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Abstract

Combinatorial optimization algorithms are used in many diverse applica-
tions; for instance, in the planning, management, and ¢iperaf manufacturing
and logistic systems and communication networks.

For scalability and dependability reasons, distributeti@synchronous imple-
mentations of these optimization algorithms have obviahsatages over cent-
ralized implementations. Several such algorithms have peeposed in the liter-
ature. Some are inspired by what is known as 'swarm inteilige e.g., ant-based
optimization algorithms. Others are based on the methodosfeentropy.

In this paper we present a generic distributed and asynohsocross-entropy-
based algorithm for combinatorial optimization. The mailvantages over pre-
vious algorithms include ease and flexibility of impleméiata, low overhead,
robustness, and speed of convergence. As a result, thétlalggromises a wider
applicability and significant efficiency gains comparedtsopredecessors, partic-
ularly for large-sized and real-time problems (such asetassing in distributed
network management).

Preliminary comparisons (based on empirical results ustagdard combinat-
orial problems) show that the proposed algorithm comparesurably with other
existing distributed algorithms with respect to overhead speed of convergence.
Owing to its robustness and convergence properties, thgopead algorithm may
be suited for real-time and dynamic applications.
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1 Introduction

Combinatorial optimization algorithms are used in many divdrse applications; for
instance, in the planning, management, and operation ofragritation networks.
One class of combinatorial problems frequently encoudtesgen managing commu-
nication networks is the problem of finding paths. Exampdgsl to end paths in (vir-
tual) circuit switched networks both for primary paths arldhup path in SDH, ATM
and MPLS, routes in connectionless networks, shortestofagdst) tours visiting all
nodes (STST). (Throughout this pageathis used as a collective term encompassing
a number of the more specific technical terms path, routeyicitour and trajectory.)

Finding the optimal path or combination of paths usuallydketo NP-hard com-
binatorial optimization problems, see for instance [1, 2].number of well known
methods exist for finding near optimal solutions to thesdlenos, e.g. simulated an-
nealing, [3], tabu search [4] and genetic algorithms [5]. ohg recent and promising
methods, we have the Ant Colony System [6] proposed by Dartgd and the cross-
entropy method proposed by Rubinstein [7].

For scalability and dependability reasons, distributetiasynchronous implement-
ations of optimization algorithms have obvious advantages centralized implement-
ations. By distribution, a single point of failure in a commization network manage-
ment system can be avoided, and by asynchronous operagionahagement system
itself can be made robust to failures in the network beingaged.

One class of potentially distributed and asynchronousrilgos are inspired by
social biological systems in nature and is knowrsasrm intelligencd8]. Here to,
the truly distributed and asynchronous systems from thssdle.g. [9, 10, 11, 12]) have
concentrated on solving the shortest path routing probldmmore general approach
is desirable to enable implementation of a wider range ofagament applications.
Constructing systems capable of finding near optimal Hamigin cycles in networks,
i.e. good solutions to the travelling salesman problem (T &&n fulfil this general-
ity since TSPs are among the hardest routing problems (NPlede). Hamiltonian
cycles are even shown to be directly applicable for netwoakagement. In [13, 14]
Hamiltonian cycles are argued to be applicable as protegihs p-cycld, enabling
fast and simple re-routing of network traffic on link and ndaiéures.

A subclass of swarm intelligence systems are based on Ralriissmethod of
cross-entropy [15]. In this paper we present an improveimersf the cross-entropy
based system presented by Helvik and Wittner in [16], todewn asCE-ants(Cross-
Entropy ants). The new version, denotdide CE-antsintroduces an improved per-
formance function which ensures a better focus on goodisakitwhile it still keeps
the risk of premature convergence to local optima low. Theradvantages over the
previous version is low overhead, and speed of convergémogroperties of interest
in any optimization context. From a network engineeing poirview, the speed of
convergence and minumum overhead is especially imporéagt, for management
systems operating in dynamic networks with limited netwa&ources like in wire-
less ad-hoc networks. This is even more improtant than taiolthe global optimal
solution as long as the solution is good enough to serve tipopa.

The rest of the paper is organized into four section. Se@ipresents a summary
of the foundation for the CE-ants system, Section 3 presantsiew elite approach,
Section 4 presents a case study which compares simulatoitsef the new elite
CE-ant system with results for earlier systems, and fina#lgti&n 5 summaries by
presenting some concluding remarks as well as indicatmhgtire work.



2 CrossEntropy Ants (CE ants)

The CE ant system which forms the foundation for the work gmésd in this paper,

is aswarm intelligencesystem [8] and mimics the foraging behavior of ants. It ap-
plies a high number of agents with simple behaviors which roomicate indirectly
and asynchronously. All agents have the mission of seagdbincyclic paths and re-
port (by asynchronous messaging) the quality of a path fasheasured by a path
performance expression.

2.1 Foundations

In [9] Schoonderwoerd & al. introduced the concept of usingtiple agents with a
behavior inspired by foraging ants to solve problems incielemunication networks.
The concept has been further developedin [10, 12, 11] amtbreg Schoonderwoerd
& al’s agent system relates to Dorigo & al.'s Ant Colony @pization (ACO) system
[6]. The overall idea is to have a number of simple ant-likebiteoagents search
for paths between source and destination nodes. While mgdwim node to node
in a network, an agent leaves markings resembling the prmresleft by real ants
during ant trail development. This results in nodes holdiniistribution of pheromone
markings pointing to their different neighbor nodes. Anraigasiting a node uses the
distribution of pheromone markings to select which nodeisg mext. A high number
of markings pointing towards a node (high pheromone levejlies a high probability
for an agent to continue its itinerary toward that node. Ydimil marking agents
together with a constant evaporation of all pheromone mgkiSchoonderwoerd and
Dorigo show that after a relatively short period of time thvemll process converges
toward having the majority of the agents follow a singleltrdihe trail tends to be a
near optimal path from the source to the destination.

2.2 Cost function

In this paper we regard fully meshed networks witmodes, i.e. every node has a
direct link to every other node. The number of Hamiltonianleg in such a network is
(n — 1)!. Alink connecting two adjacent nodés! has a link costLy;. The link cost
may in a realistic communication network topology be in terof incurred delay by
using the path, "fee" paid the operator of the link, a penfaltyusing a scare resource
like free capacity, etc. or a combination of such measures.

Pathi through the network is representedby= {ri,r2 ..., } wheren, is the
number of nodes traversed. For a Hamiltonian cygle= n + 1, Vi andry, = 7,,.

The cost function[., of a path is additive,

n;—1

L(Wl) = Z LTjTj+1 (1)
j=1

2.3 TheCross Entropy Method

In [7] Rubinstein develops a centralized search algorithth similarities to Ant Colony
Optimization [17, 18]. The total collection of pheromonerkiags in a network at time
t is represented by a probability matiix where an elemen; ,.; (at rowr and column
s of the matrix) reflects the normalized intensity of pheroe®pointing from node



toward nodes. An agent’s stochastic search for a sample path resembleariaoMl
Chain selection process based@n

In a large network with a high number of feasible paths wiffedént qualities, the
event of finding an optimal path by doing a random walk (usingiformly distributed
probability matrix) is rare, e.g. the probability of findittte shortest Hamiltonian cycle
in a 26 node network is}; ~ 10726, Thus Rubinstein develops his algorithm by
founding it in rare event theory.

By importance sampling in multiple iterations Rubinstdies the transition mat-
rix (P, — P:4+1) and amplifies certain probabilities such that agents exaiytfind
near optimal paths with high probabilities. Cross entrdpk)is applied to ensure ef-
ficient alteration of the matrix. To speed up the processéiria performance function
weights the path qualities (two stage CE algorithm [19])hsti@at high quality paths
have greater influence on the alteration of the matrix. Ratbin’s CE algorithm has 4
steps:

1. Atthe first iterationt = 0, select a start transition matri— (e.g. uniformly
distributed).

2. GenerateV paths fromP;. Calculate the minimum Boltzmann temperatuyye
to fulfill average path performance constraints, i.e.

N
miny St. h(FP, 1) = Z (ks ) (2)

where

_ L)
H(m,yi) = e
is the performance function returning the quality of path L(r) is the cost
of using pathry,. 1079 < p < 1072 is a search focus parameter. The minimum
solution for~; will result in a certain amplification (controlled ky) of high
quality paths and a minimum averafeP;,~;) > p of all path qualities in the
current batch ofV paths.

3. Using~; from step 2 andd (7, ;) for k = 1,2..., N, generate a new transition
matrix P;11 which maximizes the “closeness” (i.e. minimizes distarioehe
optimal matrix, by solving

max — ZH Ty Vt) Z In P ;5 3)

P
o 1JETE

where P, ;; is the transition probability from nodeto j at iterationt. The
solution of (3) is shown in [7] to be

Pray o = Zho IUrs} € m)H(mi, ) (4)
Yo I{r}y € m)H (7, )

which will minimize the cross entropy betweéfh and P,.; and ensure an op-
timal shift in probabilities with respect tg and the performance function.

4. Repeat steps 2-3 unfil (7, ;) ~ H(7, v:+1) WhereT is the best path found.



2.4 Distributed Cross Entropy Method

In [16] a distributed and asynchronous version of Rubin&eCE algorithm is de-
veloped, today known aSE ants By a few approximations, (4) and (2) may be re-
placed by autoregressive counterparts based on

S I sy € me) B R H (m, )

P s — 5
Fere = S () € m) S H (o) ©
and /
miny; St h () >p (6)
where
he(ve) = hy_y(7)B+ (1 — B)H (4, 72)
1—8 <~
e ;ﬂt " H (i, 72)

and whereg € (0, 1) controls the history of paths remembered by the system (i.e.
replacesN in step 2). See [16] or appendix A in [15] for details on augpession.
Step 2 and 3 in the algorithm can now be performed immediatiér a single new
pathr, is found, and a new probability matri. ; can be generated.

The CE ants algorithm may be viewed as an algorithm wherelseayents evalu-
ate a path found (and calculateby (6)) right after they reach their destination node,
and then immediately return to their source node backtracklong the path. Dur-
ing backtracking pheromones are placed by updating theaelgrobabilities in the
transition matrix, i.e applyindf (w¢, ;) through (5).

The CE ants algorithm resembles Schoonderwoerd & al.'sraigystem as well
as Dorigo & al.’s AntNet system [10]. However, none of thdieasystems implements
a search focus stage (the adjustmenyQf The search focus stage ensures fast and
accurate convergence even when the problem at hand is of MRcbmplexity. It is
unclear if Schoonderwoerd & al.’s original system or Dorggal.'s AntNet system can
(with limited tuning) find good solutions to NP-hard probkene.g. find near optimal
Hamiltonian cycles.

3 Elitesdection

In the original CE ants algorithm [16], all samples of paths;;, are considered when
probabilities are updated by (5) and the control variab&adedtemperaturey, is
updated by (6). This means that even ants following a path pgbr cost value with
little or no new value with respect to finding the best path| eduse an update of the
temperature as well as backtracking and update of the plwrewalues. In order to
reduce this overhead, i.e. reduce the number of sample$,ithésconcept oélite se-
lectionis introduced. In this section this is presented in detailpported by numerical
evidence to demonstrate the effect of different elite s&laccriteria. The elite selec-
tion is applicable in both static and dynamic environmews.denote the new CE ant
systemelite CE ants.

Examples of use of elite CE ants are given in Section 4 whege studies of TSP
in fully meshed 26 and 48 node networks are given.



3.1 Static environments

The heuristic idea of elite selection is simply to do updatetemperature and pher-
omones only when the sampled path has a cost value that ig1vaitbertain bound
relative to the best path found at iteratiorThe challenge is to do this without limiting
the search space too much and throwing away partly good sarti@t might by vital
to obtain the optimal, or at least a good, solution.

Without loss of generality, in this paper the “best” valueamg “minimum?” value.
Hence, letl;.s:,« denote the minimum value found at time

Lbest,t — éﬂg}fll(ﬂu)

Focusing on thelite, i.e. the good solutions relative to the best (so far), igior
lated as arelite selection criterion

L(ﬁt) S (1 + p2) : Lbest,tfl (7)

The factor,,, can be either a constant or be changed over time. The ditetion
will be increasingly restrictive over time as the threshisldecreased when

1. Anew best solution is foundipest t4+n < Lpest,t, OF

2. The factor,p2, is decreased when neither of the lds.,;.qc ants are accep-
ted. This is equivalent to the increase of search focusduoired in [16]. The
Dperiode is typically set to the product of the number of nodes andayenode
connectivity.

To get an impression of the performance of elite CE ants, ggad-1 which presents
results from simulations of TSP in a 26 node fully meshed onétwhere:

1. po = 0: only accept new samples that are equal to or better ihan ;, i.e. the
best know up till now,

2. p2 > 0: accept new solutions that are within a certain bound reddt Ly +.

With po = 0 convergence is fast, but the solutions are inferior conthtoeboth the
original approach and elite selection wigh > 0. The reason is most likely that with
p2 = 0 the selection is too restrictive and throws away partly gsoldtions that are
necessary to obtain the optimal. Usipg > 0 is much more promising. The results
in Figure 1 are from simulations with initigh = 0.25, and where, is decreased by
0.05 down to0 every timeDycrioqe = 26 * 25 = 625 ants are received without any
updates. With these parameters both the convergence dhtieeaquality of the solution
are improved compared to the original CE ants algorithmrdased convergence rate
means reduced overhead which is exactly what we are aiming fo

However, the bad news is that this approach requires turfiygtoanother para-
meter, i.e.ps. Sensitivity studies have shown that the performance td €lE ants is
sensitive to the initial settings ¢f. The plot in Figure 1 only shows the results for
p2 = 0.25 which was the best setting for the 26 node case. If this is\aid for other
network sizes or other problems is not known.

From (2) it is known that the best solutions in the CE ants wetielates tq
throughe=%(™)/7 > p which can be rearranged fg7) < —v1n p. As a heuristic, this
means that the good solutions should be less thain p. To see how this threshold



CE ants: Comparison of elite selection strategies (average cost values)
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Figure 1: Plot of cost values, both average and best, usiffigrelit elite selection
criteria. Average over 10 simulation replica.



CEAnts: Elite selection threshold development
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Figure 2: Comparison of elite selection

relates to the elite selection of (7) the changélint- ps) - Lyest + is plotted against
—'yf Inp in Figure 2. The temperature is here calculated over the ksntpat are
accepted by the elite selection criterion given in (7). Th&ans that the calculation of
73 is according to (6) as before, but now the indéx the number of accepted samples
according to (7).

The results in Fig. 2 show a strong correlation between tleethresholds. The
,73 In p is a smoothed variant of the stepwise thresh@ldr p2) - Lyestt- Hence,
based on (2) and the numerical observations, the elitetamieariterion was redefined
to only accept agents with a cost

L(m) < —v_1Inp (8)

to contribute and backtrack, i.e. update temperature aatbpiones. The temperature
~; is determined by (6) , now with indexas the number of samples accepted by (8).

The elite selection will be increasingly restrictive oviene as the threshold is de-
creased when

1. Many new good solutions are found that will reduce the terature;y;,

2. The factor,p, is decreased when niether of the 1a%}.,;,q. ants are accepted.
This was introduced in [16] to improve speed of convergenat guality of
solution. TheD,cri0qe 1S typically set to the product of the number of nodes and
average node connectivity.

In Figure 2 it is demonstrated that using the elite seleaifq®) gives similar perform-
ance as when using (7), eliminating the paramgser

In previous work on centralized, batch-oriented crossogytf20] an elite set idea
applying a finite set of elite samples was tested, withoutrawmg performance. With
elite CE ants we use a distributed variant of the cross eptnogthod, where we let



ants with significant contribution to finding good soluticingmediately update the
pheromones/probabilities. We do not maintain a finite sefitd samples, but have an
elite selection bound that is initially broad, and gradyditcreased as we approach a
good solution. The reduction of the bound depends on thedisg of good solutions.
See Figure 2 for an example which illustrates how the eliecsi®n bound is accepting
many samples significantly worse than the best in the firssgh&or then to slowly
decrease towards the best solution when the search is aboomvterge {+; Inp —
Lyest sWhent is large) .

3.2 Dynamic environments

In dynamic environment where link and node failures migltuwcthe search space and
the corresponding optimal solution change to the worsehdfdhanges is significant,
the elite selection as formulated in (8) will reject all gregen the ones that have found
a good solution in the new search space. The reason is beoalyseamples that
are better, or slightly worse than the threshold in (8) amepted. The threshold is
calculated based on observations from previous searcte spaorder to detect these
changes, and to accept good samples from the new search agauoele reformulation
of the elite selection criterion is proposed;

L(m) < =y lnp ()]

where; is the temperature as in (6) calculated oatisamples, not only the samples
selected by the the elite selection criterion. However,updates of pheromones are
as in the static case; only when the sampled path has co& lalaw the threshold.
Observe that the update of pheromones are using the temapergf, which is determ-
ined by (6), now with index: < ¢ that is the number of accepted samples according to
(9).

When the temperature is calculated over all samples, prsdtudies [21, 22] have
shown that the temperature reacts rather quickly to changesarch space, and hence
the elite selection threshold will be adjusted shortly métenetwork failure and start
accepting ants with good solutions in the new search spasee@ work in progress
looks into the use of this approach to manage virtual commexsin a packet network
exposed to changes in network configurations.

Observe that the temperature over all samples will convergards the temper-
ature over updating samples when the search is convergiegcdil it is possible to
use the elite selection criterion from (9) in static envira@nts as well, but with some
reduction in efficiency.

4 Casestudies

To test the performance of the CE ants with elite selectismyraber of simulation rep-
lica of Travelling Salesman Problems (TSP) are conductbd.TISP is chosen because
this is known to be an NP complete problem and hence will stites performance of
the proposed method. In current work in progress the focos reetwork management
problems e.g. like establishment and management of vicoiahections in dynamic
networks and protection cycles for fault-tolerant purmogiet]. The topologies are
taken from TSPLIB [23], one fully meshed network with 26 ned&i26) and one with



Table 1: Summarized results from 10 simulations

Topology
fri26 | ry48p

No of nodes | 26 | 48
Standard No of tours 122054 (9634) 779046 (53347)
CE-ants Best tour 970 (1018) 15201 (15721)

Converged average 1015 (13) 15663 (141)
Elite No of tours 49942 (10045) 232004 (112564)
CE-ants Best tour 941 (1018) 14828 (15752)

Converged average 1011 (42) 15063 (244)
Rubinstein’s No of tours - 345600
CE-method Best tour - 15509

48 nodes (ry48p). The 48 node topology is used to comparelgaoritam to Rubin-
stein’s algorithm [20]. However, keep in mind that we requiur method to be fully
distributed and hence a comparison with centralized metigodot completely fair.

4.1 Results

The results are given in Figures 3 and 4. All plots presentageresults from 10
independent simulation replica. The x-value is the numbéswrs ants (agents) have
completed. We are counting both the tours of the ants that kagcessfully found a
path from source to destination, and the tours of the backitmg ants that are updating
the pheromones. This means without elite selection allstawil be counted twice.
The reason for counting both searching and backtracking tisuthat they both con-
tribute to the overhead, and to be able to compare the otigyséem (where all ants
are backtracking) and the elite selection approach. Anrglti&ve is to use the CPU
time consumption as the comparison criterion. Howeventloisld require the source
code of the simulator to be revised and optimised, and it dv\mdke comparison with
results from the literature more complicated. The plotsxsta) the cost values at tour
X, averaged over 10 replications, and (b) the best cost sdtusmd and the number of
tours traversed before this. The latter is unsorted, megathia all best value observa-
tions in all simulations are plotted in the same plot.

A summary of result details is given in Table 1. The numbeioofs, denotetNo
of tours is the average number of tours before the best sample islfdtre standard
deviation is given in brackets. The best cost values arertegpaindeBest tourbeing
the best of the best tours of the 10 replica and with the wdrdtebest tours given
in brackets. Finally, the average of the average cost valuepiorted undeConverged
averagewith standard deviation in brackets. The last rows showltesibtained by
Rubinstein’s original algorithm. (Rubinstein reportstbetost values in [20] but with
approximately 6 times the number of samples.)

The same parameter settings as was applied in [16] weredeuse= 0.998,

p = 0.01 andp reduction factor= 0.95 were applied in both simulation scenarios.
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Figure 3: TSP in a 26 node example. 10 simulation replica
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4.2 Observations

In the 26 node case, it is observed from the results in Figtinathe convergence rate
of elite CE ants is approximately 3 times better than theioaigCE ants, and that it
converges to a better solution, both for the average anddbiesolution found. From
Table 1 it can be observed that the quality of the solutioasraproved by 3-4%.

By increasing the size of the problem the improvement beadraa more signific-
ant. In the 48 node case, it can be observed from Figure 4htbatanvergence rate of
elite selection approach is at least 3 times better thanrigeal CE ants, and that it
converges to a better solution, both for the average andesiesblution found. As for
the 26 node case, from Table 1 it can be observed that thetyjofthe solutions are
improved by 3-4%

43 Summary

Previous comparisons between CE ants and results reportRdiinstein [16] con-
cluded that CE ants was comparable with respect to qualisphition, but speed of
convergence was hot equally good. Up to 5 times more tourtdhagltraversed before
convergence compared to the total number of samples in Riglirs algorithm. With
the new elite CE ants approach the speed of convergencaificagtly improved, and
so is the quality of solutions. From a network engineerinmpof view it is essen-
tial to keep the rate of convergence, and the overhead indgmsants, under control.
Hence, the reduced overhead without loss of quality in &wius considered to be a
significant new achievement.

5 Concluding Remarks

In this paper we have introduced an improved version of aardlgn known as CE
ants, which is well suited for solving routing problems immaunication networks
as well as other combinatorial optimization problems. Tleabts algorithm is fully
distributed and may be implementation by use of simple artwus mobile agents.
Agents act asynchronously and independently and commienidth each other only
indirectly using path quality markings (pheromone trails)

In contrast to other "ant-inspired" distributed stochastuting algorithms, the
CE ants algorithm has a mathematical foundation inheriteth Reuven Rubinstein’s
cross-entropy method for combinatorial optimization. Retein proposes an efficient
search algorithm using Kullback-Leibler cross-entropyportant sampling, Markov
chains and the Boltzmann function.

Our new version of CE ants, denotelite CE antshas improved performance both
in the speed of convergence and the quality of the paths fdydnsuing that insigni-
ficant path samples found are not processed, less overhdadtsiter focus on good
paths is achieved. The significance threshold, oettie selection criteriopapplied is
dynamic and shifts according to the level of convergenchérstarch process.

The new elite CE ants present good results when tested ordgMBrcomplete)
routing problem, the Travelling Salesman Problem. Contbsrehe original CE ants
algorithm, the elite CE ants find near optimal Hamiltoniathgaf a quality around 3%
better with only 1/3 of the effort. Performance wise theee@E ants compare equally
well to Rubinstein’s original centralized algorithm. Inditibn, as for the original CE
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ants, the elite CE ants can perform their search in a fullyidiged and asynchronous
manner.

The elite focus mechanism introduced performs well in tlaicshetwork cases
studied in the paper. Preliminary studies indicate that dipgl some adjustments to
how the elite selection criterion is controlled, the elibedis mechanism may perform
very well in dynamic network cases as well. In a communicatietwork management
context, dynamic networks are considered among the mditutifto control, operate
and plan.

Future work include evaluating the performance of the d@liEe ants in dynamic
network scenarios as well as examine if the elite CE ants eapplied in a network
monitoring context. Valuable status information may beiaa from studying how
the temperature parameters and the elite selection oritével vary during the search
process.
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