indeed,

JttKh = Jnn∨ vvKh = JnnKh∪ JvvKh = S∪{θ}, and
JffKh = Jnn∧ vvKh = JnnKh∩ JvvKh = S∩{θ}= /0.

The logical operator of conjunction ∧ is interpreted as intersection ∩ of the set
of places satisfied by the two subformulae; symmetrically, disjunction is interpreted as
set union.

The semantics of 〈a〉F is the set of all the places that can perform a and, in doing
so, reach a place (or the empty marking) satisfying F . Therefore, the formula 〈a〉nn is
satisfied by any place able to perform a, reaching another place; while 〈a〉vv by any
place able to perform a, reaching the empty marking. Of course, 〈a〉tt is satisfied by any
place able to perform a.

The semantics of [a]F is the set of all the places that, by performing a, can only
reach places (or the empty marking) satisfying F . Note that a place s, which is unable
to perform a altogether, satisfies [a]F , for any F , because the universal quantification in
the definition of its semantic is vacuously satisfied; however, the empty marking does
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nnc = vv vvc = nn (F1∧F2)
c = Fc

1 ∨Fc
2

(F1∨F2)
c = Fc

1 ∧Fc
2 (〈a〉F)c = [a](Fc)∨ vv ([a]F)c = 〈a〉(Fc)∨ vv

Table 3. Negation as complement

not satisfy [a]F for any F . Therefore, the formula [a]nn is satisfied by any place that,
by performing a, can never reach the empty marking; while [a]vv by any place that, by
performing a, can never reach a place; hence, [a]ff is satisfied by any place that cannot
perform a. To explain why the auxiliary notation [B]F , when B = /0, is to be interpreted
as nn, we have to point out that the semantics of a box formula [a]F is a set of places
(not the empty marking), and so all the places, and only the places, satisfy this formula.

Example 14. Let us consider the net in Figure 4. It is not difficult to realize that formula
F = [a][b]〈c〉nn is such that s1 � F and s5 � F . Also formula F ′ = 〈a〉[b]ff is such that
s1 2 F ′ and s5 2 F ′. 2

Example 15. Let us consider the net in Figure 5. It is not difficult to realize that formula
F = [a]〈b〉vv is such that s1 � F while s3 2 F . Moreover, formula F ′ = 〈a〉vv is such
that s8 � F ′ while s6 2 F ′. 2

Two formulae F1 and F2 are equivalent, denoted by F1 ' F2, if JF1Kh = JF2Kh for all
FSMs. Several equalities hold over HMT formulae, a few of which are outlined below.

Proposition 7. The following equalities over HMT formulae hold:

1. F1∧ (F2∧F3) ' (F1∧F2)∧F3 2. F1∨F2 ' F2∨F1
3. (F1∧F2)∨F3 ' (F1∨F3)∧ (F2∨F3) 4. F ∨ ff ' F
5. F1∧ (F2∨F3) ' (F1∧F2)∨ (F1∧F3) 6. F ∧ tt ' F
7. 〈a〉(F1∨F2) ' 〈a〉F1∨〈a〉F2 8. [a](F1∧F2) ' [a]F1∧ [a]F2

2

Negation is not included syntactically in HMT, but semantically we can show, as
described in [3] for HML, that any formula F has an associated formula Fc, we call the
complement of F and defined in Table 3, such that the following holds:

JFcKh = JFKh = (S∪{ε})\ JFKh.

Note that tt c = (nn∨ vv)c = nnc ∧ vvc = vv∧ nn = ff. Similarly, one can see that
ff c = tt.

We would like to comment on a few of them, in particular, (〈a〉F)c = [a](Fc)∨vv.
Remember that the universe is S∪{θ} and so the negation of 〈a〉F is to be computed
w.r.t. this universe. Hence, we have to consider not only those places that, by doing a,
can only reach some marking not satisfying F (which is the semantics of [a](Fc)), but
also the empty marking, which in fact satisfies vv. Similarly, ([a]F)c = 〈a〉(Fc)∨ vv
because, since the semantics of [a]F is a set of places, its complement contains also the
empty marking, which is not included in the semantics of 〈a〉(Fc).
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We are now ready to prove the basic coherence theorem: two places are bisimilar if
and only if they satisfy the same HMT formulae. The proof follows the same steps of
the original proof in [20, 3] for HML and LTSs.

Proposition 8. Let N = (S,A,T ) be an FSM. If s1 ∼ s2, then s1 and s2 satisfy the same
HMT formulae, i.e., {F1 ∈FA

∣∣ s1 � F1}= {F2 ∈FA
∣∣ s2 � F2}.

Proof. Let us assume that s1 ∼ s2. We will prove that, for any F ∈FA, if s1 � F then
also s2 � F. This is enough because, by a symmetric argument, we can also prove that
if s2 � F then also s1 � F, and so s1 and s2 satisfy the same HMT formulae.

The proof, by induction of the structure of F, proceeds by case analysis on the shape
of F; the first two cases are the base cases of the induction.

• F = nn: note that s2 � nn, because s2 is a place.
• F = vv: s1 cannot satisfy vv, because only θ satisfies it; hence, this case is empty.
• F = F1∧F2: since s1 � F1∧F2, it follows that s1 � F1 and s1 � F2; by induction, we

can assume that also s2 � F1 and s2 � F2; hence, also s2 � F1∧F2, as required.
• F = F1∨F2: analogous to the previous one, hence omitted.
• F = 〈a〉F ′: since s1 � 〈a〉F ′, there exists a marking m1 such that s1

a−→m1 and
m1 �F ′; by definition of∼, there exists a marking m2 such that s2

a−→m2 and either
m1 = θ = m2 or m1 ∼ m2. In the former case, since m1 = m2, also m2 � F ′ holds;
hence, s2 � 〈a〉F ′. In the latter case, since m1 ∼ m2 and m1 � F ′, we can apply
induction (because F ′ is a subformula) and conclude that also m2 � F ′; hence,
s2 � 〈a〉F ′ also in this case.
• F = [a]F ′: since s1 � [a]F ′, for all m1 such that s1

a−→m1, it follows that m1 � F ′.
As s1 ∼ s2, for each m2 such that s2

a−→m2, there exists m1 such that s1
a−→m1

and either m2 = θ = m1 or m1 ∼ m2. Now, if m2 = θ = m1, then also m2 � F ′;
otherwise, since m1 ∼ m2 and m1 � F ′, by induction, it follows also that m2 � F ′.
Hence, for all m2 such that s2

a−→m2, we have that m2 � F ′; therefore, s2 � [a]F ′,
as required.

As no other cases are possible, the proof is complete. 2

Proposition 9. Let N = (S,A,T ) be an FSM. If s1 and s2 satisfy the same HMT formu-
lae, i.e., {F1 ∈FA

∣∣ s1 � F1}= {F2 ∈FA
∣∣ s2 � F2}, then s1 ∼ s2.

Proof. We want to prove that R = {(s,s′)
∣∣ s and s′ satisfy the same HMT formulae}

is a bisimulation, hence proving that two places that satisfy the same formulae are
bisimilar.

Assume (s1,s2)∈ R and s1
a−→m1. We will prove that there exists some m2 such that

s2
a−→m2 and either m2 = θ = m1 or (m1,m2)∈ R. Since R is symmetric, this is enough

for proving that R is a bisimulation.
Assume, towards a contradiction, that there exists no m2 such that s2

a−→m2 and
either m2 = θ = m1 or (m1,m2) ∈ R. In the former case, if m1 = θ and s2 6

a−→θ , then
the formula 〈a〉vv is satisfied by s1 but not by s2, contradicting the previous assumption
that s1 and s2 satisfy the same formulae.

In the latter case, since the net is finite, the set {m ∈ S
∣∣ s2

a−→m} is finite; let
us denote such a set by {m′1,m′2, . . . ,m′k}, where k ≥ 0. By assumption, for j = 1, . . . ,k,
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none of the m′j is such that (m1,m′j)∈R, and so none of them satisfies the same formulae
of m1. Therefore, for each j = 1, . . . ,k, there exists a formula Fj such that m1 � Fj while
m′j 2 Fj. Hence, the formula

F = 〈a〉(F1∧F2∧ . . .∧Fk)
is such that s1 � F while s2 2 F, contradicting also in this case the previous assumption
that s1 and s2 satisfy the same formulae. (In case k = 0, F = 〈a〉tt.) 2

Theorem 3. (Basic coherence) Let N = (S,A,T ) be a FSM and let s1,s2 ∈ S. It holds
that s1 ∼ s2 if and only if {F1 ∈FA

∣∣ s1 � F1}= {F2 ∈FA
∣∣ s2 � F2}.

Proof. Direct consequence of Propositions 8 and 9. 2

4.2 BTML: Basic Team Modal Logic

The BTML formulae are generated from the HMT formulae, built from the finite set A
of actions, by the following abstract syntax:

G ::= F | G⊗G

where F is an HMT formula in FA and ⊗ is the parallel composition of formulae.
We denote by GA the set of all BTML formulae.

Given an FSM N = (S,A,T ), let J−Kt : GA→℘(M (S)) be the denotational seman-
tics function, defined as follows:

JFKt = JFKh JG1⊗G2Kt = JG1Kt ⊗ JG2Kt

where M1⊗M2 = {m1⊕m2
∣∣ m1 ∈M1,m2 ∈M2}.

Proposition 10. Let N = (S,A,T ) be an FSM. For every G ∈ GA, we have that JGKt is
a finite set of markings.

Proof. By induction on the structure of G. The base case is when G is actually an HMT
formula; in such a case, Proposition 6 ensures that its semantics is a finite subset of
S∪{θ}. If G = G1⊗G2, then by induction, we can assume that JG1Kt and JG2Kt are
finite sets of size k1 and k2, respectively; the thesis follows by observing that the size of
JG1Kt ⊗ JG2Kt is less than, or equal to, k1× k2. 2

Definition 11. (BTML satisfaction relation) We say that a marking m satisfies for-
mula G, written m � G, if m ∈ JGKt . 2

Of course, this definition offers a trivial model-checking algorithm. In order to
check whether a marking m satisfies a formula G, just compute the finite set JGKt and
then verify whether m belongs to this set.

Two formulae G1 and G2 are equivalent, denoted by G1 ' G2, if JG1Kt = JG2Kt for
all FSMs. Some equalities hold over BTML formulae, as outlined below.

Proposition 11. The following equalities over BTML formulae hold:

1. G1⊗ (G2⊗G3)' (G1⊗G2)⊗G3,
2. G1⊗G2 ' G2⊗G1,
3. G⊗ vv' G.
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2

The equalities above allows us to consider a restricted class of formulae, where
occurrences of the subformula vv are always absorbed, and that are right associative,
so that any formula G1⊗G2, which is not equivalent to vv, can be manipulated (by
exploiting associativity and commutativity of ⊗ and vv absorption) to an equivalent
form as F⊗G, where F is an HMT formula. This is implicitly assumed in the proof of
Proposition 12.

Example 16. Let us consider the FSM in Figure 4 and the formula F1⊗F2, where F1 =
[a][b]〈c〉nn and F2 = [{a,c}]ff. The marking s1⊕ s2 satisfies F1⊗F2 because s1 � F1
and s2 � F2. The semantics of F1⊗F2 is given by {s1,s5}⊗{s2,s6,s7}= {s1⊕ s2,s1⊕
s6,s1⊕ s7,s5⊕ s2,s5⊕ s6,s5⊕ s7}. 2

Example 17. Let us consider the FSM in Figure 7 and the formula F ⊗F ⊗F , where
F = [a][b]〈b〉nn. The marking s1⊕ s2⊕ s3 satisfies F ⊗F ⊗F because s1 � F , s2 � F
and s3 � F . The semantics of F ⊗F ⊗F is given by {s1,s2,s3,s7}⊗{s1,s2,s3,s7}⊗
{s1,s2,s3,s7}. For instance, s2⊕2 · s7 � F⊗F⊗F . 2

Proposition 12. Let N = (S,A,T ) be a FSM. If m1 $ m2, then m1 and m2 satisfy the
same BTML formulae, i.e., {G1 ∈ GA

∣∣ m1 � G1}= {G2 ∈ GA
∣∣ m2 � G2}.

Proof. By induction on the size k of the involved, team equivalent markings.
If k = 0, then m1 = θ = m2 and so the two markings satisfy the same formulae.
If k = n+1, then, by Definition 8, m1 = s1⊕m′1, m2 = s2⊕m′2 such that s1 ∼ s2 and

m′1 $ m′2. Note that, by Definition 11, m1 satisfies all the BTML formulae F1⊗G1 such
that s1 � F1 and m′1 �G1 (and also all the other formulae equivalent to these according
to Proposition 11). Symmetrically for m2.

By Proposition 8, s1 and s2 satisfy the same HMT formulae: {F1 ∈ FA
∣∣ s1 �

F1} = {F2 ∈FA
∣∣ s2 � F2}. By induction, we also have that {G1 ∈ GA

∣∣ m′1 � G1} =
{G2 ∈ GA

∣∣ m′2 � G2}. Hence, the thesis follows easily. 2

Proposition 13. Let N = (S,A,T ) be a FSM. If m1 and m2 satisfy the same BTML
formulae, i.e., {G1 ∈ GA

∣∣ m1 � G1}= {G2 ∈ GA
∣∣ m2 � G2}, then m1 $ m2.

Proof. We actually prove the contranominal: if two markings are not team equivalent,
then they do not satisfy the same BTML formulae. Two markings are not team equivalent
if they have not the same size or if the algorithm in Table 1 fails. In the former case,
assume that |m1|= k > |m2| for some k ≥ 1. Then, the BTML formula

nnk = nn⊗ . . .⊗nn︸ ︷︷ ︸
k times

is such that m1 � nnk, while m2 2 nnk, and so m1 and m2 do not satisfy the same BTML
formulae.

In the latter case, looking at the algorithm in Table 1, let s′i be the element of the
residual of m1 that has no bisimilar match in the residual of m2. Assume that dom(m2)
has k ≥ 1 places which are not bisimilar to s′i, namely {s′′1 , . . . ,s′′k} ⊆ dom(m2). Hence,
by (the contranominal of) Proposition 9, for each s′′j ∈ m2, there is an HMT formula Fj
such that s′i � Fj and s′′j 2 Fj, for j = 1, . . . ,k. Let m′1 be the marking composed of all
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the elements s′ in m1 such that s′ ∼ s′i; to be precise, any s ∈ m′1 is such that s∼ s′i, and
any s ∈ m1	m′1 is such that s� s′i. Then,

m′1 � Gh = G⊗ . . .⊗G︸ ︷︷ ︸
h times

,

where G = F1 ∧ . . .∧ Fk and h = |m′1|. By Definition 11, also m1 � Gh ⊗ nnl , where
l = |m1| − |m′1|. On the contrary, m2 2 Gh⊗ nnl because in m2 there are less than h
elements which are bisimilar to s′i and any other s′′j is such that s′′j 2 Fj and so s′′j 2 G.
In conclusion, m1 and m2 do not satisfy the same BTML formulae. 2

Theorem 4. (Full coherence) Let N = (S,A,T ) be a FSM and let m1,m2 two markings.
It holds that m1 $ m2 if and only if m1 and m2 satisfy the same BTML formulae, i.e.,
{G1 ∈ GA

∣∣ m1 � G1}= {G2 ∈ GA
∣∣ m2 � G2}.

Proof. Direct consequence of Propositions 12 and 13. 2

5 Conclusion, Related Literature and Future Research

Team equivalence is a truly concurrent equivalence which seems the most natural, intu-
itive and simple extension of LTS bisimulation equivalence to FSMs; it also has a very
low complexity, actually the lowest one, to the best of our knowledge, for FMSs. More-
over, it coincides with strong place bisimilarity, proposed by Autant, Belmesk and Sch-
noebelen in [4, 5], an equivalence relation refining an earlier proposal by Olderog [27],
under the name of strong bisimilarity. In [15] van Glabbeek shows that strong place
bisimilarity is finer than his structure-preserving bisimilarity, an equivalence relation
relating markings of the same size only, which is, in turn, finer than history-preserving
bisimilarity [32], which on nets takes the form of so-called fully concurrent bisimi-
larity [7]. Moreover, in [15] it is proved that structure-preserving bisimilarity (hence
also team equivalence, being finer than it) respects the causal semantics of nets: two
structure-preserving bisimilar nets have the same same causal nets [6, 27].

According to [17], (concurrent) finite-state machines can be represented by a simple
CCS [25, 16] subcalculus, called CFM, which comprises the empty process 0, the action
prefixing operator, the choice operator, constants (for recursion) and the asynchronous
(i.e., without communication capabilities) parallel operator, to be used at the top level
only. We claim that team equivalence is a congruence, i.e., it is preserved by the CFM
operators, and so it would be interesting to investigate a (possibly finite) axiomatization
of team equivalence over CFM process terms. This axiomatization might be obtained
by adding, to the sound and complete set of axioms of strong bisimilarity for finite-state
CCS [24] (suitably adapted to consider the peculiar way the empty process 0 is dealt
with in [17]), the expected axioms for the parallel operator, stating that it is associative,
commutative, with 0 as its identity.

Since CFM is the process algebra representing, up to net isomorphism, all the possi-
ble finite-state machines [17], it would also be interesting to compare team equivalence
with other non-interleaving equivalences proposed on process algebras, such as dis-
tributed bisimulation equivalence [11] or causal bisimuation equivalence [12] (the latter
being equivalent to history-preserving bisimilarity [32]). Aceto in [2] shows that these
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non-interleaving equivalences do coincide on a simple calculus rather similar to CFM.
As discussed above, team equivalence coincides with strong place bisimilarity, which is
finer than structure-preserving bisimilarity, which is finer than history-preserving bisim-
ilarity; hence, team equivalence is finer than all of these non-interleaving behavioral
equivalences. However, team equivalence and history-preserving bisimilarity are close
enough, as the difference is essentially in the way they deal with stuck places (i.e.,
places that do not enable any transition). For instance, if m1 and m2 are team equivalent
(and so also history-preserving bisimilar) and m is a stuck marking, then m1 is history-
preserving bisimilar to (but not team bisimilar to) m2⊕m. This observation may induce
to think that if m1 and m2 are history-preserving bisimilar and have the same size,
then they are team equivalent. This is not true; in fact, Example 7 discusses two CFM
processes, whose net semantics is outlined in Figure 6(b) and (c), which are history-
preserving bisimilar, have the same size, but are not team equivalent. Nonetheless, we
conjecture that a history-preserving (or fully concurrent [7]) bisimulation R on an FSM,
with the property that for all pairs (m1,m2) ∈ R, m1 and m2 have the same size, is ac-
tually such that m1 and m2 are team equivalent. Hence, we think that team equivalence
can be seen as a resource-aware strengthening of history-preserving bisimilarity. As a
matter of fact, a token in a place of an FSM represents a sequential process, so that one
processor is needed to implement it. Therefore, the marking gives a precise information
about the number of resources/processors that are needed to implement the system. In
this way, an equivalence relation, like team equivalence, which relates markings of the
same size only is resource aware, and so more useful from a practical point of view.

Team equivalence is characterized by a very simple and natural modal logic, namely
BTML, extending conservatively Hennessy-Milner Logic (HML). BTML parallel com-
position operator ⊗ on formulae reminds the spatial operator of Caires’ and Cardelli’s
spatial logic [10], also used on spatial transition systems in [1]. More complex modal
logics characterizing some non-interleaving equivalences have been proposed in, e.g.,
[9, 8]. Another possible future work is to extend BTML to become a temporal logic,
with least and greatest fixpoint operators, as in Kozen’s modal mu-calculus [23].

We are planning to extend team equivalence to FSMs with silent moves [19]. We
are also planning to extend our approach to more generous subclasses of Petri nets; in
particular, in [18], we are extending this approach to BPP nets (i.e., nets whose transi-
tions have singleton pre-set, but with arbitrary post-set); such extension requires a new
definition of bisimulation on places, called team bisimulation, and a proper extension
of BTML, called TML.

Acknowledgments: The anonymous referees are thanked for their detailed comments
and suggestions. Luca Aceto is warmly thanked for his careful proof-reading and for
serving as an editor for this paper.
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