Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale

Models

Luigi Portinale

University of Piemonte Orientale, Italy

March 7-10, 2017

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi:

March 7-10, 2017

Approximate Inference in Probabilistic Graphical

1/48



Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale

@ Inference by Sampling
@ Acceptance-Rejection Sampling
@ Importance Sampling
@ Markov Chain Monte Carlo

9 Sampling in Probabilistic Graphical Models
@ Logical Sampling
@ Likelihood Weighting
@ Gibbs Sampling

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi: March 7-10, 2017 2 /48

/



Inference by Sampling

Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale

Inference by
Sampling

Inference by Sampling

March 7-10, 2017 3 /48

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi:



Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale

Inference by
Sampling

Inference by Sampling

Consider a discrete random variable with a finite number of
possible states X = {x1,...xx} with p; = P(X = x;).

To sample the variable X from P means to assign X one of the
possible values x; according to the probability p; (i.e., if we
repeatedly sample the variable, the frequency of the value x;
must converge to the probability p;)

VJLT_p;ﬁ r_pk_1

Sampling procedure

@ Generate a uniform random number between 0 and 1;

@ set X = x; if the number is in the interval corresponding
to Xx;
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e If variable X is continuous and X ~ U(0, 1), then standard

methods for pseudo-random generation exist. E.g.,
Marsenne-Twister (with period of 219937 — 1)

If the variable X is not U(0, 1), then if the cdf is

F(x) = P(X < x), then X = F71(U(0,1)) ~ F. Requires
F to be invertible

F(x)=1—e ™ = x = }log(l—z) with Z ~T(0,1)
(exponential distribution)

Specific methods are also available for important
distributions. E.g., Box-Muller method for N'(0,1); let
Ul, Us ~ [U(O, 1), then

Z = +/—2log(U1) cos(2mUz) ~ N(0,1)
Remember: if Z ~ N(0,1) then 0 Z + pn ~ N (u, 0?)
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Models Given a very large set X and a probability distribution P(X)
SRR over it, draw a set XU, ... X(V) of i.i.d samples of X.

Monte Carlo Principle

el Approximate the distribution using such samples:
ampling

Computing expectations:

En(f) = Zf (XW) — B() =3 FX)PX)

X

(/ f(X)P(X) in a continuous space)
X
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@ When is too complicated to sample directly from
P distribution P, we can sample from a simpler distribution

Rejection

Sampling Q called the proposal distribution
@ The proposal distribution @ must satisfy the following:
P(X) < aQ(X) for some a < 0o

@ We sample a candidate X = x; from Q and we accept the

candidate with probability A(x;) = QPQ(E(Q)

@ Result has a distribution ~ Q(x)A(x) = @ x P(x)
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Acceptance- /7 \
Rejection
Sampling

PX=x) |’ AN

=

P(X) \

Xi

N o Vv PX=x)
Paccept(xl) X — = m
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[®] Gnuplot

Approximate
Inference in 50 samples , 19 accepted
PrGobal;i'IistIic L i)
raphica cllwix] —
Models rejected =

accepted -
Luigi Portinale

Inference by

Sampling
Acceptance-
Rejection
Sampling

Sampling in
Probabilistic
Graphical
Models

It works well when P and Q are similar.

If « is too large, then we rarely accept samples

In high dimensional space you have too much to sample from
(many rejections)

We should avoid to sample in regions with low values of P

Luigi Portinale (UPO)
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@ In case of rare events (function values belonging to regions
with low probability) a lot of samples are unuseful
Saming @ Idea: to sample from a proposal where the event is not
rare and always accept the sample; however, suitably
weight and adjusts for the introduced bias.

@ The resulting strategy is called Importance Sampling
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Importance Sampling

Let Q(x) be a proposal distribution, P(x) the original
distribution from which we want to sample and f(x) the
function whose expected value has to be computed (we require

f(x)P(x) # 0).
f(x)P(x)
E(f) = Zf x)P(x Z o0 ()

N
1 FXNPXW)
Bulf) =5 2~ gxamy X~ 2

wk) = gg(k; is the importance weight of the sample (the bias
introduced by sampling from the proposal)

W

March 7-10, 2017 13 / 48



Inference by Sampling Importance Sampling

Approximate
Inference in
Probabilistic

. Importance Sampling
raphical

s Let Q(x) be a proposal distribution, P(x) the original
SRR distribution from which we want to sample and f(x) the

function whose expected value has to be computed (we require

f(x)P(x) # 0).
Irtaes f()P(x)
E(f) = Zf x)P(x Z o0 ()

N
1 FXNPXW)
Bulf) =5 2~ gxamy X~ 2

W

wk) = ggi(k; is the importance weight of the sample (the bias
introduced by sampling from the proposal)

Finding a good importance sampler is an art and a science
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Approximate 5 .
Inference in Normalized Importance Sampling

Probabilistic

Graphical Frequently, target distribution P is known up to a normalizing
constant i.e., P(X) = ZP(X) (e.g., we know P(X,e) but need

P(Xle), or we have unormalized product of cliques in a MRF)

@ Define w(X) = Q(X)

samplng @ The expected value wrt Q of w is

St EQ(W(X)) — ZX Q( )S X) ZX 75(X) =
f(x)

Luigi Portinale

o Ep(f(X)) =X, P( =2X9(x)f(x)g§
= 1%, QX)) 508 = FEo(F(X)W(X))
_ Eo(f(X)w(X))
Eg(w(X))

Thus to estimate Ep(f(X)) we can compute

S FXOWwXB) -y o
i w(X®)
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@ The choice of a proposal distribution is crucial both in
rejection and importance sampling.

@ |dea: instead of using a fixed proposal distribution, choose
an adaptive one.

Markov Chain
Monte Carlo

@ Consider the sampling process as visiting a set of states:
each state has an associated proposal distribution that
depends on the previous state.

Sampling process as a Markov Chain!
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e ® @
x3 x1 x2

Importance sampling with a bad proposal

An adaptive proposal sampling

Approximate Inference in Probabilistic Graphi
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A digression

Markov Chain

A Markov Chain is a sequence od random variables indexed by
a parameter t called the time: X(), X2 . X(®)  satisfying
the Markov property

PX® = x| XM x@ x(E=1) = p(x(O) = x| x (1))

If parameter t is discrete we have a DTMC (Discrete Time
Markov Chain), otherwise it is called CTMC (Continuous Time
Markov Chain).

4

We consider only DTMCs and X(9) will be the t-th sample (the
entire set of all the variables in case of a PGM)

P(X®) = x| X(t=1)) is called the transition kernel
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el transition kernel is independent from time
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PX® = x| XD = x) = T(X|x)

where x is the previous state and x’ the next state

e If wf(x) is the probability distribution over the states of the
Markou Chain MC at time t (the possible values of variable X(*)), then

() =) w )T (K |x)

@ A distribution is stationary if it does not change under
transitions

7(x") = Zw(X)T(X’|x) for all x’

X

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi: March 7-10, 2017 19 / 48



Inference by Sampling Markov Chain Monte Carlo

Approximate
Inference in
Probabilistic
Graphical
Model .
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any state x in a finite number of steps

Luigi Portinale

p(x(f+”) - X’]X(t) = x) > 0 for a finite t + n

Samplng @ Aperiodic: a MC where any state can be reached at any
Monie Carlo time (no period)

@ Ergodic: a MC that is irreducible and aperiodic.

@ Regular: a MC with a regular transition matrix (i.e., a
matrix P such that some power of the matrix P" has only
positive entries);if a MC is regular then it is ergodic (vice
versa is not true)
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Probabilistic Existence of stationary distribution

Graphical . X . X . X . .
Models If a MC is ergodic, then it has a unique stationary distribution

SRR which is independent from the initial state

| A\

Reversibility
The stationary distribution satisfies the detailed balance

Wi @i condition or reversibility:

Monte Carlo

m(xX)T (xIx") = 7(x)T(x'|x)

MCMC

Given a desired distribution P(x), we can build a MC such that
P(x) is the stationary distribution; by simulating the MC, once
we have reached the stationary distribution, we can take
sample from it.

| \
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Let us introduce a first MCMC algorithm:

Metropolis Algorithm

Consider a symmetric proposal distribution
Q(x'|x) = Q(x|x") over the considered space X and an

initial state x = x°.

Draw a sample x’ from the proposal distribution and the
current state x.

Accept the sample (set x” to the current state) with
P(x")

P(x)
ns (burn-in

probability A(x’|x) = min(1, r), where r =

repeat N times, by discarding the first K ru
phase)

samples are always accepted if more probable than the
current one (r > 1)

only need to compute 7;((’::)) rather than P(x) and P(x’)
separately.
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@ The transition kernel of Metropolis Algorithm is
T(|x) = Q) B if P(x) > P(x') and
T(xX'|x) = Q(x'|x) otherwise.

Ssing o Let P(x') > P(x)

Bl - P70 = P(Q(x)
= P(x)Q(x|x") (symmetric proposal)
_ P(X’)Q(X|X’);;((;(/))
=P(X)T(xIx)

@ The above is the detailed balance equation showing that
P(x) is the stationary distribution of the generated MC
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Another MCMC algorithm:

Metropolis-Hasting Algorithm

Consider a proposal distribution Q(x’|x) over the

considered space X and an initial state x = x°.

Draw a sample x’ from the proposal distribution and the
current state x.
Accept the sample (set x’ to the current state) with

P(x)Q(x|x')
P(x)Q(x'|x)

repeat N times, by discarding the first K runs (burn-in
phase)

probability A(x’|x) = min(1, r), where r =

N.B. % is the importance weigth of x’.
A(x'|x) is the ratio of the importance weights of x” and x.
do not require a symmetric proposal ansd (again) only

P(x")
P(x) -

need to compute
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P(x)

Qx'|x%)

Markov Chain
Monte Carlo

.
X0

Initialize x°
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Q(x"|x%)

.
X0

Initialize x°

Draw and accept x!
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Qpex’)

Markov Chain
Monte Carlo

L) [ ]
1T x0 x2

0

Initialize x
Draw and accept x!
Draw and accept x?

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi March 7-10, 2017

/48



Inference by Sampling Markov Chain Monte Carlo

Approximate

Inference in

Probabilistic
Graphical
Models

P(x)

Luigi Portinale

Markov Chain
Monte Carlo

[ ]
x! x0 x2 X (rejected)

Initialize x°

Draw and accept x!
Draw and accept x?
Draw X/, reject and set x3 = x?

/
We reject because ;;((;(2)) is very small so A(x|x?) is close to 0
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x1 x0 x2 x4

0

Initialize x
Draw and accept x*
Draw and accept x?
Draw x/, reject and set x3 = x
Draw and accept x*

2
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L ]
xT x0 x2 x4 X°
.2
Initialize x°

Draw and accept x!
Draw and accept x?
Draw X/, reject and set x3 = x?
Draw and accept x*
Draw and accept x°
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@ The transition kernel of MH is 7 (x|x) = Q(x|x).A(x’|x)

P(x x|x P(x)Q(x|x
o If A(x'[x) = min(1, BEISERT) < 1. then SERTEEY > 1
and A(x|x') =1

o If A(X|x) <1, then A(x'|x) = W((Xxllxx)) and

Luigi Portinale

Markov Chain

Ve e A(x|x) = 1

o P(x)Q(X'1x)A(X|x) = P(x)Q(x|x)

o P(x)Q(X'x)A(X|x) = P(x') Q(x[x")A(x|x)

o P(x)T(x'[x) = P(x')T (x|x')

@ The above is the detailed balance equation showing that
P(x) is the stationary distribution of the generated MC
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@ All the samples generated before the mixing time should
be discarded, since they are not sampled from the required
distribution.

@ The mixing time may be very long if the proposal

Mite Qi distribution is not good.

@ The mixing time should be estimated and doing this is an
art!

@ The steps before mixing constitute the burn-in phase.

@ The burn-in is not mathematically necessary: it is a
computational statistics trick (without burn-in the bias

introduced by the first samples, may require a lot of
subsequent samples to vanish)
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A special case

Gibbs Sampling

@ Suppose we want to sample from a multivariate
distribution P(xi, ...x,) and we have a proposal
distribution which is P(xj|x_;) where x_; is the set of all
the variables but x;.

o Initialize a random sample X(® = (xfo), . .x,(,o))
@ Forstept=1...N:
e for each variable x;:
o sample X’-(k) from P(x,-|x1(t), . .x,-(f)l, x,-(izl), .. .x,(,t_l))
@ Optional (but important): discard first K samples
(burn-in) and consider only one sample every h (period)

e first variable may be uninitialized (it is sampled from the
others at the first step)

@ period h mitigates the fact the subsequent samples are
correlated (thinning)

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi: March 7-10, 2017 28 / 48



Inference by Sampling Markov Chain Monte Carlo

Approximate

Inference in
Probabilistic
Graphical
Models

S FEIED e Gibbs sampling is a special case of Metropolis-Hasting
e Proposal distribution Q(x/, x_;|x;,x_;) = P(x!|x_;)

P(XI-/,X_,')Q(X,',X_,"XI-/,X_,') )
7 P(xix—) Q(x] x—i]xi,x—i)

o A(x!,x_;|x;,x_;) = min(1

B P(x] x—i)P(xi|x—:)
S = min(L, 56 ypirc)
. P}, x—i)P(x—i)P(xi|x—i)
= min(L, 5 s Pec POre )
=min(1,1) =1
e Gibbs sampling is a version of Metropolis-Hasting
where the next sample is always accepted!
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o Take a topological order Xi, ... X, of the variable nodes
@ Fori=1...N,

e draw a sample of each variable following the topological
() (i ))

order, producing a network sample (x;", ... xp
e if the network sample does not agree with evidence e,

reject the sample

o Let NV be the number of accepted sample, let q be an
assignment to variables in @ and let Ny be the number of

Logical Sampling

samples satisfying q; estimate P(qle) = %

@ A network sample can be rejected as soon as a sampled
variable does not agree with the evidence (i.e., the samples
value is different than the observed one).
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@ Take a topological order Xi, ... X, of the variable nodes
@ Fori=1...N,
e draw a sample of each variable foIIowmg the topological
order, producing a network sample (x1 , X ))

e if the network sample does not agree with evidence e,
reject the sample

o Let N be the number of accepted sample, let q be an
assignment to variables in @ and let Ny be the number of
samples satisfying q; estimate 75(q|e) = %

Logical Sampling

@ Variable samples start from root nodes and proceed
forward (indeed, Forward Sampling is an alternative name)
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o Take a topological order Xi, ... X, of the variable nodes
@ Fori=1...N,

e draw a sample of each variable following the topological
() (i ))

order, producing a network sample (x;", ... xp
e if the network sample does not agree with evidence e,

reject the sample

o Let NV be the number of accepted sample, let q be an
assignment to variables in @ and let Ny be the number of

Logical Sampling

samples satisfying q; estimate P(qle) = %

o Following topological order, every variable can be sampled
from its CPD (parents are already assigned when sampling
the variable)
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Lea Miles I BN V)
Mo oA
O
<
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Approximate

Inference in || Exan]ple ||

Probabilistic
Graphical

Models P(()
Luigi Portinale 50

C |Ps|o) C [priO)

T .10 T] .80

F .50 F|l 20
Logical Sampling

P(W|S.R)

Mo oH A | »
Moo
O
o

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi: March 7-10, 2017 33 /48
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Approximate

Inference in || Exal’nple ||

Probabilistic
Graphical

Models P(C)
Luigi Portinale .50

C |p(s|o) C |P®R|C)
T| .10 T| 80
F| .50 F| 20

Logical Sampling

P(W|S.R)

oo i )
o R
O
o
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Sampling in Probabilistic Graphical Models Logical Sampling

Approximate

Inference in

Probabilistic e Logical sampling is a special case of Acceptance/Rejection
i sampling

Luitd [Pzl e Target distribution is P(X) = P(x_ele)

@ Proposal distribution is Q(X) = P(x_e,€)

@ Probability of acceptance is A(X) = P(e) (a sample is
accepted if it agrees with e)

@ Since A(X) = %, it follows that o = P(e) ™2

@ The requirement P(X) < aQ(X) is satisfied.
Plee) < Ple) 2P(x_e, €) since P(e) L < Ple)>

Logical Sampling 7)( )

Pros and Cons

Pro: easy to implement
Cons: too many rejections if evidence is rare, applicable only to
directed models
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Luigi Portinale

Likelihood Weighting

Likelihood
Weighting
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate
Inference in

Probabilistic
Gﬁggﬁ:' Likelihood-weighted particle generation
Procedure LW-Sample (
i) Fteriiitalle B, Il Bayesian network over X’

Z =z Il tvent in the network

)

1 Let X;,.... X, be a topological ordering of X’

2 we— 1

3 fori=1,....n

4 u; — x(Payx,) /I Assignment to Pax_ inzi,..., 2,

5 it X; € Z then

6 Sample z; from P(X; | u;)

7 else

b x; — z(X;) I Assignment to X, in z

9 we— w-P(x; | w;) I/ Multiply weight by probability of desired value
Likelihood 10 return (zq,...,2,),w

Weighting
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in

Probabilistic
Graphical
Models

Likelihood-weighted particle generation

Procedure LW-Sample (
Luigi Portinale B,

/I Bayesian network over X'
Z =2z [l Event in the network

Let Xy,..., X, be a topological ordering of A’

fori=1,....n
u; — aw(Pay,) /I Assignment to Pax, inz1,..., 2 1
if X; € Z then
Sample x; from P(X; | u;)
else
x; — z(X;) I Assignment to X, in =
we— w-P(x; | u;) N Multiply weight by probability of desired value
return (zy,....2,),w

(===l B = R L B

—
(=]

Likelihood
Weighting

@ Sampling order as in logical sampling but:
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in

Probabilistic
Graphical
Models

Likelihood-weighted particle generation
Procedure LW-Sample (
i) Fteriiitalle B, /I Bayesian network over X'
Z =2z [l Event in the network

Let Xy,..., X, be a topological ordering of A’

fori=1,....n
u; — aw(Pay,) /I Assignment to Pax, inz1,..., 2 1
if X; € Z then
Sample x; from P(X; | u;)
else
x; — z(X;) I Assignment to X, in =
we— w-P(x; | u;) N Multiply weight by probability of desired value
return (zy,....2,),w

(===l B = R L B

—
(=]

Likelihood
Weighting

@ evidence variables are not sampled
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in Likelihood-weighted particle generation
PrGO:;?):'iIZtI'C Procedure LW-Sample (
Models B, /I Bayesian network over X’

Luigi Portinale : Z =z |l Event in the network
1 Let Xy,...,X, be a topological ordering of A’
2 we— 1
3 fori=1.....n
4 u; — x(Pay,) /I Assignment to Pay, inz1,..., 7,1
5 if X; ¢ Z then
6 Sample z; from P(X; | u;)
7 else
8 z; — z(X;) I Assignment to X, in z
9 we— w-P(x; | w;) [/ Multiply weight by probability of desired value
10 return (xq,....2,),w

Likelihood
Weighting

@ each sample is weighted with an importance weight which
is the likelihood accorded to the evidence in such a
sample, as measured by the product of the CPDs of each
evidence variable
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate
Inference in

Likelihood-weighted particle generation

Probabilistic Procedure 1W-Sample (
Graphical B
Models ’

/1 Bayesian network over X'
Z =z [l Event in the network
Luigi Portinale )

Let Xy,..., X, be a topological ordering of A’

u; — x(Payx,) /I Assignment to Pax, inzi,..., 7,
it X; ¢ Z then
Sample =, from P(X, | u;)
else
x; — z(X;) I Assignment to X, in z
we— w-P(x; | w;) [/ Multiply weight by probability of desired value
return (xq,....2,),w

(=== B R N s B

—
(=]

Likelihood
Weighting

@ if N is the total number of particles (runs), estimate

SV w1(X(Q) = q)
Z,I'V:1 w(i)

P(ale) =
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Likelihood Weighting

Inference in

Probabilistic ‘
Graphical

Likelihood weighting example

Models

Luigi Portinale

Likelihood
Weighting

Luigi Portinale (UPO)

P(C)

.50

P(S[C)

.10
.50

S R[P(WSR)
T T| 99
T F| .90
F T| .90
F F| .01
w=1.0

Approximate Inference in Probabilistic Graphi

* |P(RIC)
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.20
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Likelihood Weighting

Probabilistic [
Graphical

Likelihood weighting example

Models

Luigi Portinale

Likelihood
Weighting

Luigi Portinale (UPO)

PC)

.50

c |psio)
T| .10
F| 50

S R[P(WS.R)
T T| 99
T F| 90
F T| .90
F E| .01
w=1.0
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Approximate
Inference in

Sampling in Probabilistic Graphical Models

Likelihood Weighting

Probabilistic
Graphical

Likelihood weighting example

Models

Luigi Portinale

Likelihood
Weighting

Luigi Portinale (UPO)

P(C)

50

c [psio]
T| 10
F| 50

P(W|S.R)

Mo H |
oA

.99
.90
.90
.01

w=1.0

Approximate Inference in Probabilistic Graphi
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F| 20
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in
Pkl | Likelihood weighting example H
Models
Luigi Portinale P(SC(‘))
C |P(S[0) ¢ [p®ic)
T| .10 @ T| .80
F .50 F 20

S R[P(W|S.R)
Likelihood T T .99
Weighting T F 90
FT .90
F F 01

w=10x0.1
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Likelihood Weighting

Probabilistic H
Graphical

Likelihood weighting example

Models
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P(C)

.50

c |psio)
T| .10
F| 50

C [pric)
T| s0
F| 20
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T T| .99
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F T| 90
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Weighting
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P(C)

.50
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T| .10
F| 50

¢ [PRIO)
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Sampling in Probabilistic Graphical Models

Likelihood Weighting

Probabilistic H
Graphical

Likelihood weighting example

Models

Luigi Portinale

Likelihood
Weighting

Luigi Portinale (UPO)

p(C)
50
c |pisio)
T| .10
F| 50
S R[P(WSR)
T T| 99
T F| 90
F T| .90
F F| .01

¢ [PRIO)
T| 80
F| 20

w=1.0x0.1x0.99 =0.099
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale

o Likelihood weighting is a special case of Normalized
Importance Sampling

e Given a BN B and some evidence e, we define the
mutilated network B, as follows:

e every evidence node has no parent

o the CPD of an evidence node E; = ¢; is set to 1 for state
e; and set to O for every other state.

e all other CPDs are kept unchanged

Likelihood
Weighting
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate
Inference in

Probabilistic
Graphical
Models Student Example L [P0

Luigi Portinale low_| 07
D P(D) high | 0.3
low |06
high | 0.4 1 s P(sIl)
D | ¢ | PGIDN ] low low 095
o Ton TG 103 Intelligence low |high | 005
low | low B |04 igh | low 02
low | low A |03 high | high 08
low high C 0.02 G | L P(LIG)
low high B 0.08 C | weak 0.99
low | high |A |09 C | strong | 0.01
high | low C o7 B | weak 04

Likelihood high |low | B | 025 B | strong | 06

Weighting high | low A | 005 A | weak 0.1
high | high | C |02 @ A | stong | 09
high | high B 03
high | high A 05
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in
Probabilistic
Graphical | P(l)
Models H .
Mutilated Network: low | 0
Luigi Portinale high | 1
1 s P(Sl)
low low 0.95
> Trm) Intelligence low |high | 005
‘ 06 high low 02
ow X
high high 08
high | 0.4 9 9
G | P(GID)) G [L P(LIG)
C | weak 0.99
C 0
B 1 C | strong | 0.01
A lo B | weak 04
B strong 06
Likelihood @ A |weak |01
Weighting
A strong 09

Evidence: Grade=B, Intelligence=high
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate
Inference in
Probabilistic

Meets @ Let B be the original network defining distribution Pg, e

Luigi Portinale the evidence and B, the mutilated network defining
distribution Ppg,.

@ The proposal distribution of LW is the one defined by the
mutilated network Pg,.

_ Ps(s)

N0

@ the estimation provided by the algorithm corresponds to
the one of Normalized IS where:

proposal distribution is Q(X) = Pg,(X)

target distribution is P(X) = Pg(X_ele)

unormalized distribution is P(X) = Pg(X_e,e)

the function whose expected value is estimated is the

indicator function of the query

o the weight of a sample s is w(s)

Likelihood
Weighting
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in
Probabilistic
Graphical

Bl 700 = ]P0 = [T Peer(e) TT Plxint)

Luigi Portinale
X ecE XEX—e

= I P(xln(x))

XEX_g

X) [Leex_ PxIm(x))
[ P(eln(e))

ecE

75(X) HeEE P(elr(e)) HXEX—e P(x|m(x))
Q
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Sampling in Probabilistic Graphical Models Likelihood Weighting

Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale
LW: pros and cons

@ Pros: no sampling on evidence variables; no need for
rejection.

o Cons: with many evidence variables (or in general with
rare evidence) estimate dominated by a small fraction of
samples, since the large part will have a small weight (slow
convergence); downstream evidence does not influence

ogic samples (non evidence variables are sampled without

Vg taking into account evidence “from below")
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale

Gibbs Sampling

Gibbs Sampling
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate

Inference in

Probabilistic
Graphical
Models

IR @ Forward sampling algorithms can be applied only to DAG
or tree-based UGM.

@ Gibbs sampling requires to sample a single variable
conditioned on the other variables.

@ PGM (either directed or undirected) have the notion of
Markov Blanket that works as isolation of each variable
wrt the rest of the model. A variable is independent from
the rest of the network given its MB.

o If we devise an efficient way to sample a variable given its
e S MB, then we could apply Gibbs sampling using a local
view of each variable.
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Graphical
Models

Luigi Portinale

Gibbs Sampling

Sampling in Probabilistic Graphical Models Gibbs Sampling

Markov Blanket: Bayesian Network

@ Given a variable node X, the Markov Blanket of X is given
by its parents 7(X), its children v(X), and its mates
(other parents of the children)

P(XIMB(X)) < P(X|m(X)) [] P(YIr(Y))
Yéer(x)

v

Markov Blanket: MRF

@ Given a variable node X, the Markov Blanket of X is given
by its neighbors.

@ Given a clique C, if Sc is the scope (set of variables) of C

P(XIMB(X)) o< [ ®c(Sc)
C:XESc
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Approximate
Inference in
Probabilistic
Graphical
Models

Luigi Portinale

Gibbs Sampling

Sampling in Probabilistic Graphical Models Gibbs Sampling

Gibbs Sampling for PGMs

Let V ={Xj...X,} be the variables of a PGM with

distribution P, let Q@ C V be a set of queried variables and e

the evidence (i.e. an assignment to variables in E C V' \ Q)

@ set the variables in V to a random initial state (consistent

with e)
@ For k=1...N (number of runs)
o For each X; € V:

e if X; € E then set X; to the value assigned in e
o else sample X; from P(X;|MB(X;))

P(Q - qle) - == (29

where b is the number of burn-in steps
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate

Inference in

Probabilistic
Graphical
Models

@ Assume sampling order is B, E, A, J, M

Gibbs Sampling
@ Initialize all variables to F
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate

Inference in

Probabilistic
Graphical
Models

Burglary

Luigi Portinale

Erppe
R I
£

HER Ak
Ll L Fl o

e Sampling B from P(B|A, E) < P(A|B, E)P(B)
wegits e P(B=T|A=F,E=F)x (0.06)(0.01) = 0.0006
P(B =F|A =F,E=F) o (0.999)(0.999) = 0.9980
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate

Inference in
Probabilistic
Graphical
Models

Burglary Earthquake

Luigi Portinale

F
FoT

mm.m
P
e

A W N = O

= T a0

e Sampling E from P(E|A, B) < P(A|B, E)P(E)
o P(E=T|A=F,B=F)x (0.71)(0.02) = 0.142
P(E =F|A =F,B =F) o (0.999)(0.998) = 0.9970

Gibbs Sampling
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Burglary

Approximate

Inference in
Probabilistic
Graphical
Models

Luigi Portinale F F F F F
¥ L] L
Tor| w F T F
FoT| 2
F F 001

N U
T % T 70

@ Sampling A from
P(A|B,E,J, M) < P(J|JA)YP(M|A)P(A|B, E)

e PA=TB=F,E=T,J =F,M=F) x (0.1)(0.3)(0.29) =
0.0087
PA=FB=F,E=T,J=FM=F)x
(0.95)(0.99)(0.71) = 0.6678

Gibbs Sampling
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate
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Probabilistic
Graphical
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Portinale

= '
= t 1B [E (A [J (M
F F F F F

F T F 7

~ O N = O

e Sampling J from P(J|A)
o P(J=T|A=F) x0.05
P(J=F|A=F) x 0.95

Gibbs Sampling
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Approximate

Inference in
Probabilistic
Graphical
Models
Burglary
Portinale

E] _PA)
T 93
F 94
35 20
F 001

B WO N =~ O

JohnCalls

e Sampling M from P(M|A)
Gibbs Sampling o P(M = T’A = F) x 0.01
P(M = F|A = F) x 0.99

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi:

t 1B [E A |J M

F F F F
F T F T
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Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate

Inference in

Probabilistic
Graphical
Models

Portinale

t (B |E [A |
F F

F

F F
F T F T F
F T T T T

~ WO N = O

@ New run t =2

(s S @ repeat sampling B, E, A, J, M

Luigi Portinale (UPO) Approximate Inference in Probabilistic Graphi March 7-10, 2017 47 / 48



Sampling in Probabilistic Graphical Models Gibbs Sampling

Approximate

Inference in

Probabilistic
Graphical
Models

Luigi Portinale

& w2 o
—A <4 M m M
m o+ <
— /4 n
m 4 4 m ™

T
T
F
F

o Similarly for t =3,4,...

@ Based on the 4 runs (no burn-in) we get e.g.,
Gibbs Sampling P(A — T) _ 3
P(A=T,B=F) =1 etc..

igi Portinale (UPO) Approximate Inference in Probabilistic Graphi March 7-10, 2017 47 / 48
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Approximate

Inference in

Probabilistic
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Models

Luigi Portinale

GS: pros and cons
@ Pros: usable in both BN and MRF; can take into account
all the evidence in every sample.

@ Cons: hard to determine when convergence has been
achieved; wasteful if MB is large.

Gibbs Sampling
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