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ABSTRACT

A maximum bandwidth broadcast problem in multi-interface
networks is considered, where each transmission, simultane-
ously serving a group of nodes, achieves a total bandwidth
equal to the product between the smallest node bandwidth
in the group and the cardinality of the group. Two vari-
ants of the problem are studied, called the K-Maximum
Bandwidth Broadcast in Single-Interface Networks (MBDB)
and K-Mazimum Bandwidth Broadcast in Multiple-Interface
Networks (MBBM) problems. It is shown that the former
problem can be optimally solved in polynomial time, while
the latter one is computationally intractable (i.e. NP-hard).
Polynomial time algorithms are devised for optimally solv-
ing some particular cases of MBBM where a common order
holds and the number of used interfaces is polylogarithmic
in the number of nodes.

Categories and Subject Descriptors

C.2 [Computer-communication Netw.]; C.2.2 [Network
Protocols]: [Broadcast]; F.2 [Analysis of Algorithms
and Problem Complexity]

General Terms
Algorithms

Keywords

Multi-Interface Networks, Wireless Networks, Broadcast, Max-

imum Bandwidth, Dynamic Programming, NP-completeness

1. INTRODUCTION

Broadcasting is certainly one of the most important oper-
ations when dealing with communication networks. Such
an operation is usually provided among the basic primitives
implemented in a network in order to set up the normal be-
havior of a network or to make some upgrades. According
to the considered model and environment, many algorithms
have been proposed so far to solve the broadcast problem.
Here we are interested in multi-interface networks where a
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source node s can communicate with all the nodes of the
network by means of different interfaces. Each node admits
a maximum receiving bandwidth for each interface it holds.
In particular, for each interface ¢ and for each node j, the
value b;, ; represents the maximum bandwidth at which node
j can receive by means of interface i. Note that, by setting
bi,; = 0 we may assume that node j does not hold interface i.
The broadcast operation allows s to transmit concurrently
over all possible interfaces, but each node can receive only
from one interface at a time. Moreover, for each interface
used by s, the maximum bandwidth of the corresponding
transmission must be the smallest one among all the val-
ues associated to the nodes receiving via such an interface.
The goal is then to decide which nodes receive over which
interface in order to maximize the transmission bandwidth
of s over all the interfaces chosen for the transmission task.
This choice might depend on various parameters related to
the employed technology, available interfaces, or input vari-
ables. The problem is certainly of practical interest but
its formalization also represents an intriguing combinatorial
problem.

At the best of our knowledge, only a few papers have con-
sidered a broadcasting model of multi-interface networks in
which each transmission, simultaneously serving a group of
nodes, has an overall bandwidth equal to the product be-
tween the smallest node bandwidth in the group and the
cardinality of the group. Indeed, such a model has been
used in the local rate maximization problem, one of the four
stages of the distributed and localized heuristics presented in
[5, 6] for computing distributed 2-hop trees for broadcasting
in multi-radio multi-rate multi-channel wireless mesh net-
works.

In this paper, we formally introduce two variants of the max-
imum bandwidth broadcast problem, called the K-Mazimum
Bandwidth Broadcast in Single-Interface Networks (MBB)
and K-Mazimum Bandwidth Broadcast in Multiple-Interface
Networks (MBBM) problems. The former problem is de-
fined in Section 2, where polynomial time algorithms are
also proposed to optimally solve it. The latter problem is
formulated in Section 3, where it is shown that it is compu-
tationally intractable (i.e. NP-hard) in general and polyno-
mial time algorithms are devised for optimally solving some
particular cases. Specifically, MBBM is polynomially time
solvable when there are at most two interfaces, while it can
be reduced to a Resource Constrained Shortest Path (RCSP)
problem when a common order holds (CMBBM). Although



RCSP is also NP-hard in general, CMBBM is polynomial
when the number of used interfaces is polylogarithmic in
the number of nodes.

2. SINGLE INTERFACE

Let S be a set of N nodes, each equipped with a unique
interface to communicate with the other nodes. For each
node j, let b; be the maximum bandwidth that can be used
to communicate toward node j. A transmission that simul-
taneously serves a subset of nodes A; C S is assumed to
transfer data at a rate equal to minjec4,{b;}. Given a num-
ber K of communications, with K < N, the K-Maximum
Bandwidth Broadcast in Single-Interface Networks (MBB for
short) can be stated as follows.

MBB: K-Maximum Bandwidth Broadcast in Single-Interface
Networks

A set S of N nodes, a bandwidth function b :

S — R} and an integer K < N.

Solution: A partition Ay, As, ..., Ax of S which asso-
ciates each subset of nodes to one different com-
munication.

Goal: Maximize S5 |A;| minjea, {b;}.

Input:

In words, we want to determine which subsets of nodes the
source s (external to the network) has to reach simultane-
ously in order to maximize the bandwidth achievable by a
broadcast trasmission which performs at most K communi-
cations.

In the following, let min; = minjeca,{b;} denote the max-
imum bandwidth achievable when the group A; of nodes
is reached with the same communication and let the set
of nodes S = {1,2,..., N} be indexed in such a way that
b; > b; whenever i < j.

LEMMA 1. Let S = {1,2,...,N} be the set of nodes in-
dezed in such a way that b; > b; whenever i < j. Then,
there exists an optimal solution for the MBB problem which
partitions the nodes into K groups Ai,..., Ak, where each
group is made of consecutive nodes.

ProOF. Consider an optimal solution o whose groups
are not made of consecutive nodes. Order the partition
Ai,..., Ak of o in such a way that min; > min;, for 1 <
1 < j < K. Clearly, ming = mini<;j<n{b;} = bn, ie.
N € Ag. Let A; be the group not made of consecutive
nodes with the largest index. Let £ and p be, respectively,
the smallest node which is missing in the group A: and the
smallest node in A; out of order. Note that the node with
bandwidth min; cannot be out of order, or equivalently it
has index N — Ef:tﬂ |A;|, because A¢q1,..., Ak consist
of consecutive nodes and min; > --- > ming. Thus, the
missing node has index £ < N — Z;{:Hl |A;| — 1. Clearly

by > by > bezK |4 = min;. Denoted with A;, the
j=t41 147

group to which ¢ belongs in o, and recalling that ¢ is the

smallest node out of order, min;, = b, holds. Now, ex-

change node £ with node p. The new solution o’ achieves
a transmission bandwidth larger than or equal to that of o

because the minimum bandwidth in group A: remains the
same, while min;, cannot decrease. Repeating the above
process until no node out of order can be found, we build
an optimal solution whose groups are made of consecutive
nodes. [

Hereafter, thus, it is assumed that the nodes are sorted by
non-increasing bandwidth, and the optimal solutions will be
sought within the class of segmentations. A segmentation is
a partition Ai,..., Ak, such that if i € A; and p € A; then
h € A; whenever i < h < p. A segmentation

1,...,B1,Bi1+1,...,B2,...,Bxk-1+1,...,N
——

Ay Az Ak

will be more compactly denoted by the (K — 1)-tuple
(Bl7 BZ, ey BKfl)

of its right borders, where border Bj; is the index of the
last node that belongs to group A;. Notice that it is not
necessary to specify Bk, the index of the last node of the
last group, because its value will be N for any solution. From
now on, Bi_1 will be referred to as the final border of the
solution. The cardinality of Bj, i.e. the number n; of items
in the group, is n; = Bj — Bj_1, where Bp = 0 and Bx = N
are assumed. Clearly, in each group bp, = min;.

2.1 Polynomial time algorithms
For any two integers n < N and k < K, let OPT,, ; denote

an optimal solution for grouping nodes 1, ..., n into k groups
and let opt, i be its corresponding cost. Let C;, be the
cost of assigning consecutive nodes i,...,h to one group,

i.e. Ci,h = (h, — 1 + 1) minigtgh bt = (h — 1 + 1)bh~ Hence,
optn,1 = Ci,n = nby, for every n. For k > 1, the following
recurrence holds:

Ooptn k= max
te{1,2,...,.n—1

}{OPtZ,k—l +Crrin} (1)

By the recurrence in Equation 1, a dynamic programming
algorithm, say DP, can be immediately derived to solve the
MBB problem.

Indeed, in order to find OPTy i, consider the K x N ma-
trix M with Mg n = optn,x. The entries of M are com-
puted row by row by applying the recurrence of Equation 1.
Clearly, M n contains the cost of an optimal solution for
the MBB problem. In order to actually construct an opti-
mal partition, a second matrix F' is employed to keep track
of the final borders of segmentations corresponding to en-
tries of M. In the recurrence of Equation 1, the value of
¢ which maximizes the right-hand-side is the final border
for the solution OPT,,  and is stored in Fj ,. Hence, the
optimal segmentation with K communications is given by
OPTn,k = (B1,B2,...,Bk—1) where, starting from Bg =
N, the value of By is equal to Fy11,B,,fork=1,..., K —1.

LEMMA 2. Let S = {1,2,...,n} be the set of nodes in-
dexed in such a way that b; > b; whenever ¢ < j. Then, the
optimal solution for the MBB problem which partitions the
nodes into k groups Ai, ..., Ar has cost no smaller than the
optimal solution for the MBB problem which partitions the
same nodes into k — 1 groups, that is opt, i > optn x—1.



ProOF. Consider the optimal solution OPT, y—1 = (B,
Bs,...,Bi_2) which uses exactly k& — 1 groups and add
a new border Bi_; such that Bx_2 < Bix_1 < n. Let
SOL, . = (B1,Ba,...,Bi_2, Br_1) denote such a solution
with k£ groups. By Equation 1, opt, k-1 = opts, , k-2 +
CB,,_,+1,n- The corresponding cost of SOLy . is solnx =
Optkaz,kfz + (Bk—l — Bk*Q)ka—l + (n — kal)bru which is
no smaller than opt, x—1 = optp,_,,k—2 + (n — Br—2)bn be-
cause bp, , > b,. This proves that there is a solution with
k groups whose cost is no smaller than the optimal solution
with k—1 groups, and hence opt, r > soln,k > optnk—1. [

As a consequence of Lemma 2, the optimal solution with at
most K communications always has exactly K communica-
tions and its cost is found in Mk n.

To evaluate the time complexity of the DP algorithm, ob-
serve that O(IN) comparisons are required to fill every entry
of the matrix M, which implies that O(N?) comparisons are
required to fill a row. Since there are K rows, the complexity
of the DP algorithm is O(N?K).

To improve on the time complexity of the DP algorithm for
the MBB problem, the properties of optimal solutions have
to be further exploited.

DEFINITION 1. Let 1,2,...,N be nodes sorted by non-
increasing bandwidth. An optimal solution OPTn k = (B,
Ba,...,Bk_1) is called left-most optimal and denoted by
LMOn k if it holds Bxk—1 < By_, for any other optimal
solution (B}, B5,...,Bx_1).

Clearly, since the problem always admits an optimal solu-
tion, there is always a left-most optimal solution. Although
the left-most optimal solutions do not need to be unique, it is
easy to check that there exists a unique (B1, Ba,...,Bk_1)
such that (B1, B2, ..., B;) is a left-most optimal solution for
partitioning into i + 1 groups the nodes 1,2,..., B;y1, for
every 1 < K.

DEFINITION 2. A left-most optimal solution (B1, Ba, ...,
Br—1) is called strict left-most optimal solution, and de-
noted by SLMON,K, Zf (Bl, Bg, ey Bl) s a LMOBH_l,iJrl
for every i < K.

The algorithm to be presented will compute a left-most opti-
mal solution for every ¢ < K, and thus il will find the unique
strict left-most optimal solution.

LEMMA 3. Let the nodes 1,2,...,N be sorted by non-
increasing bandwidth. Let LMOn_-1,x = (B1,B2,...,Bx—-1)
and OPTN,K = (Bi7 Bé7 ey B}(—l)' Then, B}(—l > Br_1.

PROOF. Let the costs of LM On_1,x and OPTn g be, re-
spectively, optn—1,x = opty,_,,k—1+ (N —1—Bg_1)bn-1
and optn,k = optp k- 1+(N— B _1)bn. By contradic-
tion, assume that B} _; = Bx_1 — 1. We prove that if the
optimal solution for N nodes is achieved by moving the last

border towards left, then LM Oy _1,x cannot be the optimal
solution for the first N — 1 nodes.

Consider the feasible solution SOLn i for partitioning N
nodes into K communications obtained from (B, Ba, ...,
Bg 1) just adding node N to the K-th communication. Let
soly,xk = optgy_,,k—1+(N—Bgk—_1)by be the cost of such a
solution. By the optimality of OPTw, ik, we have: optn k =
optpr. k-1 + (N =Bk 1)bn > solnx = optsy_, k-1 +
(N — BKfl)bN = optBy_,,K—1+ (N — B}(71 — 1)bN, or

optp, k-1t by > optpy k-1 (2)

Consider now the feasible solution Fx_1,x = (B, ..., Bkx_1)
obtained by truncating the solution OPTn,k to node N — 1
along with the optimal solution LMOn_1,k. Let optn_1,K
and soly_1,x be the costs associated to LMOn_1,x and
Fn_1,Kk, respectively.

By the optimality of LM On_1 K, it follows that:
k-1+ (N —1—=Bk_1)bn-1
< optn—1,k = 0ptgy k-1 + (N —1—Bg_1)bn_1,

soln— = opt
N-1,K = 0ptp

that is
optg, k-1 + (N —1- B 1)bn-1 < opty-1,K
= optp,_ . k-1 + (N —2—Byx_1)bn_1,

or

optp,. k-1t bN-1 <Pt K-1.

Recalling that by < by—1, it follows: optpr k-1 + by <
optgr k-1 -+ bn-1 < optB,_,,x—1, contradicting Equa-

tion 2. [

In words, Lemma 3 implies that, given the nodes sorted by
non-increasing bandwidths, if one builds an optimal solution
for N nodes from an optimal solution for N — 1 nodes, then
the final border Bx_1 can only move to the right. Such a
property can be easily generalized as follows to problems of
increasing sizes. From now on, let B; denote the j-th border
of LMO; x, with k > j > 1.

COROLLARY 1. Let the nodes1,2,..., N be sorted by non-
increasing bandwidths, and let | < ¢ < r < N. Then,
Bi_y < Bi_y < Bg_;.

Proor. Follows directly from Lemma 3. [

In the following we prove that, given n nodes with 1 <
n < N, if an optimal solution for K trasmissions is built
from an optimal solution for K — 1 trasmissions, then the
final border of the optimal solutions cannot move to the
left. Formally, let LMOn,xk—1 = (B1,Ba,...,Bx—2) and
OPTn,xk = (Bi,Bj,..., Bx_1). Then, Bx_; > Bx_».

Since from now on we can compare solutions with different
number n of nodes as well as different number k of trans-
missions, a not ambiguous notation for the j-th border of



LMOy 1 is Bjnk However, to simplify notation, since in
our analysis we always refer to the last border of solutions
(i.e., j = k — 1), to denote the last border of SOL, ; we

simply write Bj_; instead of BZ’_kl.

Moreover, let d(n, k) = optn,x — optnk—1, 1 <n < N and
2 < k < K, be the difference of the costs of the two optimal
solutions OPT, x and OPT, r_1.

LEMMA 4. Let the nodes 1,2,...,N be sorted by non-
increasing bandwidth. When K = 2,0 < §(n,2) < §(n+1,2)
for1<n<N-—1.

ProOOF. By definition,
d(n,2) = optn,2 — optn1
= optpp 1 + (n — BT)b, — nby,
= OptB{LJ — B{Lbn
= BY'bpr — BY'bn.

Recalling that B} > B} by Lemma 3 and that MBB
is a maximization problem (i.e. the optimal solution has
a cost no smaller than any feasible solution), optn4+1,2 =
OptB{L+1‘1 +(n+1fB;L+1)bn+1 > OptBILyl +(n+lquf)bn+1.
Thus,

d(n+1,2) = optnti1,2 — OPtnt1,1

> OptBIt,l =+ (n +1- B?)anA — (n —+ 1)bn+1

= optpp,1 — Bi'bpt1

= BY'bpp — B{'bnt1 > Bi'bpp — Br'b, = d(n, 2).

The claim holds recalling that, by Lemma2, é(n, k) > 0. [
Moreover:

LEMMA 5. For fixed k and n, with 2 < k < K — 1 and
1 < n < N, the final borders of OPT,, y+1 and LMOy, i,
satisfy By > Bp_1 if and only if §(1,k) < §(2,k) < ... <
(N, k).

PROOF. Let us start proving that if 6(1,k) < §(2,k) <...
< d(N, k), then By_; < Bj. By contradiction, let us assume
B < Bp_4.

By the optimality of OPT), k+1, it holds:
Optn k1 = oplpr K + (n — BE)bn

> 50ln, k41 = optp_ |k + (n — Bg_1)bn.

Subtracting §(By, k) and §(Bj_1, k) respectively from opt,, k41

and soly, k+1, one has:

optpp i + (n — B )bn — (optpp x — optep k-1) >

optpy_ k + (n — BE_1)bn — (optsp_ Kk —optey_ k—1),

since by hypothesis 6(By;, k) < §(Bj_1, k). Thus:
(n — Bp)bn + optpn k-1 > (n—Br_1)b, + opten_| k-1,

or, equivalently:
50ln, | > Optn k,
raising a contradiction.

On the other side, let By > Bj_;. By the optimality of
OPT, k+1 and OPT, i, one has:

Optn,kt1 = Ooptpn ) + (n — Bg)bn >
s0ln,k+1 = opty |k + (n — Bg_1)bn,
and
Optn,k = oplpr_ k-1 + (n— Br_1)bn >
solni = optpy k—1 + (n — By )by.
Summing side by side, that is,
Optn,k+1 + Optnk = S0ln k1 + S0ln,k,

it holds:

optpp .k +oplep | k-1 = optep

no n_ .k +optep k-1,

which is equivalent to:

optgrk — optsn k-1 > oplep |k —opter | k-1

Therefore, if B;; > Bj,_4, it must be 5B,?,k >épn k. O

k—1°

Given the result in Lemma 4 and applying Lemma 5 when
k =2, it yields:

COROLLARY 2. For each1 < n < N, the final borders By
and BT, respectively, of OPT(n,3) and LMO(n,?2) satisfy
By > BY, foranyn € [1,...,N]. O

Now, it remains to be proved that if for a given 2 < k <
K —1 the final borders of OPT,, ;41 are greater than those of
LMO,, k5,1 <n < N, then the cost differences d(n,k+ 1) =
Optn k+1 — Optn i are increasing with n.

denote the difference be-
n,k+1
tween the costs of two solutions SOLy, k41 and SOLy, , with

last borders in w and r, respectively. Formally, let SOLy, k11 =
(BY,...,By = w) and SOL, = (Bf,...,Bp_, = 1),

we define [;]n,k+l = $0ln,k+1 — Soln,k. Note that when
SOLy k41 = OPTy, k41 and SOLy, = OPT, i, it holds
S(n,k+1) = [w]

For this purpose, let [:U]

n,k+1.

LEMMA 6. For eachl <mn < N, consider the final borders
By, and By of LMOy i and OPTy k11, respectively. If
B > Bp_q, then §(1,k+1) < §(2,k+1) < ... <§(N,k+1).

PrROOF. First of all, if By > Bj;_; then §(1,k) < §(2,k) <
... <6(N,k) by Lemma 5. Fixed n, let B, =w, By_, =,
B,’CL+1 =/, and BZfll = / to simplify notation. There are
only two possible sorted sequence of borders r,w,{ and l
because, by Lemma 3, r < £ and w < ¢, and by hypothesis



rSwandéSZﬁ. Precisely, either r < w < £ < ¥, if w < £,
orr <ft<w</Lifw>4

In the former case, i.e., w < ¢, since optn .k = optrr—1+ (n—
)by > S0y, = 0ptw,k—1 + (N — w)by, it holds:

o]
w n,k+1

= Optn,kJrl - Optn,k
oplay k. + (n — ’LU)bn — optr k-1 — (n — r)bn
< optu,k — Optuw,k—1 = d(w, k)

d(n,k+1)

Moreover,

S(n+1,k+1)= [%]
nt1,k+1
= oplp41,k+1 — OPtn41,k
= oplgyq + (n—1- O)bpy1 — optey + (n+1—20)bpt
> optet1 + (n—1—=L0bny1 —opte + (n+1—£€)bpia
= opte,k+1 — optek
56, k)

Recalling that, by hypothesis, 6(w, k) < §(¢, k) when w < £,
it yields:

S(nyk+1) < 8w, k) < 5(Lk) < 6(n+1,k+1).

In the latter case, i.e., w > ¢, observe that:
S(nk+1= [ v ]
(n,k + W ln k+1
= optw,kx + (N — w)by — optr r—1 — (N — r)bn
< optw,k + (N — w)bn — (optek—1 + (n — £)bn)

=[]
w n,k+1

Moreover,

¢
1) Lk+1)=|-
(n+1L,k+1) |:Z:|n,k+1
=optek +(n+1—=0bps1 —optg ey — (n+1—L)bpia

> optwk +(n+1—w)bpy1 — (opte—1+ (n+1—£)bri1)

M
W 41,641

Finally, recalling that the nodes are sorted by non-increasing
bandwidth. i.e., b, > by41, and w > £, one has:

Lo )i = L]
W ln41,k+1 W ln,k+1

optwk + M+ 1—w)bpy1 —opte—1 — (n+1—0)bpy1—
optw,k + (N — w)bn — opter—1 + (n — £)bn
=n+1—-wbpt1—(n+1—=0bpyi — (n—bp + (n —w)bn

= (1= w)(busr — ba) = (n = O)(buss — b
— (= w)(bugr — ba) >

Thus, concluding:

sk =[0] sl s

[i]nﬂ,m = [g]nm:ﬂnﬂykﬂ) O

,
In conclusion:

LEMMA 7. Let the nodes 1,2,...,N be sorted by non-
increasing bandwidth. For each 2 < k < K, §(1,k) <
0(2,k) <...< (N, k).

PRrROOF. The statement holds for £ = 2 by Lemma 4.
By induction on k, we first prove the claim for £ = 3.
Since by Corollary 2, the final borders By and BT of, re-
spectively, LM O,, 2 and OPT, 3 satisfy By > BY, for any
n € [1,...,N], then, by applying Lemma 6, one obtains
0(1,3) <6(2,3) <...<4d(N,3).

Now, assume by inductive hypothesis that the theorem holds
up to transmission k, that is, 6(1,k) < §(2,k) < ... <
§(N,k) for 3 < k < K —1. By Lemma 5, the final bor-
ders B and By | of OPT, 1., and LMO,, %, respectively,
satisfy Bf > B . Applying then Lemma 6, we obtain

5(1,k+1) <6(2,k+1)< ... <6(N,k+1) as desired. O
Therefore:

THEOREM 1. Let the nodes 1,2,..., N be sorted by non-
increasing bandwidth. Let LMOn k-1 = (B1,Ba,...,Bx—2),
LMON_LK = (§17§27...7§K_1), and OPTN,K = (Bi7
Bé, ey B}{—l)» Then, B}(—l 2 maX{Bng,EKfl}.

PrROOF. By Lemma 7, it holds §(1, K —1) < 4(2, K —1) <

. < §(N,K — 1). Hence, by Lemma 5, By_; > Bg_o.
Moreover, by Lemma 3, By _; > Bx_1. Thus, Bx_, >
maX{BK_Q,EK_l}. D

To speed up the DP algorithm, assume that LM O, x—1 has
been found for every n € [1,...,N]. If the LMO;; and
LMO:.., solutions are also known for some 1 < [ < r <
N, then by Theorem 1, Corollary 1 and Lemma 2, one
knows that Bf_; is between max{B§_,, Bi_;} and min{c—
1,Bj,_1}, for any I < ¢ < r. Thus, the recurrence in Equa-
tion 1 can be rewritten as:

opter = ée{lgaXR}{OPte,k—l + Cet1,c} (3)

.....

where L = max{B§_,,B._,} and R = min{c — 1, B}_,}.

An improved O(K N log N) time algorithm for the MBB
problem can be derived by choosing ¢ = [4”] in the re-
currence of Equation 3.

The recurrence in Equation 3 is the very similar to Equation
6 of [1], except that maximization replaces minimization and
that the C;’s are defined in a different way. Therefore, it



Input:

Loop 1:

Loop 2:
Loop 3:

Loop 4:

Initialize:

N nodes sorted by non-increasing bandwidths, and K communications;
for ¢ from 1 to N do
for k from 1 to K do
if k=1 then My ; «— Ch,; else My ; «+ —o0;
for k from 2 to K do
Fro < Fi1 < 1; Fpng1 < N
for ¢ from 1 to [log N do
for i from 1 to 2871 do
=[5 (N+ D] L[5 (N+ D] 7= [ (N + D)
if My,; = —oo then
for ¢ from max{Fy_1,;; Fi,} to min{j — 1; Fy ,} do
if My_1,0+ Ceq1,5 > My,j then
My,j — Mi_1.¢+ Ceta,5;
Foj < &

Figure 1: The MBB-Dichotomic algorithm.

can be solved by adapting the Dichotomic algorithm pre-
sented in [1] to the MBB problem.

The MBB-Dichotomic algorithm is shown in Figure 1. It
uses the two matrices M and F, whose entries are again
filled up row by row (Loop 1). A generic row k is filled
in stages (Loop 2). Each stage corresponds to a particular
value of the variable ¢ (Loop 3). The variable j corresponds
to the index of the entry which is currently being filled in
stage t. The variables [ (left) and r (right) correspond to the
indices of the entries nearest to j which have been already
filled, with [ < j < 7.

If no entry before j has been already filled, then [ = 1, and
therefore the final border Fj; is initialized to 1. If no en-
try after j has been filled, then r = N, and thus the final
border Fj, w41 is initialized to N. To compute the entry j,
the variable £ takes all values between max{Fy_1,;; Fi,; } and
min{j — 1; Fj,»}. The index ¢ which maximizes the recur-
rence in Loop 4 is assigned to F,;, while the corresponding
maximum value is assigned to My ;.

To show the correctness, consider how a generic row k is
filled up. In the first stage (i.e. ¢t = 1), the entry M, [N+1q
’ 2

is filled and ¢ ranges over almost all values 1,...,N. By
Corollary 1, observe that to fill an entry Mj,; where I <
[MEL], one needs to consider at most all the entries Mz_1,¢
where ¢ < Fk,f%?' Similarly, to fill an entry Mj; where

> f%}, one needs to consider the entries My_1,¢ where
L > F, [N41q- In general, one can show that in stage ¢,
T2

to compute the entries My ; with j = [252(N + 1)] and
1 <1< 2t717 at most the entries Mjy_1,¢ must be consid-
ered, where Fj.; < ¢ < Fy., and [ and r are [Z= (N +1)]
and [5757 (N + 1)], respectively. Notice that these entries
have been computed in earlier stages. The above process re-
peats for every row of the matrix. The algorithm proceeds
untill the last entry Mg n is computed. The strict left-
most optimal solution SLMOn,x = (B1,Ba,...,Bk_1) is
obtained, where By_1 = F B, for 1 < k < K and Bx = N.

LEMMA 8. The total number of comparisons involved in
a stage of the MBB-Dichotomic algorithm is O(N).

PROOF. The whole execution of Loop 3 of Figure 1 cor-

responds to the execution of a stage for a particular value of
t. The total number of comparisons involved is equal to the
sum of the number of values the variable ¢ takes in Loop 3,
which is

ot—1

- .
< Z(Fkr — Fru+1) where [= ";t—_l(N + 1)-‘
i=1
7
and r= [QFI (N + 1)—‘
Therefore:

Z (Fkv[#(N‘Hﬂ o Fkv (27‘[_11 (N+1)-‘ + 1) =

(F |'N+1“ —Fro+1)+

(Fk[ 2 (N“ﬂ —Fk’[l\wl] +1)+

R R e e
Fengr — Fro+ 2t =

N-1+4+271=

O(N) O

THEOREM 2. The MBB Problem can be solved by the
MBB-Dichotomic algorithm in O(K N log N) time.

ProOOF. From Lemma 8, one stage of Figure 1, corre-
sponding to the execution of Loop 2 for a particular value
of t, involves O(N) comparisons. Since Loop 2 runs [log N
times and Loop 1 is repeated K times, the overall time com-
plexity is O(NKlog N).

3. MULTIPLE INTERFACES

Let S be a set of N nodes and I be a set of H interfaces.
Each node j is associated with a subset of interfaces I;.
Let b;; be the maximum bandwidth that can be used by



a communication toward node j by means of interface i.
If i« & I; then b;; = 0. Hence, for the ease of notation,
by properly setting the values b; ; we can always assume
that all nodes hold all the interfaces. A transmission that
simultaneously serves a subset of nodes A; C S by means
of interface i is assumed to transfer data at a rate equal
to minjea,{bs,;}. The K-Mazimum Bandwidth Broadcast in
Multi-Interface Networks (MBBM for short) can be stated
as follows.

MBBM: K-Maximum Bandwidth Broadcast in Multi-Interface
Networks

A set S of N nodes and a set I of H interfaces.

A bandwidth function b : S x I — R and an

integer K < H.

Solution: A subset I’ of K interfaces and a partition Aj,
Az, ..., Ak of S which associates each subset
of nodes to one different interface in I’.

Goal: Maximize ;. [Ai| minjea, {b; ;}.

Input:

In other words, we want to determine which subset of in-
terfaces and, for each interface, which subset of nodes the
source has to reach by means of a specific interface in or-
der to maximize the bandwidth of communication during a
broadcast transmission, assuming that each node cannot be
reached simultaneously by means of different interfaces.

The MBBM problem can be also visualized by considering
a matrix D with H rows, one for each interface, and N
columns, one for each node, where each entry D[i, j| = b; ;.
Then, the solution provides the selection of the subset I’ of
K rows, and for each selected row i € I’, the selection of
some columns A; in such a way that each column is associ-
ated with one and only one row.

In the multiple interface case, we introduce the generalized
multi-interface segmentation in order to characterize optimal
solutions for the MBBM problem.

Let I' = {r',r% ..., 7%} be a subset of K rows and let
A,1,..., Ak be a partition of the N columns of D, where
A, denotes the subset of columns assigned to interface ¢,
with 1 < ¢ < K. Moreover, let the K rows ri, r2, ...,
7% be indexed according to the induced minimum values of
the bandwidths in the corresponding A,.: columns obtaining
that rL;, > 72, > ... >rE. . Ina multi-interface segmen-
tation, the columns of group A,: of D served by interface
r* form a consecutive subset of columns in row r* once the
columns in A,1,...,A,i—1 have been canceled from D and
the remaining columns S — (4,1 UA,2 ---UA,i—1) in r* have
been sorted in non-increasing bandwidth order. In other
words, in a multi-interface segmentation, if columns x and
y belong to the group of columns assigned to interface r*
and D[r',x] < D[r',y], then all the columns z in row 7°
not yet assigned to interfaces r',...,r""! with bandwidth
D[r',z] < D[r, 2] < D[r",y] are also associated to the same
interface r°.

LEMMA 9. The optimal solution for MBBM is a multi-
interface segmentation.

PrOOF. Given an optimal solution using K interfaces, we
can order the K out of H chosen rows r', 2, ..., ¥ accord-
ing to the induced minimum values of the bandwidths in the
corresponding columns, obtaining that 71, > 72, > ... >
rE... Sorted row r! in non-increasing order and indexed the
columns of D according to such an order, let us assume by
contradiction that A,1 consists of several distinct consecu-
tive intervals of columns in D. All the intervals of columns
not associated to r! before the last interval that contains
D[r',n1] = r},;, can be assigned to r' without affecting the
solution because each column in such intervals contributes
to the optimal solution with a value no greater than ;.

After filling all the first intervals on r!, we have A1 =
[1..n1]. Then, we can consider row r? excluding the columns
of D already assigned to r*. Sorted row 72 in non-increasing
order and indexed the columns S — A1 of D according to
such an order, let us assume by contradiction that A,> con-
sists of distinct intervals of columns of D. As before, each
column 2 not associated to r2 on the left of column ns such
that D[r?, na] = r2,;, can be moved in A,2 without decreas-
ing the cost of the solution becuase they contribute at most
r2.:n to the optimal solution.

Repeating the same until the last row ¥ is considered or
until all the N columns are assigned, we obtain a multi-
interface segmentation that provides at least the same band-
width of the original optimal solution. Hence there is an op-
timal solution which is a multi-interface segmentation. [

Although the optimal solutions of MBBM still satisfy a kind
of segmentation, the major difficulty consists in choosing the
K rows along with their permutation that lead to the op-
timal solution. Thus, introducing multiple interfaces makes
the problem much harder.

3.1 Complexity
In this section we study the complexity of MBBM and we
prove that the problem is computationally intractable.

THEOREM 3. MBBM is NP-hard.

ProOF. We prove that the underlying decisional problem,
denoted by MBBM0p, is in general NP-complete. We need to
add one bound B € R{ such that the problem will be to ask
whether there exists a partition of S composed of K subsets
which induces a minimum bandwidth of transmission of at
least B.

The problem is in NP. In fact, given a partition for an in-
stance of MBBMp, checking whether it ensures a bandwidth
of at least B requires linear time in the size of the instance.

The proof then proceeds by means of a polynomial reduction
from the well-known Ezact Cover by 3-Sets problem. Such
a problem is known to be NP-complete [2] and it can be
stated as follows:



X3C": Exact Cover by 3-Sets

Set X with |X| = 3¢ and a collection C' of 3-
element subsets of X.

Question: Is there an exact set cover for X, i.e. a subset
C’ C C such that |C'| = ¢ and every element
of X belongs to exactly one member of C’'?

Input:

Given an instance of X3C, we build an instance of MBBMp
in polynomial time as follows. Let K = g, the set of nodes
S of MBBMp is composed of N = |X| = 3¢ nodes and |I| =
H = |C|. Hence, we define two mappings. One is between
X and S, the other is between subsets C and interfaces
I. For each subset ¢ € C, if an element x corresponding to
node j belongs to ¢ which corresponds to an interface i, then
bi,; = 1, otherwise b;,; = 0. It follows that each interface
can be used to reach at most 3 nodes while it guarantees
one unit of bandwidth for each node. Finally, let B = 3q.
We need to prove that a solution to X3C is possible if and
only if there exists a solution to the corresponding instance
of MBBMp.

(=): Let us suppose that X8C admits a solution. The
covering must consist of ¢ triples. From the MBBMp per-
spective, the g triples correspond to K subsets Ai, Aa, ...,
Ak chosen to transmit data to the 3¢ nodes. Each subset
corresponds to one different interface. By construction, for
each j € S there is a unique subset A; in the induced solu-
tion of MBBMp such that b; ; = 1, hence A1, Ao, ..., Ak
represent a partition of S. Summing up over all the band-
width allowed by the corresponding interfaces, we obtain:
S, Admingea fbis} = S5, 3 = 3K = 3¢ = B.

(«=): Let us suppose that MBBMp admits a solution. By
construction, each of the K chosen interfaces can be used to
transmit one unit of bandwidth to at most 3 nodes. Since
we have K = ¢ and B = 3q, each interface must necessar-
ily be used to transmit one unit of bandwidth to 3 nodes.
Hence, the partition of S provided by the assumed solution
corresponds to a set of K triples in X3C' that covers all the
elements in X, that is X3C admits a solution. []

3.2 Particular cases

In this section, some special cases are considered where the
MBBM problem can be efficiently solved. The following the-
orem can be stated.

THEOREM 4. If K <2, then MBBM is polynomially solv-
able.

Proor. If K = 1, it is easy to check which row of D
admits the highest minimum among all the columns, and
this clearly determines the selection of the best row. Overall,
O(NH) time is required.

If K = 2, we may consider every pair of rows. For each pair,
let us sort all the columns according to the non-increasing
order of the first chosen row. Once chosen the right couple
of rows and the right order (either with respect to the first
chosen row or to the second one), we only need to find the
best border By among N possibilities by Lemma 9.

The overall complexity of the above described algorithm is
O(NH(log N + H)). Indeed, one can choose one of the H
rows at a time, order the columns in O(N log N) time ac-
cording to the just chosen row, consider all the H — 1 pairs
of rows consisting of the just chosen row and every other
row, and find in O(N) time the best border By, for a total
of O(H(Nlog N + NH)) time. [

Consider now the particular case when there is a way of in-
dexing the columns of D that simultaneously sort all the
rows of D. In other words, arranged the columns of D in
such a way that a given row is sorted in non-increasing or-
der, all the rows of D are sorted in non-increasing order of
their bandwidths. When this property holds we say that
the instance respects a common order. From now on, let
CMBBM denote the MBBM problem when the common or-
der holds. In CMBBM, we assume the rows of D indexed
so that all the rows are sorted. In practice, the CMBBM
problem might arise when the bandwidth achievable by a
node with any interface depends, in the same way, on the
distance of the node from the source s.

When the common order holds, a multi-interface segmenta-
tion becomes a partition Ai,..., Ax of the columns of D
where each group A; belongs to a different row (i.e., it is
assigned to a different interface) and consists of consecutive
columns. In such a case a multi-interface segmentation can
be denoted by the K-tuple

((Bi;i1), (B2;i2), .-, (Br-15iK-1), (N;iK))

where border Bj is the index of the last column that belongs
to group A; assigned to interface i;. Note that in this case
it is necessary to indicate also the last border Bx = N since
we do not know to which interface group Ak is assigned.

To design an optimal enumeration algorithm for CMBBM,
one should consider all the possible multi-interface segmen-
tations of the columns of matrix D and, for each subset of K
rows, find the best solution using at most such rows. An im-
proved enumeration algorithm can be achieved exploiting a
reduction to a Resource Constrained Shortest Paths (briefly,
RCSP) problem on directed multigraphs, which is defined
as follows [4].

RCSP: Resource Constrained Shortest Paths

A directed multigraph G = (V, E) with two spe-
cial vertices s and ¢, an integer K (which is the
number of resources) and a (positive integer) re-
source availability vector (R1, Rz, ..., Rx). Each
edge e € E has a positive weight w(e) and
a (positive integer) resource request vector
(7”1(6), T2(6)7 3 TK(e))'

Solution: A feasible path p from s to t such that

Zeepri(e) S Ri fOI‘ 1 S 7 S K.
Goal: Minimize ) ., w(e) over all the feasible paths

p-

Input:

To reduce CMBBM to RCSP when the set I consists of K
interfaces, define a vertex ¢ for column i of D, with 1 <
i < N, and add vertex s = 0. Let vertex ¢t be equal to NV



and the resource availability vector be such that R; = 1,
for 1 < i < K. For every pair of vertices i, j such that
0 <i<j<Nandevery 1 <k < K add the edge e =
(¢,7) with w(e) = —(j — 4)b; and resource request vector
(ri(e),r2(e), ...,k (e)) with all entries equal to zero except
for r, = 1. Clearly, |V| = O(N) and |E| = O(KN?).

Note that RCSP requires positive edge weights, while the
weights introduced in the reduction are negative because
the CMBBM problem is a maximization problem. However,
since the so constructed multigraph is acyclic, the RCSP
problem is well defined even if the edge weights are negative.

A feasible shortest path from s to ¢ represents an optimal
solution for the CMBBM problem when H = K. Note that if
an optimum path p has Zeep ri(e) = 0 for some 1 <3 < K,
it means that in the optimum solution interface ¢ is not used.

THEOREM 5. If all the H rows of matrix D respect a com-
mon non-increasing order, CMBBM can be solved in poly-
nomial time when

1. K=0(1), or
2. H— K =0(1) and K = O(log® N), where a = O(1).

PrOOF. A modified version of Dijkstra’s algorithm can be
used to solve RCSP. Precisely, for each vertex v one has to
save into a priority queue not only the weight of the path to
reach v from s but also the set of resources used along such a
path. Moreover, leaving vertex v, an edge can be used only if
its resource has not already been used in the path from s to
v. Since each vertex v can be reached with at most O(2%)
different paths, the size of the priority queue can grow as
much as O(2% N). Hence, the edges that have to be relaxed
during the entire algorithm are O(2% K N?). So, implement-
ing the priority queue with a Fibonacci heap, MBBM re-
quires O(2X KN? 4+ 25 N log(2X N)) = O(2¥ KN?) time.

In the general case, when CMBBM has K < H < N,
CMBBM can be solved applying RCSP (1) times, once for
each subset of K interfaces out of the H available interfaces,
for an overall time of O((E)QKKN2). It is well known [3]

that
HY\ HTI,( if K is a constant
K|~ % if H — K is a constant
In the former case, the time complexity O((g) 2K K N?) be-
comes O(H¥ N?), which is polynomial because K = O(1)
and H < N. In the latter case, if K = O(log® N) then H =
O(log® N) too since H — K is a constant, and thus the com-
plexity is O(H?~K2K KN?) = O((log N)*H—K+1D yat2)
which is polynomial because a = O(1). [

It is worthy to note that, for the CMBBM problem, if one
row of D contains the minimum in each column of D and
H > K, then such a row of D can be dropped without
affecting the optimal solution.

As a further particular case, consider the CMBBM prob-
lem where each interface can be reused in more than one
transmission. Precisely, we allow that two or more groups

of the multi-interface segmentation can be associated with
the same row.

Generalizing the definitions given for the single interface
case, given n < N and k < K, let OPT,  denote an
optimal solution for grouping nodes 1,...,n into k groups
and let opt, . be its corresponding cost. Let Cj p.mm be the
cost of assigning consecutive nodes i,...,h to one group
using interface m, i.e. C;pnm = (h — i+ 1)bm,n. Hence,
optn,1 = MaXmeq1,2,.., 0} Clnm = NMaXme(12,... 1} bmn
for every n. For 1 < k < K, the following recurrence holds:

optn, i, = H}{Opte,kfl +Cet1,nm} (4)

max
£e{1,2,...,n—1}me{1,2,...,
By the recurrence in Equation 4, a dynamic programming
algorithm can be readily derived to solve this problem vari-
ant in O(N?HK) time.

4. CONCLUSION

A broadcasting problem in multi-interface networks has been
considered where each transmission, simultaneously serv-
ing a group of nodes, has an overall bandwidth equal to
the product between the smallest node bandwidth in the
group and the cardinality of the group. We introduced
the K-Maximum Bandwidth Broadcast in Single-Interface
Networks (MBB) and K-Mazimum Bandwidth Broadcast in
Multiple-Interface Networks (MBBM) problems. The for-
mer problem uses exactly K transmissions to cover all the
N nodes and can be optimally solved in O(N K log N) time.
In contrast, the latter problem uses at most K interfaces, one
for each transmission, and it is computationally intractable
(i.e. NP-hard). However, it becomes polynomially solvable
in some particular cases, namely, when either K < 2 or a
common order holds and K is polylogarithmic in N. As a
further work, we intend to devise in the future good heuris-
tics for the general MBBM problem.
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