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e Learning in PGM: issues

@ Parameter Learning: to learn the quantitative
(probabilistic) part of the net

@ Structure Learning: to learn the qualitative (graph) part
of the net

@ Missing Data: how to deal with data that are missing,
especially if there are latent variables (i.e., variables that
are never observed)

We mainly focus on BN learning
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Estimating parameter for binary variables

Suppose 6 is the parameter to be estimated: e.g., given a
binary variable X with no parent § = P(X = T) or given a
variable X with a parent Y, then 0 = P(X =T|Y =T).

Common assumptions: observed data come from a binomial
distribution.

Suppose to observe N successes in N trials:

Maximum Likelihood Estimation

&S

HIN

Bayesian Estimation (p prior, 7y prior's confidence)
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MLE corresponds to a frequentist view
Introduction

BE corresponds to a subjective view

Confidence « is also called equivalent sample size:

Prior p can be viewed as the frequency of “hypothetical”
m successes over “hypothetical” n trials (before data are
observed)

@ the confidence is given by v = n: the larger is the
“hypothetical” sample size, the greater is the confidence in
the prior

_ yptM _ mtM
~ y+N T n+N

BE is like MLE including the hypothetical samples

@ it easy to see that 0
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Beta Distribution

' _ o+ p)
(80 8) = Fayrp)

where ['(n) = (n — 1)! when n is integer

01— 0)P

@ can be used to model binary priors when reference
distribution is binomial

@ O = (01,0,) ~ Beta(a, B) if ©1 has density fg(0, o, )
and ©, =1 - 01

o E(©1) = [, 0fa(8; , B)d6 = 225

@ it is a conjugate prior for the binomial distribution

e if you have a prior Beta(a, ) and actually observe data
with M successes on N trials, then

fB(01a7ﬂ|D): fB(91a+M7/8+N_ M)

D
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The thickly plotted density funection is beta(B;3,3) and represents
our prior belief concerning the relative frequency of heads. The thinly plotted
one iz beta(§;11,5), and represents our posterior belief after we have seen 8
heads in 10 trials.

Luigi Portinale (UPO)

Learning Bayesian Networks

March 7-10, 2017 7/



Learning
SEVESEN
Networks

Luigi Portinale

Introduction

e

Luigi Portinale (UPO)

]

Introduction

I
— Beta(6,2)
- - - Beta(2,2)

Learning Bayesian Networks

March 7-10, 2017 8 /53



Learning
SEVESEN
Networks

Luigi Portinale

Introduction

Dirichlet Distribution

where ag = 3K 1 a;; 0, >0 (i=1...k); Sk, 0, =1

Introduction

k

F(ao) ai—1
fo(01. k—1;01. k) = =———— | | ;"
[Tis M) H

O =(01...0k) ~ Dir(ay. ) if first k — 1 r.v. have
density fp and ©, =1 — Zf—‘z_ll O;

used as a prior for multinomial distribution
E[©;] = g—o

it is a conjugate distribution for multinomial data
given a prior Dir(ay . k) and a multinomial data sample D

with M; occurences of the i-th result over N = Zf-;l M;
trials, then

fo(01. k—1;01. k|D) = fp(01.. k—1; 1 + My, ... e + My) |
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Dir(61,62,05;2,2,2): the density fp(61,02;2,2,2)
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b} ay 100, 3.5, o3 1.5

3.5, a3 0
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@ When all parameters are equal the distrubution is called
symmetric; it is characterized by parameter « called
concentration parameter

Introduction

@ « = 1 means uniform prior among all the possible
outcomes (states of the variable)

@ a > 1 means dense random variates (i.e., all the values
within a single sample are similar to each other)

@ a < 1 means sparse random variates (i.e., most of the
values within a single sample will be close to 0, and the
vast majority of the mass will be concentrated in a few of
the values)

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 12 / 53
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04 0.4 51
w2 02 0.2

[llustrating how the log of the density function changes when
k = 3 as we change the concentration parameter from 0.3 to
2.0.
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P(X=1t)=02

O—

P(Y =t|X =f)=0.
P(Y =t/ X=t)=07

Equivalent sample sizes: yx = 1000; yy|r = vy|: = 500

n=#(X =f,Y =t) =300
no=#(X =t,Y = t) = 1000
ns=#(X =t,Y =f) =200
ng = #(X = £, Y = f) = 500

0.24+n+
P(X = t|D) — IxD.cr Moy ’yX+nI%I N3 — 0.47

Learning Bayesian Networks

N = 2000

P(Y =t|X = f,D) =
avie0dtm
Yy|etmt+ns 0.27

P(Y =t X=1t,D)=
’YY\10<7+"2 _
Vy|etn+ny T 0.79

March 7-10, 2017 14

/ 53



Introduction

Learning
SEVESEN
Networks

Example

Introduction

©x ~ Beta(200, 800)
since @« = yx0.2 and f = yx — «

Oy |r ~ Beta(50, 450)

Oy|¢ ~ Beta(350,150)

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 15 / 53
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e Some notation:

Known N: number of BN's random variables
Structure,
Complete n: cardinality of dataset (number of cases)
ri: cardinality (number of states) of X;

g;: number of configurations of parents of X;

D: the dataset (observed sample) with cases
Dy (m=1...n)

X;: generic variable with states x;x

pa;j parent variables of X;

mij: j-th configuration of parents of X;

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 19 / 53



Learning
SEVESEN
Networks

Luigi Portinale

Known
Structure,
Complete
Data

Known Structure, Complete Data

@ D= (D1,Dy,...Dp,) is the dataset

@ Dy, = (x1[m], x2[m], ... xn[m]) generic case (x;[m]
observed state of variable X; in case m)

e 0 = (0jjx) parameter vector

(] 0ijk = P(X,'k|7T,'J' . 9)

© Oy =1 -3 4z Vi

e 0jj = (8jj1,0ij2, .. .0jjr,): parameter vector of variable X;
given the j-th configuration of parents

® Ojipa; = (0ijy, 0, - - -) parameter vector of X;'s family.

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017
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Parameter Estimation

o Likelihood function: £(6 : D) = P(D|0)

coin landing
o heads-up without
i : prior knowledge
after observing

@ Maximum Likelihood Estimation (MLE):
0 = argmaxL(6 : D)
0

A

@ Bayesian Estimation (BE): § = Ep[f] where
P(6|D) x P(0)L(O : D)

@ likelihood function has to be computed

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017
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Given a set of cases D = {D,,} we assume i.i.d. samples, thus

L(O:D)=TI_1P(Dm:0)

Because of network factorization:

n N N n
D) = [T ITPGalmllpailm] - 6) = [T TT PCxilmllpailm] - 6)
m=1i=1 i=1 m=1
If the parameters local to a given family (CPD) are mutually
independent (i.e., 6;,,. are independent from 6;:,,,) we have
that

i|pa; i'|pay

L(0: D)= Hc Oilpa; - D

where £;(0;pa; : D) = [1m—1 P(xi[m]|pai[m] : 0; s, is the
conditional likelihood of X;

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 22 /53
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Example

Structure,
Complete

Data - HP(E[m] :@)P(B[m]: ©)P(A[m]| Blm],E[m]:©)P(C[m]| A[m]: ©)

iy L(e:D)= HP(E[m],B[m],A[m],C[m]‘. 0)=

4

E[] B[] A1l CUID

Ml BIM] AM] CIM

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 23 /53
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o D
A0
o L(©: D)= [ [P(ELm]. Blm].A[m].C[m]:©) = <

l_[P(A[m] | B[m).E[m]: ©) . B[1]

[ [P(Clm]l Alm]-©)
m BIM
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If global likelihood factorizes into conditional local

likelihoods, parameters for each variable can be maximized

independently

ilpa; : D) then

6 = (§1|pal,§2‘paz, e éN\paN) maximizes £(6 : D)

if 0jpa; are parameters maximazing L;(0

in case of multinomial distribution, if M;[k,j] is the
number of times X; = k and pa; are in configuration j,
then we get a further decomposition

gMilk
‘Ci(eflpai: D) = H I« Uk[ ]
it follows that MLE is Gi‘pa = (Q,Jl,eu2 guq ) where
é\ij = (éijkp éiij e é,'jk,'_) and finally
5 Milk,J]
9ijk — X AT A1
Zk Ml[ka./]

@,-J-k estimates P(X; = k|pa; = j)

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017
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Known Structure, Complete Data

Bayesian Estimation of BN Parameters

Let G be a BN structure with parameters
0 = (O1)pays - - - Onjpay ), @ prior P(0) satisfies the global

parameter independence if P(0) =[]\, P(0iipa;)

Plate Model Ground Bayesian Network //9;\ X

,/(@

&Y
%,@
.

Data m

P(9|D) = HP 0;pa:| D)

we can determine the posterior over parameters independently
March 7-10, 2017 26 / 53
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Let G be a BN structure with parameters
0 = (01)par» - - - On|pay ). if the prior P(0) satisfies global and
local parameter independence then

N g

P0|D) = [[[]P(0:1D)

i=1j=1

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 27 / 53
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(03|D) ~ Dir(cvjx, + Milky, j] . .- cjjw, + Milks;, j])

Known @ Estimate
Structure,
C(;:;plete i Qi + M k?./
D P(X; = k|pa; = j) = E[0;|D] = ’ 1]

Dok ik + >k Milk, ]

@ How to set hyper-parameters?

o K2 prior: use a fixed value (say ajjx = 1) for all the net's
hyper-parameters [Cooper & Herskovitz:93]

o BDe prior (Bayesian Dirichlet equivalent): set an
imaginary data set size « and a representation
P’(Xy...Xyn) of the probability of each possible imaginary
sample; set then ajjx = aP'(X; = k|pa; = j)

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 28 / 53



Learning
SEVESEN
Networks

Luigi Portinale

Known
Structure,
Complete
Data

Known Structure, Complete Data

in BDe prior the number of imaginary samples for different
choices of parent values is identical

we can use a prior BN to model P’ (only for the
parameters and not necessarily for the structure); we can
then compute efficiently P'(X; = k|pa; = J)

it is common to define P’ as a set of independent
marginals P'(X;) (i=1...N)

another choice can be to set P’ to uniform distribution

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 29 /53
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KL Divergence

Bayes; o.=5

0 . . . . . . ‘
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
M = # instances

Lowest error with weakest prior (o = 5)
Larger values introduce bias; bias disappears as samples increase
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@ Given data which model is correct?

Structure
Learning : @

o Bayesian approach: given data which model is eorrect
more likely?

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 32/
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= P(my|D) = 0.9
Structure ®—®
Learning
P(mg) =0.2

Bayesian Model Selection: m = arg max P(m|D)
m

In the example select model my and use it as the correct model

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 33 /53
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Score-based Search

@ main idea for model selection: assign a score to each
candidate network, then search for the network with the
Structure highest score

Learning

@ optimization problem

@ Pros: statistically motivated, takes the structure of
conditional probability into account

e Cons: computationally hard

@ Heuristic search: hill climbing, best-first, simulated
annealing

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 34 /53
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o Natural score measure: the likelihood function of (G, 0g)

raggﬁ(<g,9g> :D) = mgX[ng)gxﬁ(@ﬂg) : D]

Structure
Learning

— max(£((G.0g) : D)]

e to find max likelihood pair (G, 60g) we search structure G
that achieves highest likelihood when using MLE
parameters g for G

o let £(Ag : D) be the log-likelihood function

scorer (G : D) = £(0g : D)

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 35 /53
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ZP ) log P(x

entropy of X

Structure

Learning
ZP x,y) Iog P

Mutual Information between X and Y

@ it measures how much information each variable provides
about the other

e Ip(X;Y)>0
e Ip(X;Y)=0iff X and Y are independent
e Ip(X;Y) = Hp(X) iff X is totally predictable given Y

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 36 / 53
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scores(G : D) = nZ[Ip(X,-; pal) — Hp(x)]
i=1

where n is the number of samples

Structure

Leaming @ the term nZ,Nzl Hp(x;) does not depend on structure G
@ the score measures the strength of the dependence
between variables and their parents

@ good news: we prefer networks where the parents of each
variable are informative about it

@ bad news: adding arcs always helps
I(X;Y)<I(X;YUZ)
maximal score attained by fully connected network
such network can overfit data

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 37 /53
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Avoiding overfitting

o Classical issue in Machine Learning

@ Restricting hypotheses space: restrict the number of
parents and/or the number of parameters

@ Minimum Description Length: penalize models that are
too complex (Occam's razor)

@ Bayesian Methods: use prior knowledge and/or average
over all parameters values

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017
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proio) - PLOPO0)

scoreg(G : D) = log P(D|G) + log P(G)

Problem: computation of the marginal likelihood

Structure
Learning

P(DIG) = /9 P(Dl0g, G)P(06|G)

P(D|bg,G) likelihood of data given network (G, 6g)
P(6g|G) prior distribution over parameters of G

n.b.: MLE returns maximum of likelihood function; marginal
likelihood returns the expected value of the function

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 39 /53
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Cooper-Herskovitz formula

Given a network (G, 6g) with P(0g|G) satisfying global and
local independence; let each parameter
8ij ~ Dir(ay : (k=1...r;)) then

R M) T T (e + Milk, j])
P09 = I e, gy L g0

where oy = 3, ajie and M;i[j] = >, Mi[k, ]

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017
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We can use an approximation for marginal likelihood exploiting
the following theorem

Structure If we use Dirichlet priors for all parameters of the network, then

Learning

when n — oo we have that

log P(D|G) = (g : D) — '°§ " pimlg] + 0(1)

where Dim[G] is the number of independent parameters in G.

log n

scoregic(G : D) = ((fg : D) 5

Dim|[G]

It exploit MLE, by penalizing too complex models (MDL)

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 41 /53
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structure, by recognizing that more complex structure is
necessary as more data are available (trade-off fit to data
with model complexity)

@ if variables are independent, small fluctuations in the data
(sampling noise) are unlikely to cause preference for more
complex structures

Structure
Learning

@ in case of BIC it is evident that, the stronger is
dependence from parents, the higher is the score; the more
complex is the network, the lower is the score

@ the data likelihood term grows linearly with n, while

complexity grows logarithmically (the larger n is, the more
emphasis is given to fit the data)
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Score consistency

Suppose G* is a perfect map for a distribution P. A scoring
function is consistent if the following properties hold as

n — oo, with probability that approaches 1 (over all possible
dataset D):

@ G* will maximize the score

@ all strcture G that are not /-equivalent to G* will have
strictly lower score

Bayesian score and BIC are consistent

Asymptotically, these scores prefer a structure that exactly fits

the dependencies in the data.

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017
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prob)

@ usual choices: uniform priors or edge penalty where
G P o clfl (c <1 and E edges of G)

@ no need to worry about the actual number of prior
networks, since it suffices a value proportional to the
actual prior (e.g. P(G) = 1 when uniform)

@ structure modularity:

N
P(9) o [ [ P(pai = paf)

i=1

P(pa; = paig) prior to choosing the set of parents of X;

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017

@ structure prior does not grow with n and do not play a role
asymptotically (unless it rules out some structures with 0
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@ a structure score is decomposable iff

N
score(G : D) = E Fscore(X;i|pa;j : D)
Structure

Learning i=1
where Fscore(Xi|pa;j : D) measures how well pa; serves as
parents of X; in D

o e.g., likelihood score is decomposable since
Fscorer(Xi|pa; : D) = n(Ip(Xi; pa;) — Hp(X;))

@ with a decomposable score, a local change in structure
does not change the score of other parts (easier search)

@ under which condition is Bayesian score decomposable?

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 45 / 53
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Structure Learning

Decomposability of Bayesian Score

o Let P(6g|G) be a set of parameter priors with global
independence. They satisfy parameter modularity if for
each G, G’ such that pa,-g = pa,-g/, then
P(0x,1ps919) = POy, 19"

@ above property states that prior over X; depends only on
local structure

Let G be a network structure, P(G) be a structure prior with
structure modularity, and P(0g|G) be a parameter prior with
global independence and parameter modularity, then the
Bayesian score is decomposable

March 7-10, 2017 46 / 53
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Parameter Priors

@ impossible to elicit parameter priors for each possible
network (superexponential)

Structure

Learning e K2 prior: choose Dir(a,...«) for every parameter, where
« is a fixed constant

@ BDe prior: choose an equivalent sample size o and set
Qjjk = Od'P/(X,' = k]pa,- :J)

@ BDe prior allows also to satisfy the important property of
score equivalence

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 47
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Score equivalence

Let score(G : D) be a score. It satisfies score equivalence if for
Structure all /-equivalent networks G, G’, we have that

Learning

score(G : D) = score(G’ : D) for all dataset D

The likelihood and the BIC scores satisfy score equivalence

What about bayesian score?

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 48 / 53
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Let P(G) be a structure score assigning equal prior to
I-equivalent networks; let P(0g|G) be a Dirichlet parameter
prior with global and local independence. The Bayesian score
with this prior satisfies score equivalence iff the prior is a BDe
prior for some o and P’.

It follows that if we use Dirichlet priors and want
decomposition, then to satisfy score equivalence we MUST use
BDe prior

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 49 / 53
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Structure Learning as Search

Input: training set, scoring function, priors (if needed), set of
possible structures

SHEE Output: a networks (or networks) maximising the score

Learning

Key property: decomposability: the score is a sum of local
terms

Optimization problem to be solved by heuristic search (hill
climbing, simulated annealing, genetic algorithms, best first,
etc. ..

Luigi Portinale (UPO) Learning Bayesian Networks March 7-10, 2017 50 / 53
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cie k@yer Se
%@ e T D @
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e Search
E—
Structure
Learning X \

>

e Caching: To update the score after a local change, we
only need to re-score the families that were changed in
the last move
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Structure Learning

Learning
SEVESEN
Networks

S Hill Climbing

@ start with an initial network (random network, empty
network, .. .)

Structure @ at each iteration

Learning

o evaluate all possible changes
o apply change resulting to best increase in score
o reiterate

@ stop when no change improves the score

Better results obtained with random restarting

Each step requires evaluating approximately N new changes
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