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Abstract— In this paper we consider the problem
of assigning transmission powers to the nodes of a
wireless network in such a way that all the nodes
of the network are connected and the total power
consumption is minimized.

A mixed integer programming formulation is pre-
sented together with some new valid reinforcing in-
equalities.

Computational results show the effectiveness of
the new valid inequalities and that the new approach
we propose outperforms more complex methods re-

cently appeared in the literature.

I. INTRODUCTION

For a given set of nodes, the minimum power
broadcast (M PB) problem (also referred to as the
min-power symmetric connectivity problem) is to as-
sign transmission powers to the nodes of the net-
work in such a way that all the nodes are con-
nected and the total power consumption over the
network is minimized (see Althaus et al. [1]). It is
assumed that no power expenditure is involved in
reception/processing activities and that there is no
mobility.

Unlike in wired networks, where a transmission
from 7 to m reaches only node m, in wireless net-

works with omnidirectional antennae it is possible
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Fig. 1. Communication model (a) and costs for the mathe-

matical formulation (b).

to reach several nodes by a single transmission. In
the example of Figure 1(a) nodes j and k receive
the signal originated from node i and directed to
node m because j and k are closer to ¢ than m, i.e.
they are within the transmission range of a com-
munication from ¢ to m. This property is used to
minimize the total transmission power required to

connect all the nodes of the network.

Saving energy is a very important issue in wireless
networks since devices are usually equipped with
batteries. Another good reason to keep transmis-
sion ranges small is that this limits the noise over

the network.

As in [1], the model discussed in this paper as-
sumes the complete knowledge of pair-wise dis-
tances between the nodes and that a communication
link is established only if both nodes have transmis-

sion range at least as big as the distance between



them.

As stated in [1], M PB has been proven to be
NP-hard in Clementi at al. [2]. Some mixed inte-
ger programming formulations for the problem are
presented in Das et al. [3], unfortunately without
any experimental result. A branch and cut algo-
rithm based on another new integer programming
formulation is proposed in [1]. Many heuristic ap-

proaches have been presented. See, for example,

Wieselthier et al. [4].

In this paper we present a mixed integer program-
ming formulation and some new valid inequalities
for the polytope associated. We will show that the
results obtained by the branch and cut algorithm
described in [1] can be strongly improved by di-
rectly solving the formulation we present reinforced

with our new inequalities.

II. PROBLEM DESCRIPTION

In order to represent the problem in mathemati-
cal terms, a model for signal propagation has to be
selected. We adopt the model presented in Rappa-
1

Signal power falls as -

o=» where d is the

port [5].
distance from the transmitter to the receiver and
k is a environment-dependent coefficient, typically
between 2 and 4 (we will set x = 4). Under this
model, and adopting the usual convention (see, for
example, [1]) that every node has the same trans-
mission efficiency and the same detection sensitivity

threshold, the power requirement for supporting a

link from node ¢ to node j, separated by a distance

d;j, is then given by

= (diy)" (1)

Pij

Using the model described above, power require-
ments are symmetric, i.e. p;; = pj.

It is important to notice that the theoretical re-
sults presented in this paper remain valid also in
case other signal propagation models are adopted.

MPB can be formally described as follows.
Given the set V' of the nodes of the network, a range
assignment is a function r : V. — R*. A bidirec-
tional link between nodes ¢ and j is said to be es-
tablished under the range assignment r if r(i) > p;;
and r(j) > p;;. Let now B(r) denote the set of all
bidirectional links established under the range as-
signment r. M PB is the problem of finding a range
assignment 7 minimizing ), r(4), subject to the
constraint that the graph (V, B(r)) is connected.

As suggested in [1], a graph theoretical de-
scription of M PB can be given as follows. Let
G = (V, E,p) be an edge-weighted complete graph,
where V' is the set of vertices corresponding to the
set of nodes of the network and F is the set of edges
containing all the possible pairs {i, 7}, withi,57 € V,
i # j. A cost p;; is associated with each edge {1, j}.
It corresponds to the power requirement defined by
equation (1).

For a node 7 and a spanning tree T of G, let
{i,ir} be the maximum cost edge incident to 7 in
T, ie. {iyir} € T and py, > pij V{i,5} € T.
The power cost of a spanning tree 1" is then ¢(T") =

Y icv Piip- Since a spanning tree is contained in



any connected graph, and a broadcast tree must be
connected, M PB can be described as the problem
of finding the spanning tree T" with minimum power
cost ¢(T'). This observation will be used in Section
I1T for the mixed integer programming formulation

presented there.

III. MIXED INTEGER PROGRAMMING

FORMULATION

The mixed integer programming formulation de-
scribed in this section can be seen as an evolution of
one of those proposed in [3]. It is based on the rep-
resentation of the spanning tree problem through a
network flow model (see Magnanti and Wolsey [6]).

A weighted, directed, complete graph G’ =
(V,A,p) is derived from G by defining A =
{(i,4)| i,7 € V}, i.e. for each edge in E there are
the respective two arcs in A, and a dummy arc (i, 7)
with p;; = 0 is inserted for each ¢ € V. p;; is defined
by equation (1) when i # j.

In order to describe the formulation, we also need
the following definition.

Definition 1: Given (i,j) € A, we define the an-

cestor of (i,j) as

i if pij = mingeyv{pu}

arg maxyey {pik|pix < pij} otherwise
According to this definition, (i, az.) is the arc orig-
inated in node ¢ with the highest cost such that
Piai < Dij- In case an ancestor does not exist for
arc (i,7), vertex ¢ is returned, i.e. the dummy arc

(4,7) is addressed.

3

In the formulation M PB, an arbitrary node s,
the one from which to broadcast, is elected the root
of the spanning tree, and one unit of flow is sent
from s to every other node. Variable z;; represents
the flow on arc (7,7). Variable y;; is 1 when node
17 has a transmission power which allows it to reach

node j; y;; = 0 otherwise.

(MPB) Min Z CijYij

(i,7)€A

s.t. yij S yiaj. V(Z,j) S A7 CL;- 7& i

2i; < (V| = 1)y, V(i,j)e A (5)
zi; < (V] = Dy V(i,j) e A (6)
Z Zsj — Z ks = ’V| -1 (7>
(s,J)€A (k,s)€A
> zi— Y mi=-1 VieV\{s} (8
(i,7)EA (k,i)eA
Zij ER v<2,j) cA (9)

In formulation M PB an incremental mechanism
is established over y variables (i.e. transmission
powers). The costs associated with y variable in

the objective function (3) are then given by the fol-

lowing formula:

(11)

Cij = Pij — Piat V(i,j) € A

c;; is then equal to the power required to estab-
lish a transmission from nodes i to node j (p;;) mi-
nus the power required by nodes i to reach node
a’ (pm;_). In Figure 1(b) the costs arising from the

example of Figure 1(a) are depicted.



Constraints (4) realize the incremental mecha-
nism by forcing the variables associated with arc
(1,a) to assume value 1 when the variable associ-
ated with arc (i,7) has value 1, i.e. the arcs orig-
inated in the same node are activated in increas-
ing order of p. Inequalities (5) and (6) connect the
flow variables z to y variables. Equations (7) and
(8) define the flow problem, while (9)s and (10)s
are domain definition constraints. The interested

reader can find a more detailed description of the

flow problem behind the formulation above in [6].

IV. NEW VALID INEQUALITIES FOR

FORMULATION M PB

In this section we will define some new valid
inequalities for formulation M PB together with
some theoretical results which define dominance
rules between groups of inequalities. The inequal-
ities, which are based on structural characteristics
of the problem, will be used to strengthen formu-
lation M PB. In Section V we will present a study
which shows that the computational times required
to solve M PB are drastically reduced when these
new constraints are added to the formulation.

In the remainder of this section we will refer to
the subgraph of G’ defined by the y variables with
value 1 as G,. Formally, G, = (V, A,), where A, =
{(7,7) € Aly;; = 1 in the solution of M PB}.

A. Connectivity inequalities

In order to have the graph G, connected, each

node 7 must be able to communicate with at least

another node. Its transmission power must then be
sufficient to reach at least the node j which is closest
to it. This can be expressed through the following

set of inequalities:

Vi =1 V(i,j) € As.t. al =i (12)

B. Bidirectional inequalities 1

For each arc (i,j5) € A, if y;; = 0 and Yiai = 1
then the transmission power of node 7 is set to reach
node aé- and nothing more. The only reason for
node ¢ to reach node aé- and nothing more is the
existence of a bidirectional link on edge {7,a}} in
G,. Consequently Yaii must be equal to 1. This is

what the following set of constraints states.

yaéi > yia} — Yij v<l7j) € Ast. CL; % l (13>

Notice that if y;; = 1 then Yiai = 1 because of
inequalities (4) and consequently in this case the
constraint does not give any new contribution. If
yi; = 0 and Yiai = 0 then again the constraint does

not give any new contribution.

C. Bidirectional inequalities 2

This set of inequalities is based on the same logic
of those presented in Section IV-B. Consider arc
(i,7) € A, where j is the farthest node from i (i.e.
(i, k) € A,al, = j) and suppose y;; = 1. The only
reason for node 7 to reach node j is the existence
of a bidirectional link on edge {i,j} in G,. Con-
sequently y;; must be equal to 1, as stated by the

following set of constraints.

Yji Z Yij \V/(l,]) € As.t. /9(27 k) S Avaz :] (14)



Notice that if y;; = 0 the constraint does not give

any contribution to formulation M PB.

D. Tree inequality

In order to be strongly connected, the directed
graph G, must have at least 2(|V| — 1) arcs, as

stated by the following constraint.

> w=2V-1) (15)

(i,5)€EA

E. Strong connectivity inequalities

Each node must be in the transmission range of at
least one other node in order to have the graph G|,
strongly connected. This is stated by the following

set of inequalities.

>

JEV st. (ji)EA

yi >1 VieV (16)

F. Reachability inequalities 1

In order to define this set of valid inequalities, we
need the following definitions.

Definition 2: G, = (V, A,) is the subgraph of the
complete graph G' such that A, = {(4,j)| a} = i}.
Notice that |A,| = |V| by definition.

Definition 3: R; = {j € V| j can be reached from
iin G,}.

The inequalities are based on the consideration
that, since graph G, must be strongly connected, it
must be possible to reach every node j starting from
each node 7. This implies that at least one arc must
exist between the nodes which is possible to reach
from i in G, (i.e. R;) and the other nodes of the

graph (i.e. V\R;). The following set of inequalities

arises:

>

(k,1)eA st. keR;IEV\R;

G. Reachability inequalities 2

In order to define this set of valid inequalities, we
need the following definition.

Definition 4: Q; = {j € V| i can be reached from
Jjin Gg}.

These inequalities are very similar to those pre-
sented in Section IV-F. They are based on the idea
that, since graph G, must be strongly connected, it
must be possible to reach every node ¢ from every
other node 7 of the graph. This means that at least
one arc must exist between the nodes which cannot
reach i in G, (i.e. V\Q;) and the other nodes of
the graph (i.e. Q;). The following set of constraints

arises:

>

(Lk)eA st. 1€Q;,keV\Q;

H. Dominance rules

Two theoretical results on the new valid inequali-
ties are described in this section. They define dom-
inance rules over these inequalities.

The following theorem states that when inequali-
ties (12) are used, a simplified version of inequality
(15), with a smaller number of non-zero elements,
can be adopted.

Theorem 1: The inequality

D

(i,J)EA s.t. a§7éi

yij > |V] =2 (19)



is valid for the polytope X (M PB) and, if used to-
gether with inequalities (12), is equivalent to in-
equality (15).

Proof:  Since inequalities (12) force exactly
one y variable to be equal to 1 for each i € V,
the y variables set to 1 by inequalities (12) are |V/|
in total. This observation, used within inequality
(15), leads to inequality (19), which is consequently

valid and equivalent to constraint (15) when used

together with inequalities (12). [ |

A dominance of inequalities (12), (13) and (14)
used together, on inequalities (12) and (16) used

together is defined in the following theorem.

Theorem 2: If inequalities (12) are in use, in-
equalities (16) are dominated by inequalities (13)
and (14).

Proof:  Inequalities (12) imply that for each
i € V there exists at least one k € V such that y;, =
1, while inequalities (13) force the first variable Yaii
such that y;; = 0 and Yiai = 1 to assume value 1.
This forces constraints (16) to be satisfied for each
i € V where 3k € V for which y;x = 0, since y,; will
be 1 because of inequalities (13). If y;p =1 Vk € V
then inequalities (14) guarantee that constraint (16)

is satisfied also for . |
Theorem 10 states that inequalities (16) can be
left out when inequalities (12), (13) and (14) are
used together.
The results presented in this section will be taken

into account in the experiments presented in Section

V.

V. COMPUTATIONAL RESULTS

The tests presented in this section are on prob-
lems randomly generated as described in [1]. For
each problem of size |V| generated, |V| points
(nodes) have been chosen uniformly at random from
a grid of size 10000 x 10000.

Tests have been carried out on a SUNW Ultra-30
machine, and ILOG CPLEX 6.0 (www.cplex.com)

has been used to solve integer programs.

A. Improvements to the linear relaxation of M PB

In this section M PBpg, the linear relaxation of
formulation M PB, is considered. It is obtained by

substituting constrains (10) with the following ones:

0<yy <1 V(i,jeA (20)

Table I shows how the lower bounds for the op-
timal solution costs of M PB provided by M PBrr
improves very much when the new valid inequali-
ties presented in Section IV are added to the linear
relaxation. Each row of the table shows the ratios
between the solution cost of the reinforced linear
relaxation and the solution cost of the integer pro-
gram MPDB.

In Table I we consider problems with |V| = 10
and |[V] = 20. Ten instances are generated and
solved for each of these values and average results

are presented.

The results in Table I are very promising. The valid

inequalities presented in Section IV are capable of



TABLE I
IMPROVEMENTS TO THE LINEAR RELAXATION OF M PB.
AVERAGES OVER 10 RUNS.

Linear Program (Cost LR / Cost IP)

V=10 |V]=20
MPBrLr 0.26 0.21
MPBrr+(12) 0.60 0.48
MPBrr+(13)+(14) 0.26 0.21
MPBrr+(15) 0.35 0.32
MPBrr+(17) 0.33 0.31
MPBrr+(18) 0.34 0.31
MPBrr+(17)+(18) 0.38 0.38
MPBrr+(12)4(13)+(14) 0.82 0.63
MPBrr+(12)+(19) 0.63 0.52
MPBrr+(12)4(17)+(18) 0.71 0.63
MPBrr+(12)+(17)+(18)+(19) 0.71 0.64
MPBpr+(12)+(13)+(14)+(19) 0.84 0.65
MPBrr + (12) + (13)+
(14)+(17() +)(18() | 0.91 0.78
MPBrr+ (12) + (13)+
(14) + (17) 1 (18) + (19) 0.91 0.78

an average improvement from 0.26 to 0.91 for prob-
lems with |V| = 10 and from 0.21 to 0.78 for prob-

lems with |V| = 20.

A comparison of the different rows of Table I also
suggests that inequalities (12) alone already guaran-
tee a great improvement in the quality of the linear
programming relaxation. Estimates improve even
more when inequalities (12) are combined with con-
straint (13) and (14).

Another interesting information which emerges
from Table I is that the quality of the esti-
mates incrementally increases when new valid in-
equalities are added.  This suggests that the
constraints described in Section IV describe dif-
ferent structural characteristics of the problem.
The only exception is represented by inequality
(19), which in the experiments of Table I do not
generate any new improvement when added to
MPBpp+(12)+(13)+(14)+(17)4+(18). It is how-

ever convenient to include it anyway because it is

TABLE II
IMPROVEMENTS TO THE COMPUTATION TIMES OF M PB.
AVERAGES OVER 10 RUNS.

Integer Program Comp. time (sec)

V|=10 |V]=20
MPB 20.97  8615.32
MPB+(12) 5.12 -
MPB+(13)+(14) 4.99 1050.37
MPB+(15) 34.06 -
MPB+(17) 20.92 -
MPB+(18) 18.04 -
MPB+(17)+(18) 16.26  7918.93
MPB+(12)+(13)+(14) 0.36 -
MPB+(12)+(19) 7.19 -
MPB+(12)+(17)+(18) 4.14 -
MPB+(12)+(17)+(18)+(19)  6.36 411.15
MPB+(12)+(13)+(14)+(19)  0.37 78.59
MPB + (12) + (13)+ 017
(14) + (1(7) ;L (1(8) : ' )
MPB + (12) + (13)+
(14) 1 (17) 1 (18) 4 (19) 0.15 4.49

possible to see that it is not dominated by the other
constraints from a theoretical point of view, and on
the other hand its contribution to the complexity of
the problem is negligible, being it just one inequal-

ity with few non-zero elements.

B. Improvements to the computation times of

MPB

In Table II we present the computation times
necessary to solve the integer program M PB when
some of the valid inequalities presented in Section
IV are added to it. Averages over 10 runs for prob-
lems with |V| = 10 and |V| = 20 are presented. In
the column |V| = 20 only some significant entries

are reported.

The results presented in Table II are interesting be-
cause different combination of families of inequali-
ties lead to very different computation times. The
(15)) leads

introduction of some inequalities (e.g.

to average computation times which are longer than



those obtained by solving the original integer pro-
gram without reinforcements (i.e. MPB), but on
the other hand, the best results are achieved when
all the new inequalities are added to M PB (last
row). This confirms the indication already given by
Table I about the mutual complementarity of the
new inequalities we propose. Using all of these con-
straints the average computation times are reduced
by a factor of 140 for problems with |V| = 10 and

by a factor of 1919 for problems with |V| = 20.

C. Comparison with other methods

In Table III we present the average computation
times (over 50 runs) for different values of [V|. We
report the times (in seconds) required by the ap-
proach described in [1] and to solve the integer pro-
gram described in Section I1I reinforced with the in-
equalities presented in Section IV (column M PB%).

Since we carried out our tests on a SUNW Ultra-
30 machine, and we want to compare our results
with those reported in [1], which are obtained on
an AMD Duron 600MHz PC, we divided our com-
putation times by a factor of 3.2, as suggested in
Dongarra [7]. This makes the computation times

comparable.

Computation times reported in Table III indicate
that the exact algorithm we suggest, i.e. solving
the integer programming formulation M PB rein-
forced with the inequalities presented in Section IV,

clearly outperforms the (more complex) method de-

scribed in [1], especially for small and medium size

TABLE III
EXACT METHODS COMPARISON. AVERAGES OVER 50
RUNS.

V] Computation time (sec)

Althaus et al. [I] MPB"
10 0.67 0.06
15 5.68 0.23
20 22.20 2.68
25 58.90 10.36
30 201.00 69.19
35 712.00 389.47
40 4725.00 3089.40

problems.

VI. CONCLUSION

The minimum power broadcast problem in wire-
less network has been studied in this paper. A
mixed integer programming formulation has been
proposed together with some new valid inequalities
for the corresponding polytope.

Experimental results show that the formulation
is much simpler to solve when the new valid in-
equalities are added to it. The resulting approach
is finally proven to be faster than more complex
methods recently presented.
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