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Abstract

Combinatorial optimization algorithms are used in many anddiverse applica-
tions; for instance, in the planning, management, and operation of manufacturing
and logistic systems and communication networks.

For scalability and dependability reasons, distributed and asynchronous imple-
mentations of these optimization algorithms have obvious advantages over cent-
ralized implementations. Several such algorithms have been proposed in the liter-
ature. Some are inspired by what is known as ’swarm intelligence,’ e.g., ant-based
optimization algorithms. Others are based on the method of cross-entropy.

In this paper we present a generic distributed and asynchronous cross-entropy-
based algorithm for combinatorial optimization. The main advantages over pre-
vious algorithms include ease and flexibility of implementation, low overhead,
robustness, and speed of convergence. As a result, the algorithm promises a wider
applicability and significant efficiency gains compared to its predecessors, partic-
ularly for large-sized and real-time problems (such as those arising in distributed
network management).

Preliminary comparisons (based on empirical results usingstandard combinat-
orial problems) show that the proposed algorithm compares favourably with other
existing distributed algorithms with respect to overhead and speed of convergence.
Owing to its robustness and convergence properties, the proposed algorithm may
be suited for real-time and dynamic applications.
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1 Introduction

Combinatorial optimization algorithms are used in many anddiverse applications; for
instance, in the planning, management, and operation of communication networks.
One class of combinatorial problems frequently encountered when managing commu-
nication networks is the problem of finding paths. Examples:end to end paths in (vir-
tual) circuit switched networks both for primary paths and backup path in SDH, ATM
and MPLS, routes in connectionless networks, shortest (or longest) tours visiting all
nodes (STST). (Throughout this paperpath is used as a collective term encompassing
a number of the more specific technical terms path, route, circuit, tour and trajectory.)

Finding the optimal path or combination of paths usually leads to NP-hard com-
binatorial optimization problems, see for instance [1, 2].A number of well known
methods exist for finding near optimal solutions to these problems, e.g. simulated an-
nealing, [3], tabu search [4] and genetic algorithms [5]. Among recent and promising
methods, we have the Ant Colony System [6] proposed by Dorigoet al and the cross-
entropy method proposed by Rubinstein [7].

For scalability and dependability reasons, distributed and asynchronous implement-
ations of optimization algorithms have obvious advantagesover centralized implement-
ations. By distribution, a single point of failure in a communication network manage-
ment system can be avoided, and by asynchronous operation the management system
itself can be made robust to failures in the network being managed.

One class of potentially distributed and asynchronous algorithms are inspired by
social biological systems in nature and is known asswarm intelligence[8]. Here to,
the truly distributed and asynchronous systems from this class (e.g. [9, 10, 11, 12]) have
concentrated on solving the shortest path routing problem.A more general approach
is desirable to enable implementation of a wider range of management applications.
Constructing systems capable of finding near optimal Hamiltonian cycles in networks,
i.e. good solutions to the travelling salesman problem (TSP), can fulfil this general-
ity since TSPs are among the hardest routing problems (NP complete). Hamiltonian
cycles are even shown to be directly applicable for network management. In [13, 14]
Hamiltonian cycles are argued to be applicable as protection paths (p-cycle), enabling
fast and simple re-routing of network traffic on link and nodefailures.

A subclass of swarm intelligence systems are based on Rubinstein’s method of
cross-entropy [15]. In this paper we present an improve version of the cross-entropy
based system presented by Helvik and Wittner in [16], today known asCE-ants(Cross-
Entropy ants). The new version, denotedelite CE-ants, introduces an improved per-
formance function which ensures a better focus on good solutions, while it still keeps
the risk of premature convergence to local optima low. The main advantages over the
previous version is low overhead, and speed of convergence,two properties of interest
in any optimization context. From a network engineeing point of view, the speed of
convergence and minumum overhead is especially important,e.g. for management
systems operating in dynamic networks with limited networkresources like in wire-
less ad-hoc networks. This is even more improtant than to obtain the global optimal
solution as long as the solution is good enough to serve the purpose.

The rest of the paper is organized into four section. Section2 presents a summary
of the foundation for the CE-ants system, Section 3 presentsour new elite approach,
Section 4 presents a case study which compares simulation results of the new elite
CE-ant system with results for earlier systems, and finally Section 5 summaries by
presenting some concluding remarks as well as indications to future work.
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2 Cross Entropy Ants (CE ants)

The CE ant system which forms the foundation for the work presented in this paper,
is a swarm intelligencesystem [8] and mimics the foraging behavior of ants. It ap-
plies a high number of agents with simple behaviors which communicate indirectly
and asynchronously. All agents have the mission of searching for cyclic paths and re-
port (by asynchronous messaging) the quality of a path foundas measured by a path
performance expression.

2.1 Foundations

In [9] Schoonderwoerd & al. introduced the concept of using multiple agents with a
behavior inspired by foraging ants to solve problems in telecommunication networks.
The concept has been further developed in [10, 12, 11] among others. Schoonderwoerd
& al.’s agent system relates to Dorigo & al.’s Ant Colony Optimization (ACO) system
[6]. The overall idea is to have a number of simple ant-like mobile agents search
for paths between source and destination nodes. While moving from node to node
in a network, an agent leaves markings resembling the pheromones left by real ants
during ant trail development. This results in nodes holdinga distribution of pheromone
markings pointing to their different neighbor nodes. An agent visiting a node uses the
distribution of pheromone markings to select which node to visit next. A high number
of markings pointing towards a node (high pheromone level) implies a high probability
for an agent to continue its itinerary toward that node. Using trail marking agents
together with a constant evaporation of all pheromone markings, Schoonderwoerd and
Dorigo show that after a relatively short period of time the overall process converges
toward having the majority of the agents follow a single trail. The trail tends to be a
near optimal path from the source to the destination.

2.2 Cost function

In this paper we regard fully meshed networks withn nodes, i.e. every node has a
direct link to every other node. The number of Hamiltonian cycles in such a network is
(n − 1)!. A link connecting two adjacent nodesk, l has a link costLkl. The link cost
may in a realistic communication network topology be in terms of incurred delay by
using the path, "fee" paid the operator of the link, a penaltyfor using a scare resource
like free capacity, etc. or a combination of such measures.

Pathi through the network is represented byπi = {r1, r2 . . . , rni
} whereni is the

number of nodes traversed. For a Hamiltonian cycleni = n + 1, ∀i andr1i
= rni

.
The cost function,L, of a path is additive,

L(πi) =

ni−1∑

j=1

Lrjrj+1 (1)

2.3 The Cross Entropy Method

In [7] Rubinstein develops a centralized search algorithm with similarities to Ant Colony
Optimization [17, 18]. The total collection of pheromone markings in a network at time
t is represented by a probability matrixPt where an elementPt,rs (at rowr and column
s of the matrix) reflects the normalized intensity of pheromones pointing from noder
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toward nodes. An agent’s stochastic search for a sample path resembles a Markov
Chain selection process based onPt.

In a large network with a high number of feasible paths with different qualities, the
event of finding an optimal path by doing a random walk (using auniformly distributed
probability matrix) is rare, e.g. the probability of findingthe shortest Hamiltonian cycle
in a 26 node network is1

25! ≈ 10−26. Thus Rubinstein develops his algorithm by
founding it in rare event theory.

By importance sampling in multiple iterations Rubinstein alters the transition mat-
rix (Pt → Pt+1) and amplifies certain probabilities such that agents eventually find
near optimal paths with high probabilities. Cross entropy (CE) is applied to ensure ef-
ficient alteration of the matrix. To speed up the process further, a performance function
weights the path qualities (two stage CE algorithm [19]) such that high quality paths
have greater influence on the alteration of the matrix. Rubinstein’s CE algorithm has 4
steps:

1. At the first iterationt = 0, select a start transition matrixPt=0 (e.g. uniformly
distributed).

2. GenerateN paths fromP t. Calculate the minimum Boltzmann temperatureγt

to fulfill average path performance constraints, i.e.

min γt s.t. h(Pt, γt) =
1

N

N∑

k=1

H(πk, γt) > ρ (2)

where
H(πk, γt) = e

−
L(πk)

γt

is the performance function returning the quality of pathπk. L(πk) is the cost
of using pathπk. 10−6 ≤ ρ ≤ 10−2 is a search focus parameter. The minimum
solution forγt will result in a certain amplification (controlled byρ) of high
quality paths and a minimum averageh(Pt, γt) > ρ of all path qualities in the
current batch ofN paths.

3. Usingγt from step 2 andH(πk, γt) for k = 1, 2..., N , generate a new transition
matrix Pt+1 which maximizes the “closeness” (i.e. minimizes distance)to the
optimal matrix, by solving

max
Pt+1

1

N

N∑

k=1

H(πk, γt)
∑

ij∈πk

lnPt,ij (3)

wherePt,ij is the transition probability from nodei to j at iterationt. The
solution of (3) is shown in [7] to be

Pt+1,rs =

∑N
k=1 I({r, s} ∈ πk)H(πk, γt)∑N

l=1 I({r} ∈ πl)H(πl, γt)
(4)

which will minimize the cross entropy betweenPt andPt+1 and ensure an op-
timal shift in probabilities with respect toγt and the performance function.

4. Repeat steps 2-3 untilH(π̂, γt) ≈ H(π̂, γt+1) whereπ̂ is the best path found.
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2.4 Distributed Cross Entropy Method

In [16] a distributed and asynchronous version of Rubinstein’s CE algorithm is de-
veloped, today known asCE ants. By a few approximations, (4) and (2) may be re-
placed by autoregressive counterparts based on

Pt+1,rs =

∑t
k=1 I({r, s} ∈ πk)βt−kH(πk, γt)∑t

l=1 I({r} ∈ πl)βt−lH(πl, γt)
(5)

and
min γt s.t. h

′

t(γt) > ρ (6)

where

h
′

t(γt) = h
′

t−1(γt)β + (1 − β)H(πt, γt)

≈
1 − β

1 − βt

t∑

k=1

βt−kH(πk, γt)

and whereβ ∈ 〈0, 1〉 controls the history of paths remembered by the system (i.e.
replacesN in step 2). See [16] or appendix A in [15] for details on autoregression.
Step 2 and 3 in the algorithm can now be performed immediatelyafter a single new
pathπt is found, and a new probability matrixPt+1 can be generated.

The CE ants algorithm may be viewed as an algorithm where search agents evalu-
ate a path found (and calculateγt by (6)) right after they reach their destination node,
and then immediately return to their source node backtracking along the path. Dur-
ing backtracking pheromones are placed by updating the relevant probabilities in the
transition matrix, i.e applyingH(πt, γt) through (5).

The CE ants algorithm resembles Schoonderwoerd & al.’s original system as well
as Dorigo & al.’s AntNet system [10]. However, none of the earlier systems implements
a search focus stage (the adjustment ofγt). The search focus stage ensures fast and
accurate convergence even when the problem at hand is of NP hard complexity. It is
unclear if Schoonderwoerd & al.’s original system or Dorigo& al.’s AntNet system can
(with limited tuning) find good solutions to NP-hard problems, e.g. find near optimal
Hamiltonian cycles.

3 Elite selection

In the original CE ants algorithm [16], all samples of paths,∀tπt, are considered when
probabilities are updated by (5) and the control variable, denotedtemperatureγt, is
updated by (6). This means that even ants following a path with poor cost value with
little or no new value with respect to finding the best path, will cause an update of the
temperature as well as backtracking and update of the pheromone values. In order to
reduce this overhead, i.e. reduce the number of samples in (5), the concept ofelite se-
lectionis introduced. In this section this is presented in details,supported by numerical
evidence to demonstrate the effect of different elite selection criteria. The elite selec-
tion is applicable in both static and dynamic environments.We denote the new CE ant
systemelite CE ants.

Examples of use of elite CE ants are given in Section 4 where case studies of TSP
in fully meshed 26 and 48 node networks are given.
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3.1 Static environments

The heuristic idea of elite selection is simply to do updatesof temperature and pher-
omones only when the sampled path has a cost value that is within a certain bound
relative to the best path found at iterationt. The challenge is to do this without limiting
the search space too much and throwing away partly good samples that might by vital
to obtain the optimal, or at least a good, solution.

Without loss of generality, in this paper the “best” value means “minimum” value.
Hence, letLbest,t denote the minimum value found at timet,

Lbest,t = min
∀u≤t

L(πu)

Focusing on theelite, i.e. the good solutions relative to the best (so far), is formu-
lated as anelite selection criterion:

L(πt) ≤ (1 + ρ2) · Lbest,t−1 (7)

The factor,ρ2, can be either a constant or be changed over time. The elite selection
will be increasingly restrictive over time as the thresholdis decreased when

1. A new best solution is found,Lbest,t+n < Lbest,t, or

2. The factor,ρ2, is decreased when neither of the lastDperiode ants are accep-
ted. This is equivalent to the increase of search focus introduced in [16]. The
Dperiode is typically set to the product of the number of nodes and average node
connectivity.

To get an impression of the performance of elite CE ants, see Figure 1 which presents
results from simulations of TSP in a 26 node fully meshed network where:

1. ρ2 = 0: only accept new samples that are equal to or better thanLbest,t, i.e. the
best know up till now,

2. ρ2 > 0: accept new solutions that are within a certain bound relative toLbest,t.

With ρ2 = 0 convergence is fast, but the solutions are inferior compared to both the
original approach and elite selection withρ2 > 0. The reason is most likely that with
ρ2 = 0 the selection is too restrictive and throws away partly goodsolutions that are
necessary to obtain the optimal. Usingρ2 > 0 is much more promising. The results
in Figure 1 are from simulations with initialρ2 = 0.25, and whereρ2 is decreased by
0.05 down to0 every timeDperiode = 26 ∗ 25 = 625 ants are received without any
updates. With these parameters both the convergence rate and the quality of the solution
are improved compared to the original CE ants algorithm. Increased convergence rate
means reduced overhead which is exactly what we are aiming for.

However, the bad news is that this approach requires tuning of yet another para-
meter, i.e.ρ2. Sensitivity studies have shown that the performance of elite CE ants is
sensitive to the initial settings ofρ2. The plot in Figure 1 only shows the results for
ρ2 = 0.25 which was the best setting for the 26 node case. If this is alsovalid for other
network sizes or other problems is not known.

From (2) it is known that the best solutions in the CE ants method relates toρ
throughe−L(π)/γ > ρ which can be rearranged toL(π) < −γ ln ρ. As a heuristic, this
means that the good solutions should be less than−γ ln ρ. To see how this threshold
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(a) Average cost values

(b) Best cost values

Figure 1: Plot of cost values, both average and best, using different elite selection
criteria. Average over 10 simulation replica.
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Figure 2: Comparison of elite selection

relates to the elite selection of (7) the change in(1 + ρ2) · Lbest,t is plotted against
−γ

]
t ln ρ in Figure 2. The temperature is here calculated over the samples that are

accepted by the elite selection criterion given in (7). Thismeans that the calculation of
γ

]
t is according to (6) as before, but now the indext is the number of accepted samples

according to (7).
The results in Fig. 2 show a strong correlation between the two thresholds. The

−γ
]
t ln ρ is a smoothed variant of the stepwise threshold(1 + ρ2) · Lbest,t. Hence,

based on (2) and the numerical observations, the elite selection criterion was redefined
to only accept agents with a cost

L(πt) < −γ∗
t−1 ln ρ (8)

to contribute and backtrack, i.e. update temperature and pheromones. The temperature
γ∗

t is determined by (6) , now with indext as the number of samples accepted by (8).
The elite selection will be increasingly restrictive over time as the threshold is de-

creased when

1. Many new good solutions are found that will reduce the temperature,γ∗
t ,

2. The factor,ρ, is decreased when niether of the lastDperiode ants are accepted.
This was introduced in [16] to improve speed of convergence and quality of
solution. TheDperiode is typically set to the product of the number of nodes and
average node connectivity.

In Figure 2 it is demonstrated that using the elite selectionof (8) gives similar perform-
ance as when using (7), eliminating the parameterρ2.

In previous work on centralized, batch-oriented cross entropy [20] an elite set idea
applying a finite set of elite samples was tested, without improving performance. With
elite CE ants we use a distributed variant of the cross entropy method, where we let
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ants with significant contribution to finding good solutionsimmediately update the
pheromones/probabilities. We do not maintain a finite set ofelite samples, but have an
elite selection bound that is initially broad, and gradually decreased as we approach a
good solution. The reduction of the bound depends on the discovery of good solutions.
See Figure 2 for an example which illustrates how the elite selection bound is accepting
many samples significantly worse than the best in the first phases, for then to slowly
decrease towards the best solution when the search is about to converge (−γ∗

t ln ρ →
Lbest,twhent is large) .

3.2 Dynamic environments

In dynamic environment where link and node failures might occur, the search space and
the corresponding optimal solution change to the worse. If the changes is significant,
the elite selection as formulated in (8) will reject all ants, even the ones that have found
a good solution in the new search space. The reason is becauseonly samples that
are better, or slightly worse than the threshold in (8) are accepted. The threshold is
calculated based on observations from previous search space. In order to detect these
changes, and to accept good samples from the new search space, a simple reformulation
of the elite selection criterion is proposed;

L(πt) < −γt ln ρ (9)

whereγt is the temperature as in (6) calculated overall samples, not only the samples
selected by the the elite selection criterion. However, theupdates of pheromones are
as in the static case; only when the sampled path has cost value below the threshold.
Observe that the update of pheromones are using the temperature,γ∗

u, which is determ-
ined by (6), now with indexu ≤ t that is the number of accepted samples according to
(9).

When the temperature is calculated over all samples, previous studies [21, 22] have
shown that the temperature reacts rather quickly to changesin search space, and hence
the elite selection threshold will be adjusted shortly after a network failure and start
accepting ants with good solutions in the new search space. Current work in progress
looks into the use of this approach to manage virtual connections in a packet network
exposed to changes in network configurations.

Observe that the temperature over all samples will convergetowards the temper-
ature over updating samples when the search is converging. Hence, it is possible to
use the elite selection criterion from (9) in static environments as well, but with some
reduction in efficiency.

4 Case studies

To test the performance of the CE ants with elite selection, anumber of simulation rep-
lica of Travelling Salesman Problems (TSP) are conducted. The TSP is chosen because
this is known to be an NP complete problem and hence will stress the performance of
the proposed method. In current work in progress the focus ison network management
problems e.g. like establishment and management of virtualconnections in dynamic
networks and protection cycles for fault-tolerant purposes [14]. The topologies are
taken from TSPLIB [23], one fully meshed network with 26 nodes (fri26) and one with
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Table 1: Summarized results from 10 simulations

Topology
fri26 ry48p

No of nodes 26 48

Standard
CE-ants

No of tours 122054 (9634) 779046 (53347)
Best tour 970 (1018) 15201 (15721)

Converged average 1015 (13) 15663 (141)

Elite
CE-ants

No of tours 49942 (10045) 232004 (112564)
Best tour 941 (1018) 14828 (15752)

Converged average 1011 (42) 15063 (244)
Rubinstein’s
CE-method

No of tours - 345600
Best tour - 15509

48 nodes (ry48p). The 48 node topology is used to compare our algorithm to Rubin-
stein’s algorithm [20]. However, keep in mind that we require our method to be fully
distributed and hence a comparison with centralized methods is not completely fair.

4.1 Results

The results are given in Figures 3 and 4. All plots present average results from 10
independent simulation replica. The x-value is the number of tours ants (agents) have
completed. We are counting both the tours of the ants that have successfully found a
path from source to destination, and the tours of the backtracking ants that are updating
the pheromones. This means without elite selection all tours will be counted twice.
The reason for counting both searching and backtracking tours is that they both con-
tribute to the overhead, and to be able to compare the original system (where all ants
are backtracking) and the elite selection approach. An alternative is to use the CPU
time consumption as the comparison criterion. However thiswould require the source
code of the simulator to be revised and optimised, and it would make comparison with
results from the literature more complicated. The plots show (a) the cost values at tour
x, averaged over 10 replications, and (b) the best cost values found and the number of
tours traversed before this. The latter is unsorted, meaning the all best value observa-
tions in all simulations are plotted in the same plot.

A summary of result details is given in Table 1. The number of tours, denotedNo
of tours, is the average number of tours before the best sample is found. The standard
deviation is given in brackets. The best cost values are reported underBest tourbeing
the best of the best tours of the 10 replica and with the worst of the best tours given
in brackets. Finally, the average of the average cost value is reported underConverged
averagewith standard deviation in brackets. The last rows show results obtained by
Rubinstein’s original algorithm. (Rubinstein reports better cost values in [20] but with
approximately 6 times the number of samples.)

The same parameter settings as was applied in [16] were reused. β = 0.998,
ρ = 0.01 andρ reduction factor= 0.95 were applied in both simulation scenarios.
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(a) Average cost values

(b) Best values

Figure 3: TSP in a 26 node example. 10 simulation replica.
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(a) Average cost values

(b) Best cost values

Figure 4: TSP in a 48 node example. 10 simulation replica.
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4.2 Observations

In the 26 node case, it is observed from the results in Figure 3that the convergence rate
of elite CE ants is approximately 3 times better than the original CE ants, and that it
converges to a better solution, both for the average and the best solution found. From
Table 1 it can be observed that the quality of the solutions are improved by 3-4%.

By increasing the size of the problem the improvement becomeeven more signific-
ant. In the 48 node case, it can be observed from Figure 4 that the convergence rate of
elite selection approach is at least 3 times better than the original CE ants, and that it
converges to a better solution, both for the average and the best solution found. As for
the 26 node case, from Table 1 it can be observed that the quality of the solutions are
improved by 3-4%

4.3 Summary

Previous comparisons between CE ants and results reported by Rubinstein [16] con-
cluded that CE ants was comparable with respect to quality ofsolution, but speed of
convergence was not equally good. Up to 5 times more tours hadto be traversed before
convergence compared to the total number of samples in Rubinstein’s algorithm. With
the new elite CE ants approach the speed of convergence is significantly improved, and
so is the quality of solutions. From a network engineering point of view it is essen-
tial to keep the rate of convergence, and the overhead imposed by ants, under control.
Hence, the reduced overhead without loss of quality in solution is considered to be a
significant new achievement.

5 Concluding Remarks

In this paper we have introduced an improved version of an algorithm known as CE
ants, which is well suited for solving routing problems in communication networks
as well as other combinatorial optimization problems. The CE ants algorithm is fully
distributed and may be implementation by use of simple autonomous mobile agents.
Agents act asynchronously and independently and communicate with each other only
indirectly using path quality markings (pheromone trails).

In contrast to other "ant-inspired" distributed stochastic routing algorithms, the
CE ants algorithm has a mathematical foundation inherited from Reuven Rubinstein’s
cross-entropy method for combinatorial optimization. Rubinstein proposes an efficient
search algorithm using Kullback-Leibler cross-entropy, important sampling, Markov
chains and the Boltzmann function.

Our new version of CE ants, denotedelite CE ants, has improved performance both
in the speed of convergence and the quality of the paths found. By ensuing that insigni-
ficant path samples found are not processed, less overhead and a better focus on good
paths is achieved. The significance threshold, or theelite selection criterion, applied is
dynamic and shifts according to the level of convergence in the search process.

The new elite CE ants present good results when tested on a hard (NP-complete)
routing problem, the Travelling Salesman Problem. Compared to the original CE ants
algorithm, the elite CE ants find near optimal Hamiltonian paths of a quality around 3%
better with only 1/3 of the effort. Performance wise the elite CE ants compare equally
well to Rubinstein’s original centralized algorithm. In addition, as for the original CE
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ants, the elite CE ants can perform their search in a fully distributed and asynchronous
manner.

The elite focus mechanism introduced performs well in the static network cases
studied in the paper. Preliminary studies indicate that by doing some adjustments to
how the elite selection criterion is controlled, the elite focus mechanism may perform
very well in dynamic network cases as well. In a communication network management
context, dynamic networks are considered among the most difficult to control, operate
and plan.

Future work include evaluating the performance of the eliteCE ants in dynamic
network scenarios as well as examine if the elite CE ants can be applied in a network
monitoring context. Valuable status information may be derived from studying how
the temperature parameters and the elite selection criterion level vary during the search
process.
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