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Abstract

A parallel algorithm for regular triangulations is presented. For the purpose of fully dynamic and kinetic particle simulations
it allows vertex insertion, deletion, movement, and weight changes. We describe new algorithms for incremental construction of
regular triangulations, parallel vertex deletion and insertion. Finally, a parallel Lawson flip algorithm for vertex displacements

is presented. The performance analysis demonstrates a significant parallel efficiency for various system sizes and performe:
changes.
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1. Introduction ber of interactions is approximately linear in the num-
ber of particles. This favors the use of a linear sized
Many simulations in science are based on discrete graph to describe the possible two-body interactions.
objects under the influence of short-ranged or contact- In the present article the Delaunay—or more generally
dependent interactiorji]. The influence of such ob-  the regular—triangulatiof2] is considered for defin-
jects or particles on each other can be modeled by nexting neighborship relations. We focus on the use of reg-
neighbor relationships. In such applications, the num- ular triangulations in order to account for the influence
of various patrticles sizes on the neighborhood topol-
mponding author. Tel.: +49 69 798 47500; Fax: +49 69 798 ogy. The typg of model that is ,SUppo,rted b,y the pre-
47611. sented algorithms are three-dimensional individual-
E-mail addresst.beyer@figss.uni-frankfurt.dg. Beyer). based simulations of spherical particles of various size
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with next neighbor interactions. An example are gran-
ular media[3]. In addition the incremental insertion
or removal of particles is possible which is suitable
for our target application: The modeling of biological
tissues with single-cell-based off-lattice simulations in
three dimensions.

Various single-cell-based spatial simulations of bi-
ological tissues are calculated on lattices, §45].
Only a few are based on off-lattice techniqués9].

A major problem of the latter is the required com-
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This work presents a parallel algorithm for the con-
struction and maintenance of regular triangulations
supporting dynamic vertices (insertion and deletion)
as well as a parallel scheme for vertex kinetics (move-
ment). The tool is appropriate for arbitrary partitions
of vertices and for arbitrary vertex distributions. An
importantissue of the present work is to avoid a prede-
termined partition of the vertices like in the projection-
based algorithmg3,24]. This allows to distribute ver-
tices according to the needs of the application rather

puter power caused by additional degrees of freedom than to an optimal partition for the triangulation it-

regarding the neighborhood topology and the position
of particles, even when using the linear sized regular
triangulations. Current algorithms applied to the prob-
lem of regular triangulations are mostly dynamic, al-
lowing only the insertion and deletion of vertice9,

11]. From the point of view of tissue simulation this
permits only the description of birth and death of cells
while the movement of cells requires a re-triangulation
of the whole set of vertices. For comparable problems
in the physics of granular media the regular triangu-

self.

We use data-parallelism as an underlying paral-
lelization strategy in combination with task-parallel
execution of algorithms. The initial construction is
computed by extending the incremental construction
method[21,22] to regular triangulations. The paral-
lel deletion routine is based on a task-parallel variant
of the incremental construction method. The dynamic
insertion of vertices relies on a concurrent Bowyer—
Watson algorithnjl4,15,19] Based on previous work

lation approaches is used to describe the neighborshipof our group[18] we use the Lawson flip algorithm

relations of moving spherd8]. The implementations

[13] for kinetic vertices in conjunction with a new so-

are limited to small numbers of particles and a slowly lution to parallelize it. Performance experiments show
changing neighborhood, i.e. in these applications the that we achieve reasonable scaling with the number
triangulation has to be recomputed only for a limited of processors used for the dynamic and kinetic algo-

number of times. Both limitations need to be dropped
for a realistic description of biological tissues as tumor
spheroidg9] or immunological tissugl?2].

To overcome current computer hardware limits it is
desirable to develop parallel algorithms for dynamic
(vertex insertion and removal) and kinetic (vertex dis-
placement) regular triangulations. Although serial al-
gorithms exist to either dynamic or kinetic vertices
[3,10,11,13-18]parallel solutions in three dimensions
are limited to solutions of subproblems. To our knowl-
edge no parallel deletion algorithms exist while vertex
insertion is restricted to the Delaunay triangulation,
i.e. not covering the more general regular triangu-
lation [19,20] The only parallel solution for kinetic

vertices is based on shared memory architectures and

limited to small displacement8]. The task to gen-
erate an initial Delaunay triangulation is achieved by
many parallel solution21—-25] but none of these can
generate regular triangulations. Additionally a part of

these solutions relies on specialized architectures like

shared memory limiting portability of the algorithm
and code.

rithms even for small numbers of vertices.

2. Terms and definitions

We first define the regular triangulation and related
geometric objects. Then we introduce the terminology
of parallel computing as it is used here. All algorithms
are presented for three-dimensional space though for
clarity figures illustrate the two-dimensional case if
not stated otherwise.

2.1. Regular triangulations

p € R3 refers to gointin space. AvertexP = (p,
w,) € R3 x R denotes a poinp in three-dimensional
space with an associated positive Weigj;;tl

A simplexs 4. g, c,py is the convex hull of four non-
coplanar verticed\, B, C, D. These will be called the

1 We do not consider the formally possible case of negative
weights.
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leads to a simple criterion to check whether the ver-
tex V = (v, w,) is contained in the orthosphere of
a simplex constructed with the verticds= (a, w,),

B = (b, wp),C=(c,w.), D=(d, wy). Ifthe vertices
are positively oriented, i.e. if

ax ay a; 1
O(A.B.C, D)% |bx by Do 11 ©)
e ¢y ¢ 1
de dy d; 1
thenV is contained within the orthosphere if
. . . . . S(A,B,C,D,V)
Fig. 1. The orthocircleM (bold outlined circle) of the simplex 2
ax —vx ay—vy az;—vz lla=V[*—wq+wy

a(A,B,c) perpendicularly intersects all circles associated with the def | by —vx by —vy bo—ve [b—VI2—wp+ws
verticesA, B, C. The weight of each vertex is represented as the =" Yooy e >0 (4)

2
. . cx —Vx Cy—UVy Ccz—V; [C=V[|“—wec+w
radius./w of the circles. x —Ux Oy Uy ¢ v

dy —vy dy—vy dz—v; [[d=VIZ—wg+wy
holds andV is said to violate th®elaunay criteriorof
simplexoa,g,c,py. The simplex is calledhvalidated
by vertexV or non-regular A triangulation is called
non-regular if any of its simplices is non-regular.
We call the points of a given point s&tto be in
general positiorj28] if

endpointsof the simplex. Then @riangulation 7 of
a set of verticed’ is a collection of non-overlapping
simplices covering the convex hull of such that
every vertex of every simplex € 7 is element of the
point sety.

We define thepower distancep (P, Q) between the

verticesP = (p, w,) andQ = (q, wy) to be: e no four points are coplanar, and

(P, 0)=Ilp—ql?— wp, — w, (1) ¢ no five points are co(ortho)spherical.

with ||.|| denoting the Euclidean norm i®. 2.2. Elementary topological transformations
Theorthosphereof a simplexo 4. 5. c, py With cen-

term and radius/w,, is defined such that with/ = Many of the parallel algorithms rely on Lawson’s

(M, wp) flip algorithm [13] which has been extended to three

dimensiong16,17]and regular triangulatiord 0] be-
fore. We will briefly describe the algorithm using the
holds for every verte¥ € {A, B, C, D}. Ifall w, and general position assumption.

w,, are positive then the orthosphere can be interpreted It has been shown that under certain circumstances
as a sphere of radiugw,, with centerm which inter- [10] a non-regular triangulation can be transformed
sects each sphere with radiy8v, around the points  into a regular one using sequences of the following
v =a, b, c,d orthogonally Fig. 1). The orthosphere local topological transformations (also knownfiss)

p(V, M) =0, (2)

M is said tocontaina vertexP if p(P, M) <O. of sets of five points. The first flip of type 2 4 re-
The triangulation7 is said to be aegular trian- places one simplex and a vertex inside the simplex by

gulation(also known as weighted Delaunay triangula- four simplices. The second flip 4 1 reverses this

tion) if the orthosphere of every simplexa z,c,p) € transformation. The second pair consists of the flip

7T contains no vertex. The dual graph of the regu- 2 — 3 which replaces two simplices by three, and the
lar triangulation is known as generalized Voronoi or flip 3 — 2 reversing this transformatiorig. 2). For
power diagram which always exist$,26] and guar- the last two transformations all vertices have to be in
antees the existence of the regular triangulation (for a convex configuration. A flip is performed when the
more properties of regular triangulations gd€]). Delaunay criterion 84, B, C, D, V) (Eq. (4)) of one
The well-known relation between regular triangula- of the simplicess (4, 5,c, p) is violated by the fifth ver-
tions in dimensiord and convex hulls inl + 1 [27] tex V.
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Fig. 2. The four possible flips in three dimensions are shown. In-

B

visible edges have been drawn by dashed lines. The upper panel

shows the replacement of a trianglé, B, C) by an edge(D, E)

(flip 2 — 3). The reverse operation is the flip-3 2. All five ver-

tices have to be in a convex configuration. The lower panel shows the
flip 1 — 4 inserting vertext into the simplex(A, B, C, D) replac-

ing it by four simplices. The reverse operation flip+41 removes a
vertex from a triangulation. In that case the veriekas to be inside

the convex hull (simplex) of the vertices, B, C, D.

If a flip 4 — 1 is performed then a vertex which is
not endpoint of any simplex, is created. This vertex is
called aredundant vertekl0,11](Fig. 3). A redundant
vertex will not be re-inserted via flip 4> 4 as long
as no other vertex changes its position, weight, or is
removed from the triangulatigii1].

2.3. Parallel terminology and general parallelization
scheme

The aim of this work is to generate a portable paral-
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Fig. 3. lllustration of redundant vertices. A vertex is not inserted
into the triangulation when it does not invalidate any simplex. The
positive weights of the triangulated vertices are shown as empty cir-
cles. The redundant vertex (with the dark grey circle representing its
weight) is, according to the power distance EQ, not contained in

the orthocircles of the simplices (light grey circles).

ing it and a locally unique index, respectively. This
ensures that processes do not need to communicate
to create globally unique indices. Each index pair is
coupled with a pointer to the data structure of the ver-
tex. We call that index pair together with the pointer a
metapointe(3].

The basic data structure for the regular triangula-
tion is a simplex list. Each simplex consists of four
metapointers to its endpoints. Additionally, every sim-
plex is associated itself with a metapointer. Simplices
are connected amongst each other via their simplex
metapointer which is useful within the flip algorithm.
The difference to the metapointers of vertices is that
the first index does not imply that the corresponding

lel program. This leads us to use the Message Passingprocess owns this simplex—it is just a unique iden-

Interface (MPI)29]. In this context grocesss a copy
of a program running on some computer communicat-

tifier. Simplices can be shared amongst processes de-
pending on which of its endpoints belongs to which

ing with other processes on the same or other comput- process. Consequently, every process needs a copy of

ers. The communication functions are defined in the

vertices of itsneighbor processe® which the ver-

MPI standard. Each of these processes is assigned d@ex metapointers of the simplex point to.eighbor

unique identifier calledank.
The paradigm used for parallelization is data-

parallelism. To allow communication between process-

processof a procesy; is defined as every procegs
with which p; shares at least one simplex. We will
refer to a shared simplex d®undary simplexThey

es we need a global data structure with subsets of themark the connection of parts of the triangulations as-
data locally stored at each process. For that purposesociated with each procedsi§. 4).

we uniquely attribute every vertex to some procgss
We call this vertexownedby the procesy;. Glob-
ally, a vertexV can be identified by a pair of indices
V — [py,ny] wherepy andny are the process own-

For simplicity if the common face of two simplices
involves only vertices owned by neighbor processes
the neighborship relation is not sefig. 4). Thus,
it is determined which simplices are stored at which



90

Fig. 4. A two-dimensional example of data-parallelism. Two sets
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process: Assume procegs shares a part of the trian-
gulation with processesy andp3. Procesg induces
changes of the triangulation followed by process
Each of the processes; and p> send requests to
processps for an update of the shared part of the
triangulation. These messages may be received in re-
versed order by the procegs as the MPI standard
guarantees only correct message ordering between two
processes. The solution of thieessage delggroblem

is given explicitly for every algorithm. Note, that for

of vertices (open and closed circles) are assigned to two distinct Vertices the access rights are defiregriori by their

processes. The white simplices (triangles) exist only once at each metapointer and remain unchanged. In contrast sim-
process while the grey-shaded ones are boundary simplices andplex access rights are a dynamical property within the
present at both processes. The shaded simplices have a unique metadiﬁerem algorithms
pointer despite the fact that they are stored at both processes. The )
double-headed arrows indicate which inter-simplex links are not vis-

ible for the process associated with the open circles. These links are

only visible for the second process (closed circles).

process thereby defining tld®mainthat a process is
working on.
The concept of metapointers allows to identify ver-

3. Initial triangulation

The initial triangulation of a point set takes ad-
vantage of the incremental construction of Delaunay
triangulations[30,31] The unweighted case was al-

tices and simplices when exchanging information be- ready parallelized previous[g1,22] We will expand
tween processes and allows easy access to geometriit to regular triangulations. The presented algorithm

cally identical objects stored at different processes.

In addition, direct vertex—vertex connections are
part of the global vertex data structure in order to fa-
cilitate access to this information important in many
applications.

Essentially all algorithms provided here modify a
collection of simplices by replacement of a part of
the triangulation with a different triangulation. Within
the parallel algorithms however, the modification of

works efficiently for uniformly distributed point sets
and small vertex weights,, i.e. if

v [wyl N

holds with! = (Veube/ Nver) /2 being the average dis-
tance betweeVyert uniformly distributed vertices in-
side a cube of volum&;ype In that regime the trian-
gulation is constructed in approximately linear time.

boundary simplices is challenging as the processes3.1. Recall of incremental construction

may perform different changes to the triangulation

which can interfere. Therefore it is required to guaran-

tee a unique solution of the algorithm by allowing only

The incremental construction algorithm starts from
an initial simplex that fulfills the Delaunay criterion.

one process to operate on a given subset of the triangu-The algorithm inserts all faces of that simplex in a so-
lation. Then the result is sent to the neighbor processescalled active face list (AFL]21]. Every face in the
sharing the simplices. For this purpose we introduce AFL will be expanded to a Delaunay simplex. This is

the termaccess rightsThe blocking statusof a sim-
plex guarantees that only one procgsshas access
rights. We call such a simplex blocked by process

done by searching through all vertices until the new
simplex fulfills the Delaunay criterion. Naturally, the
search considers only vertices in the half space oppo-

This requires communication with neighbor processes site to the simplex generating the face. When a new
to provide unique access rights amongst the participat- simplex is constructed it generates three new faces. If

ing processes.

any of those faces is already in the AFL it will be re-

Access restriction does not guarantee that succes-moved completely from the AFL—otherwise it will be
sive changes to the triangulation performed by one added for expansion. If no vertex can be found to ex-
process are performed in the same order at a neighborpand a given face into a simplex then the face belongs
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to the boundary of the convex hull and will be removed
from the AFL as well. This algorithm is expensive as
it is of complexityO(N3) for N vertices.

In practical implementations however one can

achieve an almost linear performance by several im-

91

expanded to the initial simplex as described above but
without restricting the vertex search to a single half
space.

3.2. Parallel incremental construction for

provements: First, the check if a new face is present unweighted Delaunay triangulations

in the AFL can be done using hash maps resulting
in an amortized constant time operatif@i]. A sec-
ond improvement is to use a bucketing technique for
localization of vertices that might result in a De-
launay simplex[32]. A simple method are uniform
grids [21]. One assigns every vertex to a grid cell

The parallelization of the above algorithm for in-
cremental Delaunay construction is straightforward
(Fig. 6, left panel). In contrast to previous work we
do not use a geometric partition in the sense of a
merge-first divide and conquer algoritjai]. We as-

and performs bounding box or spiral searches on the sign the vertices to the processes using a space filling

grid starting close to the face to expand. For uni-
form vertex distributions a vertex is found in constant
time. Other distributions may take longer and other
grid technigues might be more useful. Note, however,
that this technique has been slightly modified (see
Sectionb) in order to conveniently treat kinetic ver-
tices.

Another improvement is to simplify the computa-
tion of the Delaunay criterion. To prevent the algo-
rithm to evaluate the whole determinant (E4)) for

curve. For this purpose we use the partition functions
from the ParMetis library33]. In this procedure every
vertex is uniquely assigned to a process but every
process holds a temporary copy of the whole set. Every
processp; triangulates its vertices stopping at its do-
main boundary. The boundary is defined by the De-
launay faces consisting only of vertices belonging to
other processeg ;).

It can happen that the assignment of vertices to
processes results in non-simply connected domains of

every vertex one can use the signed Delaunay distancethe triangulation as the partition function does not take

SD of a pointd € R3 from a face(a, b, ¢) [21,22],

(a—b)x(a-c
l(@a—b)x (@a-o)’

®)
with mga b the center of the circumcircle of the
face(a, b, c) andm(d) the center of the circumsphere
formed by the four points, b, ¢, d which depends
only on the poind for the given facga, b, c). It can
be shown that finding the vertex that forms a Delaunay
simplex with the facg(a, b, ¢) is equivalent to find-
ing a vertex that minimizes S@) [22]. With some
transformationsAppendix A) one can further reduce

sp(d) &'

(M(d) —Map,) -

care of that. Therefore every vertex attributed to a
process is checked if it is vertex of at least one sim-
plex. If a vertex is found that is not connected it is
used to construct another initial simplex which then is
expanded to another domain until all vertices are con-
nected to simplices. Note, that this is a procedure for
security and a rare event in most situations.

After the domain of procesp; has been triangu-
lated the process will contact its neighbor processes.
The corresponding contacts are automatically gener-
ated during the construction of the boundary faces.
Neighbor processes are contacted to link together their
common simplices assigning a unique metapointer to

this equation to compute only terms depending on the each simplexFig. 4). In this way the initial process

pointd [22]. This significantly reduces the number of
necessary computations.

In order to construct the initial simplex first a De-
launay edge has to be found. A sufficient condition for
an edge fulfilling the Delaunay criterion is that the cir-
cumsphere with minimal radius contains no other ver-
tex. One possibility is to search for the vertex closest to

communication topology is defined which will be used
in the other algorithms. The temporary copies of ver-

tices from unconnected processes are removed and

only those of neighbor processes remain.

3.3. Extension to regular triangulations

a given starting vertex. This edge can be expandedtoa The extension of the signed Delaunay distance

Delaunay face by minimizing a two-dimensional ver-

(Eg. (5)) to regular triangulations is straightforward

sion of the signed Delaunay distance. Then this face is by replacing the points by vertices witln(D) and
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Fig. 5. The two-dimensional lifted map of a one-dimensional regu-
lar triangulation demonstrating how to find a starting vertex for the
incremental construction. The paraboloid of a standard Delaunay
triangulation is shown as reference. The vertices are shifted down-
wards (assuming positive weights). Starting the algorithm with the
(lifted) vertexV T+ one finds the tangential plafg M (dashed line)
with normal vectorT. The tangential plan&y M is shifted along

T until no vertex is on its positive side (defined by the normal vec-
tor T) thus finding the vertexU* as start vertex and the shifted
planeTy M* (full line). To get the initial simplex (edge in this ex-
ample) one searches for the veri@x" which minimizes the angle

o between the shifted plari®, M* and the line connecting the start
vertex Ut with itself resulting in the plangy M’ (dashed dotted
line). Open circles denote redundant vertices of the triangulation.

ma,8,c) NOW being the centers of the orthospheres
(see alsdAppendix A). The major change to the orig-
inal algorithm is the detection of redundant vertices.
For example, the simplex algorithm used to determine
the initial simplex for Delaunay triangulations will fail

if one accidentally starts with a redundant vertex. This
can be avoided by consideration of convex hulls: The
Delaunay triangulation is related to the convex hull
[27] by the lifted mapp € R3 — p* = (p, |pll?) =
(Px» Py, P2, IPlI?) € R* (Fig. 5). This translates the in-
cremental Delaunay construction into a gift-wrapping
algorithm for convex hulls. The corresponding lifted
map V' of a set of weighted verticeB is V e V C

R3 xR > V= (v, [VIIZ—wy) = (v, vy, v, [VI[Z—

w,) € R*. In the case of equal weights all vertices lie
on a paraboloid iiR*. With different weightsw, lifted
verticesV ™ are shifted below or above (in the case of
negative weights) the paraboloid.

T. Beyer et al. / Computer Physics Communications 172 (2005) 86—-108

The starting simplex is found as follow&ig. 6,
right panel):

o The tangential hyper plarig, M of the paraboloid
in R* generated by the lifting map is calculated
for an arbitrary vertexV. The tangential plane
through the pointV* = (v, |v||2 — w,) € R* is
given by its normall

1
T=— " (2,
JAIvIIZ+1

If no lifted vertex D lies on the positive side of
the tangential hyper plari®&, M, i.e. if

~1). (6)

T- (DT =V
=t-(d-v)— (IdI*> = IVI? — wa +w,) <0
vDt eVt (7

then the vertex is not redundant. Note, tiTat
(Dt — VT) > 0 does not necessarily mean that
the vertex is redundant. In the case of redundancy
the tangential hyper plariB, M is parallel shifted
into the pointD™ and the search is repeated un-
til a proper vertexty ™ and the shifted hyperplane
Ty M* is found Fig. 5).

e FromU™ the initial edge is computed by search-
ing for the vertexW™ which minimizes the an-
glea:

8

(with ||.|l4 being the Euclidean norm iR%). In R3
the initial edge is then given b/, W).

e To find the first face of the initial simplex one
‘tilts’ the tangential hyper plan&y M into a hyper
planeTy, M containing the edge so that the normal
T' becomes

/

~ INlla

T -(WH—-uU™
W+ —UT|a

Then the first face is constructed with the vertex

Y+ that minimizes the anglg between the hyper

planeTy, M and the orthogonal projectiaf of the
vectorY+ — U™ with respect to the edge formed

N=T—-(Wt—-U" 9)
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begini ncrenment al _construction(V) beginfind_initial _sinplex()
create uniform grid calculateTy M from VT e P+
callfind_i ni tial _sinplex() forall DT e VT, DT £Vt do
while AFL not emptydo if T- (DT —V7*)>0then
facef «f e AFL Ut <Dt
for all verticesD € V do end if
if D in positive half space df and end for
SD(D) < SD(V) then forall DT e Vt, Dt Ut do
- e T-(DY-UT T-Wr-ut
it 577 < Twr—o7a then
end for Wt <D+
if V not emptythen end if
create simplexs(4 p.c.v) end for
for all nf € new faceslo T« T—Wt-yuHyZLW-UH
. IWH—UTlla
if nf géAFLthen T<—T/||T||4
if nf = boundary facehen Q< WwWt-ut
AFL < nf Q< 0/IQlla
end if for all ¥ eV, DT 2 U+, Wt do
else P<—D+—U+—Q[(D+—U+)-Q]
en(rje_rpovenf from AFL P <« Y+ _ U+ _ Q[(Y+ _ U+) . Q]
i e T .p’
end for |fﬁ<%then
dse Yt « Dt
border of domain end if
end if end for
remove fac€A, B, C) from AFL for all D €V do
end while if SD(D) < SD(X) then
synchronize simplices X<« D
endi ncrenmental _construction end if
end for

Create simpIeXr<U7W,Y,X)
endfind_initial_sinplex

Fig. 6. Pseudo-code of initial triangulation of a set of vertiteOnly the creation of the uniform grid and the synchronization of simplices
requires communication. The vertex searches are optimized using the uniform grid. See text for symbols.

by UT andW™: which is left without an incident simplex is a redun-
. dant vertex and will get marked as such.
088 = — with Parallelization of this scheme implies several prob-
1Plla lems: The initial simplex found by the algorithm may
P=Y"—-UT—wt-U" not contain any of the vertices associated with the
Y+t —uUt).-(Wr—uh process calculating |'F, e/, W, Y, X bel.ong to neigh-
W U2 (10) bor processes despite that t.he starting vgi}(epe-
4 longs to the process. In addition the identification of
e To complete the initial simplex .y w.y.x) the redundant vertices is non-trivial. In contrast to the se-
signed Delaunay distance to the constructed face rial code, vertices which are not vertex of a simplex
(U, W, Y) is minimized. are not necessarily redundant but may be part of a

simplex that belongs to an unconnected part of the
The full triangulation is constructed as before by min- triangulated area. This is related to non-simply con-
imizing the signed Delaunay distance. Any vertex nected domains that may emerge by a bad partition of
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the vertices. We solved these problems with an algo-
rithm that we termedonstruction hoppingn analogy

to the simplex visibility walk during incremental inser-
tion algorithmdq18,34]one chooses a face of the found
initial simplex that is oriented towards the desired ini-
tial vertex. This face is expanded as in the normal
construction process. Again one of the faces of the
newly constructed simplex is chosen and expanded.
This procedure is repeated until one of the follow-
ing three cases occurs: (i) A simplex that contains the
start vertex is found and can be used as initial simplex.
(i) Another vertex owned by the process is vertex of
a simplex which now serves as initial simplex. (iii)
The chosen vertex is redundant and lies within a sim-
plex constructed during construction hopping. Then
another vertex is used to start the initial simplex search
from the beginning. The identification of redundant
vertices is done using either the simplex visibility walk
or—if it fails—by construction hopping.

The vertex search on the grid requires a modifi-
cation of the bucketing technique as the weight of
vertices alters the minimization of the signed Delau-
nay distance. We interpret the weight as a sphere
mapped onto the grid eventually covering more than
one grid cell. As this work focuses on tissue modeling
the spheres (thought of as cells) are of similar diam-
eter as the minimal distance between vertices. Thus
every sphere is likely to cover only a small part of the
uniform grid. For significantly larger weights, the
search on the uniform grid becomes inefficient as a
large fraction of all vertices is attributed to a single
grid cell. This vertex search algorithm scales linearly
with the numbers of vertices thus resulting in an over-
all quadratic construction algorithm.

3.4. Robustness issues

All calculations are performed with double preci-
sion floating point numbers. Generally, using float-
ing point representations of positions and topological
properties suffers from numerical imprecision of com-
puter calculations. To deal with the rare cases of in-
consistent triangulations (less than 1% of the tested
uniform distributions) two approaches are used. The
first one is am posteriorierror correction algorithm
which relies on the distortion of the input vertid@s].
After the distortion the whole triangulation is recom-
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are in general position (Secti@l) which guarantees
a unique solution for the triangulation. The second ap-
proach uses interval arithmeti{35] provided by the
BOOST library[36] to filter critical cases. If this indi-
cates critical numerical errors of floating point calcu-
lations the orientation or orthosphere primitive is cal-
culated with adaptive precision instead of computing
the signed Delaunay distance. The hand-tuned adap-
tive precision primitives of Shewchul87] are used.
For our purpose we extended the circumsphere primi-
tive to the orthosphere primitive. It is up to the user to
decide if thea posteriorivertex distortion or error de-
tection by interval arithmetics fits best to the desired
application.

Note, if the construction of the initial simplex fails
the convex hull algorithm is recalculated by precise
arithmetics provided by the iRRAM libratfia8].

4. Dynamic vertices

To change an existing triangulation according to a
given application all intended operations, i.e. which
vertices are deleted, are inserted, changed their vertex
weight, or are displaced by a given vector are col-
lected. Each process has a local list of changes that
have to be performed on its own vertices. The changes
are then applied successively in the order they are pre-
sented below. The sequential execution of the changes
to the triangulation is required as the algorithms used
to perform each change are not compatible for concur-
rent execution.

The updates of the triangulation cause also changes
to the boundary simplices. The connections are auto-
matically set as described in Sect@®i3. Also new “in-
ternal surfaces” between processes can occur changing
the topology of process communication. Any of the
presented algorithms may create simplices which are
shared between procesggsand p; that formerly did
not share any simplex. This information always stems
from a procesg; which is connected to the processes
pi andp;. Following the message of procegs both
unconnected processes exchange their vertices to es-
tablish a connection for communication (Sectibf).
Similarly overhead connections are removed after all
changes have been completed by checking if commu-
nicating processes share any simplex at all. This is

puted from scratch. This also ensures that the verticesdone to reduce both memory and communication over-
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begindel ete_vertices(dlist)
whiledl i st not emptydo
if messages receivéden
calldel eti on_event s()
else
vertexV < V edl i st
for all simpliceso with V € o do
if o not blockedthen
blocko
else
V —dlist
V<« Vedlist
end if
end for
if o1 V € o is sharedhen
if rank > neighbor rankshen
block o
else
request neighbor to block
end if
else
delete vertex and fill cavity
end if
end if
end while
end del ete_vertices

begin del eti on_event s()
if blocking requestethen
if no accesshen
deny blocking
else
block simplex
end if
elseif unblock requestethen
unblock simplex
elseif blocking successfuthen
if all simplices accessiblen
delete vertex and fill cavity
send result to neighbors
end if
elseif access deniethen
unblock simplices
send unblock request to neighbor
V —dlist
V «<Vedlist
elseif result receivedhen
if improper deletion historyhen
receive delayed messages
end if
apply received changes
end if
end del eti on_events

Fig. 7. Pseudo-code for deleting vertices from adist st . The left panel shows the serial part of the code. The right panel the response of the

process to messages.

head. We do not further note this routine in the detailed performance due to non-optimal scaling is negligible

description of the algorithms.
4.1. Vertex deletion

The vertex deletion algorithm is similar to the al-
gorithm used for the initial construction. The deletion
of a vertexV infers that all simplices having it as end-
point will be removed. The Delaunay triangles mark-
ing the border of the created cavity will then be stored
in an AFL. The neighbor vertices &f defined by the
edges of the original triangulation are stored in a ver-
tex list VL. The AFL and the reduced vertex set VL is

compared to the overhead caused by creation of the
uniform grid.

The parallel scheme is a combination of task and
data-parallelism. A procegs trying to delete a vertex
collects the incident simplices. If none of the simplices
is a boundary simplex, the vertex is deleted like in the
serial caseKig. 7, left panel). Otherwise the simplices
are marked as blocked and the corresponding neighbor
processegpy are contacted. These will check if:

(1) The simplices exist.
(2) The simplices are not blocked by other processes.

used in the same manner as the expansion step during

the construction of the initial triangulation (Sectign
For simplicity we do not use a uniform grid for the ver-

If both conditions are fulfilled the processgg block

the simplices and send a success message.tAs

tex search here even though the algorithm scales like soon asp; has received success messages from all

O(k?) with k being the number of edges of the ver-
tex V. In generalk is small (< 20) and the loss of

pr it fills the cavity using the above mentioned in-
cremental construction algorithm. The result is sent
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to the processeg; which performs the correspond- The whole algorithm is finished as soon as a master
ing changesKig. 7, right panel). If the conditions are  process has recorded that all processes have deleted
not fulfilled the procesg; will unblock the simplices. their vertex list.

Consequently, further neighbor processes which suc- ) )

cessfully tested the conditions are requested to un-4-2. Vertexinsertion

block the simplices, too. The vertex is then deferred
and p; tries to delete another vertex from the list of
vertices to be removed as requested by the application.
The vertex is reconsidered later when both simplex ac-
cess conditions are fulfilled~{g. 7, right panel).

The first condition can be violated by message de-
lays (SectiorR.3): Two cavities filled by the processes
pi and p; may depend on each other, e.g., the action
of p; may occur after the changes performed hy
When nowp; requests the blocking of its cavity at a
third processp; the latter may not have applied the

The incremental vertex insertion requires two steps:
Firstly, the determination of the topological location of
the point within the triangulation and secondly com-
puting the resulting triangulation. For the first task we
use a randomized simplex visibility walk as described
previously[18,34] Since the simplex walk does not
change the triangulation, it is parallelized directly:
When a process encounters a simplex that locates the
vertex beyond one of its boundary faces, it sends the
vertex to one of the processes owning the vertices of
that face. It will also send the simplex and one of its

changes op; thus some simplices may notexisyat  ertices to the receiving process. The receiver will start
yet. The second condition can be violated if a neigh- he simplex walk with that simplex or—if the simplex

bor procesy; deletes a vertex whose cavity intersects  §ges not exist anymore (see below)—a simplex which
with the cavity of the vertex to be deleted by process s close to the given vertex. The vertex is assigned
pi atthe same time. to the process that finishes the simplex walk thereby

A significant amount of messages can be saved maintaining a good partition. The starting simplex is
by modifying the two conditions above. Introducing chosen to be the first simplex in the simplex list as
a priority order between the processes based on theirjong as the application provides no information of a
rank we test the second condition only locally when close vertex (which is the case for modeling dividing
the processes sharing the simplex are of lower rank. cells). The expected complexity for locating the vertex
Thus, any process assumes that it can access a simplex a uniform distribution isD(N1/3) (N is the number
o(a,B.c,p) When its rank is the highest among the rank  of vertices) as in the serial cafk8,34]
of the processes the verticds B, C, D are assigned For the insertion of the vertex in the triangulation
to and ifo(4,,c, p) is not blocked Eig. 7, left panel). we use the Bowyer-Watson algorithfh4,15] All

However, the above improvement can lead to a simplices which violate the Delaunay criterion when
wrong message order due to message delays (Secthe vertexV is inserted are deleted and the cavity is
tion 2.3). Therefore a receiving process has to re-triangulated using a star-shaped triangulation with
restore the correct message order: We incrementally centerV (Fig. 8). For parallelization we use a concur-
send a history of vertices deleted by the sending
process and by its neighbors. The receiving progess
then searches for messages concerning not yet deletec
vertices. This introduces some additional effort, how-
ever, the detection of the rather rare events of wrong
message order is still much faster than the full test for
both conditions.

Task-parallelism is achieved by using the idle times
of processp; while waiting for the response to the Fig. 8. Bowyer—Watson algorithm for an unweighted Delaunay tri-
messages explained above. Priority is given to executeangulation. The simplex containing the vertexdark grey triangle)
checks of simplices requested by neighbor process;es_isfound by the simplex W_alk_. Then all simplices wh_ich do not fulfi!l
If none of those messages have to be dealt with, thenthe empty orthocircle criterion (left panel, grey triangles and cir-

. ! cles) are replaced by a star shaped triangulation centefédraght
procesy; tries to delete another vertex from the list.  panel, grey triangles).
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begini nsert_vertices( ilist )
whilei | i st not emptydo
if messages receivében
calli nsert_event s()
else
vertexV < Veilist
if simplex walk at bordethen
send simplex walk to neighbor
else
start virtual domairvd
block simplices invalidated by
construct virtual simplices
if o € vd is sharedhen
sendvd to neighbor processes
else
turn virtual domain ‘real’
end if
end if
end if
end while
endinsert_vertices

begini nsert _events()
if simplex walk requedthen
continue simplex walk
if simplex walk at borderhen
send simplex walk to neighbor
else
start virtual domain
end if
elseif virtual domainvd then
if data structure not consistethien
receive delayed messages
end if
expand virtual domain
if vd is completethen
send result to initiator ofd
elseif o € vd is blockedthen
send abort to initiator ofd
end if
elseif virtual domain completéhen
turn virtual domain ‘real’
request neighbor to tuwd ‘real’
elseif request to turnd realthen
turn virtual domain ‘real’
elseif virtual domain blockedhen
abort virtual domain
request neighbors to unblook
end if
endi nsert_events

Fig. 9. Pseudo-code for the insertion routine. The left panel shows the local process operations. The right panel shows the processes response

to received messages.

rent Bowyer—Watson algorithm: vertex insertions are
performed at different locations of the triangulation.
For this purposeyirtual domainsare introduced as the
set ofvirtual simplicesfilling the star-shaped region
that results from the Bowyer—Watson algorithm. Thus
the virtual domain is the result of the insertion of the
vertex V without actually applying the changes, i.e.
deletion of invalidated simplices or upset of simplex-
simplex-neighborship relations.

During the parallel routine the simplices invali-
dated by the verte¥ are collected. These simplices
are blocked Fig. 9, left panel). A virtual simplex is
constructed only if a neighbar; of an invalidated
simplex o2 remains valid. Then the virtual simplex

not used in another insertion process, i.e. are blocked,
then these processes perform three taBig O, right
panel):

(1) Find further simplices invalidated By.

(2) Construct virtual simplices if they do not exist yet.

(3) Contact further processes to do the same if re-
quired.

After the whole invalidated region has been deter-
mined the virtual domain is turned ‘real’ by erasing all
invalid simplices and setting the correct neighborship
relations thus completing the Bowyer—Watson algo-
rithm on all involved neighboring processes. In order

is constructed out of the three common endpoints of to do this, the initiating process will send a final ‘com-

o1 and o and the vertexV. If some of the inval-

idated simplices are boundary simplices, the neigh-

pletion’ signal to all participating processdsid. 9),
thus acting like a master process controlling its dy-

bor processes are contacted. When the simplices arenamically selected workers. In the case that simplices
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are blocked by a concurrent virtual domain an abort ports the needed algorithms, and the extension to reg-
signal is sent to the owner process of vertexvhich ular triangulations.
abandons the virtual domain and orders other neighbor
processes to do so as well. Note, that this might result
in deadlocks, when two or more processes block each5. Kinetic vertices
other repeatedly if all remaining vertices have inter-
secting virtual domains. To solve such deadlocks the 5.1. Atrtificial vertices in the flip algorithm
process ranks are compared giving the higher-ranking
process the exclusive access rights for the involved As we use the Lawson flip algorithifi3,16,17]
simplices until its vertex is inserted. to maintain the triangulation of kinetic vertices it is
A careful analysis shows that two virtual domains convenient to use artificial vertices (with zero weight)
which do not overlap but share at least one face can Which ensure convexity of the triangulation during
result in a non-regular triangulation. For example, let vertex movement. These artificial vertices are located
the simplicesr; ando; invalidated by the vertice®; far outside the triangulation so that they do not in-
and V», respectively, share a common face. The as- terfere with the application. The bucketing technique
sumption of non-overlapping virtual domains implies [32] used during the incremental construction has to
that neither verteX, invalidatess; nor V4 invalidates ~ be adapted as the grid resulting from the inclusion of
o2. However, vertexV> may invalidate the new sim- the artificial vertices would be much too large to allow
p|ex formed by the common face of the two Simp"ces efficient scanning. Therefore the additional artificial
o1 ando> and the verteX/;. In that way the two vir- vertices are considered only when the signed Delaunay
tual domains can create non-regular simplices. Thus distance of a given face minimized with grid vertices
not only invalidated simplices but also their neighbors s larger than the minimum distance between the uni-
have to be blocked. form grid and the artificial vertices or when no grid
Similar to the deletion routine we achieve task- Vertex can be found to expand that face.
parallelism by using the idle times of a process to
answer messages of neighbor processes or trying to2-2. Maintain valid triangulation
insert other vertices. The advantage of using virtual ) )
domains is that the collection of invalidated simplices ~ First of all, the algorithm ensures that the move-
and the construction of new ones are done in parallel. Ment of a vertex does not change the orientation of a
Thus, upon successful completion no post-processings'mp_lex’ e the p05|t!on of vertexV remains in the
of the collected simplices is required. feasible regiorf2y defined by
A disadvantage of the used algorithm is the oceur- o, ={pe R3: O(A, B,C,P=(p,0) >0
rence of message delays. In contrast to the deletion
algorithm, the procedure to create the virtual domain Voas.cv) €T} (1)
provides already all necessary information to detect In order to do this, for every vertex a directional max-
which vertices have to be inserted as the vertices in- imum displacement is calculatg8]. If the desired
validate different sets of simplices. If these simplices position change of the vertex is larger the movement
do not exist or are still virtual, the receiving process is splitinto several steps. As the movement of one ver-
checks for the completion message of the initiating tex influences how far the others are allowed to move,

processkig. 9, right panel). an asynchronous movement is necessary. To keep the
Again the completion of the whole parallel inser- maximum parallel performance, the parallel algorithm
tion algorithm is controlled by a master process. will only move vertices which have no connection

The algorithm described here is quite similar to a to vertices owned by a process with a higher rank.
task-parallel Bowyer—Watson algorithm proposed pre- The remaining vertices will only be moved after re-
viously [19,20] However, in the present work virtual — ceipt of a message from the neighboring process about
domains have been introduced to decrease the number performed move of the connected vertices. When
of tasks that require communication. Other changes every vertex has been moved the flip algorithm is ap-
are the extension to a different data structure that sup- plied. If a vertex has been displaced only in parts then
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beginmove_vertices( mist, wist ) vent this overhead every result of a Delaunay criterion
perform weight changes froml i st with a neighbor simplex is stored at both the active and
whiler i st notemptydo passive simplices.

foral Venist do Our parallel algorithm is based on the definition

if orientation violatedhen - Lo - -
split displacement of access rights to the simplices. The basic idea is to

dse use a relational operation of vertices. A procedsas
displace vertex access to a simplex 4, g,c,py when p has the great-
remove vertex fronml i st est numbers of vertices it 4, 5.c,p) (4, 3, or 2). If
end if several processes have equal greatest numbers of ver-
end for tices inoa,p,.c,py (all 1 or all 2) the one with the
calldo_f I'i ps() ‘largest’ vertex (using an arbitrary ‘less than’ relation)
end while gains access rights. The definition does not require

end move_vertices any communication, i.e. any process can determine in

advance which simplex is handled by which process.
Fig. 10. The pseudo-code for the kinetic algorithm moving ver- Consequently, blocking of simplices is now a purely
tices according tarl i st and performs weight changes according |ocal operation. Additionally, this definition of access
towist. rights has the favorable implication, that every flip af-

fects only simplices accessible by exactly one or two
the orientation check is repeated, another part of the processes even when four simplices are involved.
movement is performed and the flip algorithm is called In the algorithm a process checks every simplex
again. This procedure is repeated until all vertices have with or without having access rights. Any flip of ac-

moved to their final p(_JsitiorFﬁg. 19- . cessible simplices will be performed by the process.
Instead of calculating the maximum displacements |f boundary simplices are involved the result will be
the program can be configured such thataaposte-  stored to inform neighbor processes and will be ex-

riori check is applied to detect misoriented simplices. changed regularly between the process$és. (11, left

If such simplices are found total re-triangulation be- panel). Every process uses the received information to
comes necessary. Nevertheless the average calculatiompply the flip sequence generated by the correspond-
time needed may be reduced by replacing the move- ing sending process to its copy of the boundary sim-
ment splitting calculation by the fastaiposterioriori- plices until the final state is achieved. No further com-
entation control. The choice of the appropriate method munication is required.

depends on the length of the spatial stepsize of the ap-  If a flip between accessible and non-accessible sim-

plication. plices is detected by a process the flip will be sug-
gestedto the other procesg, (Fig. 11). That process
5.3. Parallel flip algorithm will check if this flip is possible which is the case if

the simplex has not already been involved in another

The sequential algorithm is a simple search for non- flip and not been suggested by itself. All possible
regular simplices in a list of simplices: A simplex of flips are performed immediately. To prevent deadlocks
that list is chosen which we call activesimplex. The of processes suggesting each other the same flip, every
Delaunay criterion with its neighbor simplices (the flip is made unique by process ranking.
passivesimplices) is calculated. If a flip is necessary it A special case is that a flip may not be detected by
will be performed, and the new simplices are stored at the processep1 and p» owning the simplices. They
the end of the simplex 1i§8,10,13,16] The algorithm may not share all the simplices or they just do not have
iterates through the list. When the end is reached the the corresponding simplex—simplex neighborship rela-
triangulation has become regul[d0]. As every valid tions (Fig. 12. The detecting process then suggests a
simplex will become an active simplex at least once flip to one of these processes and p2. The receiv-
it is possible that the same Delaunay criterion is com- ing process will detect if this flip is still possible and
puted twice to check for the flip 2> 3, three times  suggest the flip to the second process like in the case
for flip 3 — 2, and four times for flip 4> 1. To pre- of normally suggested flipg={g. 11, right panel).
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begindo_flips()
sl i st {list of simplices to check}
flist {list of flips}
whilesl i st not emptydo
for i =0 until i < frequencydo
if o € sl i st is non-regulathen
if all simplices accessiblien
execute flip
attach new simplices tol i st
if flip is sharedhen
store resultirf | i st
end if
else
block simplices
store suggested flip il i st
end if
end if
end for
sendf | i st to neighbors
callflip_events()
end while
enddo_flips

beginflip_events()
count message from neighbor process
if flip counting not up to datthen
received delayed messages
end if
if flip resultthen
apply changes
eseif flip suggestedhen
if simplices accessiblien
apply flip
store resultirf | i st
else
reject flip
end if
dseif flip suggested by thirthen
if simplices accessiblen
store suggested flip il i st
end if
elseif reject suggested flighen
unblock simplices
end if
endflip_events

Fig. 11. The pseudo-code for the parallel flip algorithm. The left panel shows the serial part of the algorithm while the right panel denotes the
events following received messages. The term ‘frequency’ determines the number of simplices which are checked for the Delaunay criterion

before parallel tasks are performed. The term ‘suggested by third’ refEig.th2

P3 Ps

Fig. 12. An example of a suggested flip that cannot be detected
by the processes with access rights to either of the simplices. The
flip 2 — 3 shall be detected. The upper simplex belongs to process
p1 and the lower one te, (indicated by the grey shading). Both
processes are not linked because they do not share any simplex
(comparerig. 4). Thus one of the processgs, pa, or ps will detect

and suggest the flip either o or p»>. The implementation assures
that the flip is uniquely suggested by only one process.

Controlling the termination of the algorithm is
widely similar to vertex deletion and insertion. In addi-
tion the master will request from every process a con-

firmation of the termination status. This final confir-
mation is required because a procgssan report that
it is in the finished state while a neighbor process
induces new non-regular simplices for the process
The loose synchronization of the processes raises
the same difficulties message ordering as in the dy-
namic algorithms. Similarly as for vertex deletion
this is detected by the receiving process. Each group
of flips exchanged with neighbor processes will be
counted at the sending and receiving end. Addition-
ally, the sending process; will send the counter of
all flip messages it has received from its neighbor
processep;. The receivep, will then check if all flip
messages from its neighbgrs have been received ac-
cording to the counters. If not, the message will be
received and the correct message order is restored.
Note that this message synchronization takes place
only when the messages depend on each other, i.e.
only processes which are neighbors of both processes
p1 andp, need to be considered for delayed messages.
Otherwise the basic principle ‘first come, first served’
is applied.
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5.4. Vertex movements

101

usual Delaunay triangulations without vertex weights.
The weight has major influence on the initial con-

To increase the overall performance, we replace the struction and is tested for the system size of 16k.

movement operation by a combination of vertex dele-
tion and insertion if the movement has to be split in
too many parts. As this might happen to several ver-

The performance of the dynamic and kinetic algo-
rithms is widely independent of the presence of vertex
weights—provided the weight changes are small. The

tices, these events are collected and performed at oncaegular triangulation is tested with a uniform distri-
when all other vertices have already been moved with bution of the vertex weights with values between 0,

the flip routine.
During the iterations of the flip algorithm non-
flippable configurations can be generatfid,11]

Such configurations are composed of non-regular sim-

plices where no subset is in a simplex configuration
required for the elementary topological transforma-
tions: The simplices are in a non-convex configuration
(for an example segll]). Thus the flip algorithm
completes without restoring the Delaunay property
of the triangulation. Experimental results show that
this restricts the general applicability of the algorithm
(Section6.5).

5.5. Changing vertex weights

In our target application the agent-based simula-
tion of biological tissues cells may change their size
according to some law. The size of the cell is asso-
ciated with the weight of a vertex. For realistic mod-
els small deviationdw, « w, of the vertex weights

and 10, 100, or 1000% of the average vertex distance.
The average vertex distantés approximated by =
(Veube/ Nverd /2 with Veupe the volume of the cube
andNyert the numbers of generated vertices. Note, that
redundant vertices may be includedNRert. Any op-
eration on the triangulation can change the balance of
vertices distributed across the processes. In the tests
shown the indicated change started with a fresh par-
tition. Currently dynamic load balancing between the
processes is left to the application.

The initial triangulation and the changes in terms
of vertex positions, insertions, deletions, and dis-
placements were generated using the pseudo-random
number generator ‘Scalable Parallel Random Number
Generator’ (SPRNG) version 1[89].

The tests were performed on an Origin 3800 with
R12000 processors located at the Centre for Infor-
mation Technology Services and High Performance
Computing at the Dresden University of Technology.
Times were recorded usingPl : : Wi nme() com-

w, are assumed. These changes generally have onlymand from the MPI library. Error bars indicate one
minor effects on the triangulation and are therefore standard deviation out of 10 different experiments with
applied before the kinetic routine startsid. 11, left different seeds for SPRNG. Data points missing in the
panel). The topological changes induced by the new figures have not been measured due to either large exe-
vertex weights are applied together with the changes cution times on small numbers of processors, or mem-
resulting from the vertex displacements when the flip ory constraints for large sizes, or too few vertices to be
algorithm is performed during the kinetic routine. distributed efficiently on many processors.
The performance of this routine is included in the All presented algorithms show a remarkable scaling
movement of vertices and will not be analyzed sep- behavior, i.e. the execution time is decreasing when
arately. more processors are used. An overview of the parallel

performance is shown ifiable 1as a fit to Amdahl’s

law [40].
6. Experimental results

6.1. Initial construction

We tested each of the algorithms separately us-

ing the following protocols. The test systems were
uniform vertex distributions inside a cube. Distribu- gorithm exhibits a sufficient scaling behaviéig. 13,
tions with 1000 (1k), 4000 (4k), 8000 (8k), 16000 the cost forinserting a single vertex is high. The execu-
(16k), 100000 (100k), and 1000000 (1000K) vertices tion time of the algorithm increases dramatically when
were used. Most of the tests were performed with the vertex weights are large compared to the average

Although the modified incremental construction al-
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Table 1

Table of parallel efficiency for the various operations performed on the triangulation. The experiments were fitted with Amd§#0$ law
tp =ts[(1 — f) + f/p], with 1p the parallel execution times the execution time on a single processpithe fraction of parallelisable work,
and p the number of processors used. Shown Are) with s in seconds. Optimal scaling behavior would pe= 1. Data points at 1000k
vertices and 1000% insertion are missing for hardware constraints

Operation 1k 4k 8k 16k 100k 1000k
Deletion
1% 070(0.02) 0.80(0.09) 0.86 (0.16) 0.94(0.37) 0.98(2.5) 1.00(26.6)
10% 088(0.19) 0.93(0.82 0.97 (1.8 0.98(3.7) 0.99 (25.5) 1.00 (258
100% 094 (1.7) 0.97(8.2) 0.99 (17.6) 0.99 (36.2) 0.99 (246) 1.00 (2660
Insertion
10% 037(0.05) 0.72(0.26) 0.79 (0.58) 0.75(1.2) 0.85(5.6) 0.97 (109
100% 069 (0.63) 0.86(3.1) 0.90 (6.6) 0.93(14.3) 0.96 (89.3) 0.99 (1274
1000% 079 (7.7) 0.90 (34.7) 0.95(77.9) 0.95 (155 0.97 (956)
Random insertion
10% 056 (0.06) 0.74(0.27) 0.86 (0.68) 0.91(1.6) 0.97 (14.7) 0.99 (198
100% 063 (0.74) 0.83(3.2) 0.90(7.6) 0.93(16.6) 0.98(156) 0.99 (2377
1000% 075(8.4) 0.87(40.1) 0.94 (91 0.95 (197 0.98 (1790
Displacement
10% 065(0.37) 0.82(1.6) 0.85(3.3) 0.87(6.7) 0.83(24.0) 0.96 (442
100% 064 (1.8) 0.84(8.4) 0.87(17.6) 0.89 (36.4) 0.90 (175
1000% 037(10.0) 0.61(54.6) 0.77 (149 0.79 (313 0.83 (1975
F T T T T T T T

vertex distanceHig. 13. The time loss is caused by [ © 1000% weight
the increased numbers of vertices to be checked during 10000 & 100% weight | 5
face expansion. t m 0% weight ]

— | ]

=« 1000 E E
6.2. Insertion PR * ¢

=] L *

n
To test the dynamical insertion of vertices initial tri- 100¢ LI 3

angulations were constructed and vertices were added \ L . ]
in two manners: First, the new vertices were inserted 10f . 4
close (less than the average vertex distance) to other 5 4 % 16 32 &
vertices—mimicking cell division in biological tis- number of processors

sues. This is used to prowde an initial guess where Fig. 13. Parallel performance of the incremental construction algo-

to start the simplex vis_ibil_ity walk. Second, \_/e_rtices rithm for 16k vertices with different closed symbols denoting differ-
were added randomly inside the cube containing the ent vertex weights. The line indicates the slope-df achieved by

initial vertex distribution without a guess. Three dif- optimal scaling for comparison. (The data for 1000% vertex weight
ferent numbers of vertices were chosen: (I) A fraction have not been measured with 1 processor and contain less than 10
0.1 of the initial system size (10% i_nserti_on). (i_i_)_ The 2;';55 (;: zﬁe?)'m for 2,4, and 8 processors due to extremely long
vertex number was doubled (100% insertion). (iii) The

10-fold numbers of vertices of the initial triangulation

was added (1000% insertion).

The parallel scaling factor of the insertion algo- Simplices requiring much communication. In the case
rithm shows no significant difference between local- of weighted vertices the insertion times are decreas-
ized and random vertex insertiofi§. 14 Table J). ing with increasing weight (not shown). This effect is
For small system size the parallel scaling is reduced, caused by an increased amount of redundant vertices.
since much of the triangulation consists of boundary For those the algorithm stops with the completion of
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Fig. 14. Timings of the insertion routine for inserting vertices close to a given vertex (left panels) and without providing an initial guess
(right panels). The different symbols denote different initial system sizes while the different panels correspond to different fractionsdf insert
vertices. See text for details.

the simplex walk omitting the effort of the Bowyer— 6.3. Combining initial construction and insertion
Watson algorithm.

Despite similar scaling behavior the timing when As the initial construction has an unsatisfying serial
inserting vertices without initial guess is significantly performance we performed tests in which 1000 ver-
increased for large sizes indicating the additional time tices per processor were selected randomly for trian-
required to locate the first simplex of the Bowyer— gulation using the incremental construction while the
Watson algorithm by the simplex visibility walk. remaining ones (if any) are inserted using the concur-
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Fig. 15. The construction times for the initial triangulation using in-
cremental construction and concurrent Bowyer—Watson combined.
The different symbols denote different system sizes. Error bars indi- 10% deletion

cate one standard deviation of 100 runs. The construction times are F T T T T T T -
substantially smaller as compared to a pure incremental construc- Ll %83}2“ ° -
tion (Fig. 13. However, the scaling behavior is destroyed. See text 10 | # 16k ° =
for details. E H}é °
— < 1k - A -
. < IF ™ 7 * A =
rent Bowyer—Watson algorithm. The number of ver- g s v ¢ P
tices has to be chosen sufficiently large in order to N =V ; . Z
distribute them on large numbers of processes. 0.1¢ < q - E
The overall gain in performance by the combined i < :
initial construction is significant as long as a rele- oot o
vant amount of vertices are inserted with the concur- . nunfberofspmcészors 2o
rent Bowyer—Watson algorithm (séég. 15as com-
pared toFig. 13. However, the scaling behavior is 100% deletion
destroyed. The more processors are used the more , , , , ‘ , N
vertices are triangulated by the incremental construc- & 1000k . -
tion algorithm and less by the concurrent Bowyer— 100g | & 16k o E
Watson algorithm. Therefore the gain achieved by the RN * -
parallel execution is counteracted by a higher frac- Z ok . MR s -
tion of vertices inserted with the slower incremental I m v ¢ a =
construction. The total gain in performance can also rooa - : ; . -
be observed when triangulating vertices with differ- .3 R E
ent weights. For small weights there is no significant i < -
difference to the unweighted case. For large weights ot
the overall construction time is dominated by the slow number of processors

incremental construction step at the beglnnlng (nOt Fig. 16. Performance graph of the deletion routine. Different sym-

shown). bols denote different initial system size. Different panels correspond
to different fractions of deleted vertices. See text for details.

6.4. Deletion
result reflects the greater influence of inhomogeneities
The deletion algorithm was tested by removing a of the data distribution within data-parallel algorithms.
randomly chosen fraction of 1, 10, and 100% of the The time needed to delete all the vertices is about
triangulated vertices. It exhibits the best scaling behav- as large as the construction time for the triangula-
ior of the algorithms presented hef@ble 7). Smaller tion (Fig. 15. The cause is the slow incremental con-
gains in performance are observed for small systems struction algorithm used to fill the cavity which ex-
and small numbers of deleted vertic€sg(. 16). This ceeds the time needed to locate the vertex in the tri-
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angulation with the concurrent Bowyer—Watson algo-
rithm.

6.5. Moving vertices

In the kinetic tests all vertices have been moved by
choosing every component of the displacement vector
uniform randomly within a symmetric intervh-/, []
with [ equal 10, 100, or 1000% of the average dis-
tance of verticesKig. 17). For most applications the
smallest displacement is realistic. The numerical ex-
periments also support the view that larger changes
in the triangulation are inefficiently solved by the flip
algorithm. As mentioned before the problem of non-
flippable configurations can arise when moving all
vertices synchronously. Indeed, for 100% displace-
ment this occurred quite frequently while in the case
of 1000% displacement almost none of the new con-
figurations could be achieved by the flip algorithm
and the run got stuck in non-flippable configurations.
When the code detects such situations, the triangula-
tion is recomputed form scratch. Therefore the pre-
sented timings consist of the time needed for the flip
algorithm until failure plus the time for a complete
re-triangulation Fig. 17). Thus, only displacements
significantly smaller than the average vertex distance
take advantage of the flip algorithm to restore the De-
launay criterion. Note that, all times shown include the
time for checking the orientation of simplices before
applying the vertex displacements (Sect®g) and
thea posterioriorientation check.

7. Conclusions

We presented a tool that offers the parallel execu-
tion of particle dynamics on parallel machines on top
of a regular triangulation. To our knowledge, the par-
allel algorithms for dynamic and kinetic vertices are
completely new and for the first time permit the full
set of all necessary topological operations on regular
triangulations performed on a distributed memory ar-
chitecture.

The assumption of uniform vertex distribution af-
fects only the initial triangulation, whereas the dy-
namic and kinetic algorithms do not rely on this as-
sumption. Inhomogeneities in the distribution of work
load concerning the number of insertions, deletions,
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Fig. 17. Computing times of the kinetic routine. The different pan-
els correspond to variations of the displacement length while the
symbols denote different sizes of the triangulation. The kinetics
algorithm for its own is represented by the graph for 10% displace-
ment. Other panels intermix other parts of the algorithms. See text
for details.

displacements, or weight changes should be counter-
balanced by a proper partition of data provided by the
user. The dynamic and kinetic algorithms presented
here are able to deal with any data distribution al-
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though the performance suffers in some particular con- algorithms to single-cell-based models of biological
figurations. tissue is a matter of further investigations.

For many vertex distributions it important to pro-
vide numerical robustness in all Delaunay algorithms.
The robustness can be dropped by the user in favor Appendix A. Computation of the signed Delaunay
of faster but insecure floating point operations if the distance
vertex distributions and changes applied to the trian-
gulation exhibit sufficient small computational errors ~ The signed Delaunay distance @D of a vertex
of the signed Delaunay distance (Eg)), orientation D = (d, wy) inrespectto the facgd, B, C) is defined
(Eq.(3)) and orthosphere (E¢4)) primitive. as[21,22]

A drawback of the tool presented here is the relative s ® mip
expensive data structure that has to be maintained to (D) =[M(D) —Ma,5.0)]
serve the needs of many applications (a typical exam- (a-byx(@-9 (A1)

ple of 100k vertices on 16 CPUs requires about 48 MB [@—b)x @-0)

per CPU) In Spite of the cost of the initial triangula' by rep'acing the Circumsphere Centa"$(d) and
tion paid only once, the dynamic and kinetic routines Mab.c by the corresponding orthosphere centers
show a reasonable performance increase upon paral-m(D) andma_p.cy in Eq.(5). To get a useful expres-
lel execution. Especially, when the tool is applied to  gjon for evaluatmg SOD) we rewrite the orthosphere

biological tissues the optimal requirements of small equation (Eq(2)) in matrix form following[22]:
displacements can be assumed leading to a substan-

tial performance gain for the desired operations on the
Delaunay graph.

ax ay a;7 [IMD)I2 = wpy
by by b, —2my (D)

During all vertex operations (except deletion) re- | & ¢ ¢y ¢ —2my(D)
dundant vertices might be generated which are han- 1 d: dy 4 —2m:(D)
dled properly by the triangulation. It is up to the ap- lall2 — wy
plication to treat these vertices. For biological sim- IblI2 — wp,
ulations however, redundant vertices are unsuitable =~ | |¢|2 = w, | (A.2)
as they do not represent any physiological behavior. )12 = wy

Thus, the application should prevent the generation
of redundant vertices by setting a proper position or
weight. A sufficient condition is that any sphere asso- [bx —ay by—ay b, — az:| |:—2mx(D):|

Subtracting the first row from the other rows gives

ciated to a vertex is never covered by more than one | cx —ax ¢y —a, c¢;—a; || —2my(D)
half by another spher@]. de—a, dy—a, d;,—a; —2m,(D)

As this work is focused on the dynamic and kinetic
changes to an existing regular triangulation the perfor- Il — al? — w, + w
mance of the initial construction is of minor impor- di2 — a2 — oL
tance. The major improvements are for the dynamical Il = llall” = wa + wa
changes of an existing triangulation. In the context of We now write the equations in matrix form
agent-based cell tissue modeling three scenarios are of¥ ' [—2m(D)] = —a with
importance: First, the case of fast dividing cells. Here, |:bx —ay, cy—ay dy— ax:|

and

10112 — l|al]2 — wp + w,
[ ] 3

the performance of the insertion algorithm is impor- 37 —

tant in order to insert new cells. Second, the death of

cells is important and depends on the deletion routine

removing dead cells. The third scenario are fast mov- |: 111 — f1all? — wp + wa :|
o=

by—ay c¢y—ay, dy—a
b;—a; c¢;—a; d;—a

ing cells relying on the kinetic routine. For the simula- el = llall? — we + wq

tion of cells the two dynamic and the kinetic routines Id1I” = l1all® = wa + wq

will be executed many times thus requiring most of By finding aQ R-decompositiorj41] of the matrixim
the calculation time. The application of the presented into an upper triangular matri® and an orthogonal
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matrix O = [q1, 02, q3] with the orthonormal column
vectorsq;:

by —ay cx—ay dy—ay
M=|by—ay, cy—ay dy—a, |=0R
L b, —a; c;—a; d;—a;
[q11 q12 g317[r11 ri2 ri3
=|q12 g2 g32|| 0 rao r3 (A.4)
913 923 433 0 0 rsas

We write the left-hand side of the equation as

MT[-2m(D)]=R"[-20"m(D)]=R"n  (A5)

with p = —20™m(D). The vectorsqs and gz can

be chosen in the affine plane containing the face
(A, B, C). Consequently, onlgs depends on the ver-
tex D.

When comparing with Eq. (3) one can see that
detM) = —O(A, B,C, D), hence QA, B,C, D) =
—r11r20r33 When the QR decomposition is used.
Therefore the sign of the determinant of the matix
will give the orientation of the simplex formed by the
face(A, B, C) and the vertexD.

Now we can rewrite the expression for the center
of the orthospheren(D) using Eq.(A.5) with only .
depending on the verteR:

1
m(D) = _E(qu1+M}'QZ+qu3)~ (A-6)

The center of the orthocircle of the fa¢g, B, C) is
then given by

1
M4 B,C) = —E(uqu +uyQ2) +(Q3-a)qs. (A7)

Taking into account that:
(a—b)yx(@—oc
(@—b) x (@a—o0)]

this yields another form of the signed Delaunay dis-
tance

= sign(r11r22r33)03, (A.8)

SD(D) = — sign(r11r22r33) <% +03- a>. (A.9)

To find a vertexD, which expands the facel, B, C),
the Q R decomposition for this face is performed once
giving the three vectors), 42, g3 and the compo-
nentsri1, r12, r22. Now the signed Delaunay distance
is evaluated by computingsz to get the orientation
primitive andu, for the orthosphere primitive.
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