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� Coherence Spaces has been introduced by Jean-Yves Girard
after a fine analysis of stable semantics: stable functions
were decomposed in linear functions and exponential. Such
a decomposition is patently reflected in linear logic syntax.

� In the context of programming languages, linearity were
quickly adopted, at first to eliminate garbage collection and
shortly thereafter to handle mutable state.

� Variants, refinements, and improvements on linear type
systems have been proposed for many applications,
including explicit memory management and control of
aliasing, capabilities, tracking state changes for program
analysis, typestates for well-behaving API calls, and session
types of a channel use agreement.
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1. Syntactical linearity claims a linear use of variables in terms.

2. Typing linearity claims the linearity of typing (multiplicative and/or
additive) which avoid weakening and contraction.

3. Reduction linearity claims that a reduction cannot duplicate/erase
redex-occurrences (apart to consume itself).

4. Operational linearity claims that redexes are not duplicated during the
operational evaluation.

5. Denotational linearity claims that programs correspond to linear
functions between domains.
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including as object infinite flat domain and closed under
linear-function spaces.
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including as object infinite flat domain and closed under
linear-function spaces.

� We avoided the use of exponential domain constructors,
thus it should be clear that the considered linear model is
not correct (w.r.t. standard interpretation) for a wide
number of languages inspired to linear logic.
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� The starting point is the least full subcategory of coherence
spaces endowed with linear functions as morphisms and
including as object infinite flat domain and closed under
linear-function spaces.

� We avoided the use of exponential domain constructors,
thus it should be clear that the considered linear model is
not correct (w.r.t. standard interpretation) for a wide
number of languages inspired to linear logic.

� We study PCF-like languages able to program only
functions of such a purely linear model.
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All stable endofunctions in ι → ι are linear, but the
constant-functions (having trace {(∅, n) | n ∈ N}).

As instance, {(n, n+ · · ·+ n
︸ ︷︷ ︸

n

)|n ∈ N} ,

{ (n, n ∗ · · · ∗ n
︸ ︷︷ ︸

n

)|n ∈ N}

and { (n, n
n

. .
.n

︸
︷︷

︸
n )|n ∈ N} are linear traces.

In order to represent all functions in N ⊸ N,
SℓPCFtk does not put syntactical-linear constraints on
occurrences of ground variables.
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Note that this liberality on the management of ground variables
entails that we may also use a high-order term many times,
provided that we apply it always to the same sequence of
arguments.
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Take into account,

λFσ0→...→σk→ι.(λxι.x Op x)(FMσ01 . . . Mσkk )ι .

The previous term is expected to be equivalent to

λFσ0→...→σk→ι.(FMσ01 . . . Mσkk ) Op (FMσ01 . . . Mσkk )

Now, if Nσii is the evaluation of Mσii then the previous term is
expected to be equivalent to

λFσ0→...→σk→ι.(FNσ01 . . . Nσkk ) Op (FMσ01 . . . Mσkk )
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All linear functions are strict, in case:

� Ground Variables: call-by-value parameter passing.

� High-Order Variables: syntactical linearity.

In order to add all first-order strict stable-functions to our
linear-language, we need fixpoints. Unfortunately, the least
fixpoint of a linear function is always the bottom of the
considered domain, because strictness.

SℓPCFtk will contain a special kind of variables: stable variables.
We don’t permit to λ-abstract those variables, they will be used
only in order to obtain fixpoints.
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(gv)

fσ⊸τ ⊢ f : σ ⊸ τ
(hv)

̥σ ⊢ ̥ : σ
(sv)
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(ex)

Γ,̥σ
1 ,̥

σ
2 ⊢ M : τ

Γ,̥σ ⊢ M[̥/̥1,̥2] : τ
(sc) Γ ⊢ M : τ

Γ,̥σ ⊢ M : τ
(sw)

Γ, xσ ⊢ M : τ

Γ ⊢ λxσ.M : σ ⊸ τ
(λ)

Γ ∩∆ = ∅ Γ ⊢ M : σ ⊸ τ ∆ ⊢ N : σ
Γ,∆ ⊢ MN : τ

(ap)

⊢ 0 : ι
(z)

⊢ succ : ι ⊸ ι
(s)

⊢ pred : ι ⊸ ι
(p)

Γ ∩∆ = ∅ Γ ⊢ M : ι ∆ ⊢ L : ι ∆ ⊢ R : ι
Γ,∆ ⊢ ℓif M L R : ι

(ℓif)
Γι,∆∗,̥σ ⊢ M : σ

Γι,∆∗ ⊢ µ̥.M : σ
(µ)
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0 ⇓ 0
(0)

M ⇓ n

succ M ⇓ succ n
(s)

M ⇓ succ n

pred M ⇓ n
(p)

M ⇓ 0 L ⇓ m

ℓif M L R ⇓ m
(ifl)

M ⇓ succ(n) R ⇓ m

ℓif M L R ⇓ m
(ifr)

N ⇓ m M[m/x]P1 · · · Pi ⇓ v

(λxι.M)NP1 · · · Pi ⇓ v
(λι)

M[N/f]P1 · · · Pi ⇓ v

(λfσ⊸τ .M)NP1 · · · Pi ⇓ v
(λ⊸)

M[µ̥.M/̥]P1 · · · Pi ⇓ v

(µ̥.M)P1 · · · Pi ⇓ v
(µ)
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If M(ι⊸ι)⊸ι program a linear function, then
M(λxι.x) ⇓ n implies that there is k such that

M

(

λxι.if(x
.
= k) k Ωι

)

⇓ n
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If M(ι⊸ι)⊸ι program a linear function, then
M(λxι.x) ⇓ n implies that there is k such that

M

(

λxι.if(x
.
= k) k Ωι

)

⇓ n

A further operator is which? : ((ι ⊸ ι) ⊸ ι) ⊸ ι

M

(

λxι.if(k
.
= x) k Ωι

)

⇓ n

which? M(ι⊸ι)⊸ι ⇓ 〈n, k〉
(wk)
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Functions among Coherence Spaces.

� Formalization of a Turing-complete linear language
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SℓPCFtk was introduced in [Gaboardi and Paolini 2007,Paolini
and Piccolo 2008] as the syntactical counterpart of Linear Stable
Functions among Coherence Spaces.

� Formalization of a Turing-complete linear language

� Language assures token-definability

� Restricted Full Abstraction for Linear Stable Functions

� Introduction of novel linear operators

� New knowledge on higher-type computation
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





((((0, 0) , (1, 0) , (0, 1) , 0)))
((((0, 1) , (0, 0) , (1, 0) , 1)))
((((1, 0) , (0, 1) , (0, 0) , 2)))
((((1, 1) , (1, 1) , (1, 1) , 3)))







in (ι ⊸ ι) ⊸ (ι ⊸ ι) ⊸ (ι ⊸ ι) ⊸ ι is linear,
but it cannot be defined in SℓPCFtk.
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





((((0, 0) , (1, 0) , (0, 1) , 0)))
((((0, 1) , (0, 0) , (1, 0) , 1)))
((((1, 0) , (0, 1) , (0, 0) , 2)))
((((1, 1) , (1, 1) , (1, 1) , 3)))







in (ι ⊸ ι) ⊸ (ι ⊸ ι) ⊸ (ι ⊸ ι) ⊸ ι is linear,
but it cannot be defined in SℓPCFtk.

We can add G
2
or : (ι ⊸ ι) ⊸ (ι ⊸ ι) ⊸ (ι ⊸ ι) ⊸ ι to SℓPCFtk

+ with the
following operational semantics

P10 ⇓ 0 P11 ⇓ 0 P20 ⇓ 1

G
2
or P0P1P2 ⇓ 0

(G
2
or0)

P10 ⇓ 1 P10 ⇓ 0 P21 ⇓ 0

G
2
or P0P1P2 ⇓ 1

(G
2
or1)

P11 ⇓ 0 P10 ⇓ 1 P20 ⇓ 0

G
2
or P0P1P2 ⇓ 2

(G
2
or2)

P11 ⇓ 1 P11 ⇓ 1 P21 ⇓ 1

G
2
or P0P1P2 ⇓ 3

(G
2
or3)
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Tokens are Trees of Integers respecting the type-trees!

As instance, the first token of G
2
or is ((((0, 0) , (1, 0) , (0, 1) , 0)))

⊸

⊸

⊸

⊸

ι ι

⊸

ι ι

⊸

ι ι

ι
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Tokens are Trees of Integers respecting the type-trees!

As instance, the first token of G
2
or is ((((0, 0) , (1, 0) , (0, 1) , 0)))

⊸

⊸

⊸

⊸

ι ι

⊸

ι ι

⊸

ι ι

ι

⊙

⊙

⊙

⊙

0 0

⊙

1 0

⊙

0 1

0
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Tknσn : σ and Chk
(σ)
n : σ ⊸ ι are defined by mutual induction on

σ.

� case σ = ι.

Tknιn = n Chk(ι)n = λyι.ℓif n
.
= y 0 Ωι

� case σ = σ1 ⊸ σ2 (where σ2 = τ1 ⊸ . . . ⊸ τk ⊸ ι).

Tknσn = λfσ1 .λgτ11 . . . λgτkk .

ℓif (Chk
(σ1)
π1(n)

f) (Tknσ2
π2(n)

g1 . . . gk) (Ω
σ2g1 . . . gk)

Chk
(σ)
n = λfσ.ℓif (Chk

(σ2)
π2(n)

(f Tkn
(σ1)
π1(n)

)) 0 Ωι
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Let a ∈ |Jσ1 ⊸ . . . σm ⊸ ιK| and let n = L(a1, . . . , am, k)M.

1. JTkn(σ)(n)Kρ = {(a1, . . . , am, k)}

2. If Nσ ∈ SℓPCFtk and JChk
(σ)
n NKρ = J0Kρ

then (a1, . . . , am, k) ∈ JNKρ
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∆↾ℓ = f
σ1
1 , . . . , fσkk Γ1 ⊢ N1 : σ1 . . . Γk ⊢ Nk : σk ∆ ⊢ Mi : ι (i∈{1,2,3})

Γ1, . . . ,Γk,∆↾S ,∆↾ι ⊢ ℓet f1 = N1, . . . , fk = Nk inℓor M1 M2 M3 : ι
(ℓet-ℓor)
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∆↾ℓ = f
σ1
1 , . . . , fσkk Γ1 ⊢ N1 : σ1 . . . Γk ⊢ Nk : σk ∆ ⊢ Mi : ι (i∈{1,2,3})

Γ1, . . . ,Γk,∆↾S ,∆↾ι ⊢ ℓet f1 = N1, . . . , fk = Nk inℓor M1 M2 M3 : ι
(ℓet-ℓor)

∃n1 . . . nk M1[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ 0 (j∈{1,...,k})

M2[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ succ m Chk

(σk)
nj Nj ⇓ 0

ℓet fσ11 = N1, . . . , f
σk
k = Nk inℓor M1 M2 M3 ⇓ m

(1lgor)
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∆↾ℓ = f
σ1
1 , . . . , fσkk Γ1 ⊢ N1 : σ1 . . . Γk ⊢ Nk : σk ∆ ⊢ Mi : ι (i∈{1,2,3})

Γ1, . . . ,Γk,∆↾S ,∆↾ι ⊢ ℓet f1 = N1, . . . , fk = Nk inℓor M1 M2 M3 : ι
(ℓet-ℓor)

∃n1 . . . nk M1[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ 0 (j∈{1,...,k})

M2[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ succ m Chk

(σk)
nj Nj ⇓ 0

ℓet fσ11 = N1, . . . , f
σk
k = Nk inℓor M1 M2 M3 ⇓ m

(1lgor)

∃n1 . . . nk M2[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ 0 (j∈{1,...,k})

M3[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ succ m Chk

(σk)
nj Nj ⇓ 0

ℓet fσ11 = N1, . . . , f
σk
k = Nk inℓor M1 M2 M3 ⇓ m

(2lgor)

∃n1 . . . nk M3[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ 0 (j∈{1,...,k})

M1[Tkn
σ1
n1
/f1, . . . , Tkn

σk
nk
/fk] ⇓ succ m Chk

(σk)
nj Nj ⇓ 0

ℓet fσ11 = N1, . . . , f
σk
k = Nk inℓor M1 M2 M3 ⇓ m

(3lgor)
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Let x1
ι, . . . , xn

ι, f1
τ1 , . . . , fm

τm ,̥µ1

1 , . . . ,̥µl

l ⊢ M, N : σ1 ⊸ . . . σk ⊸ ι.

1. M /σ N whenever, for all C[·σ] s.t. C[M], C[N] ∈ P,

if C[M] ⇓ n then C[N] ⇓ n .
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Let x1
ι, . . . , xn

ι, f1
τ1 , . . . , fm

τm ,̥µ1

1 , . . . ,̥µl

l ⊢ M, N : σ1 ⊸ . . . σk ⊸ ι.

1. M /σ N whenever, for all C[·σ] s.t. C[M], C[N] ∈ P,

if C[M] ⇓ n then C[N] ⇓ n .

2. M .σ N whenever, for all closed term P
σ1
1 , . . . Pσnn , for all C[·σ] s.t.

C[M[P1/̥1, . . . , Pn/̥n]], C[N[P1/̥1, . . . , Pn/̥n]] ∈ P,

if C[M[P1/̥1, . . . , Pn/̥n]] ⇓ n then C[N[P1/̥1, . . . , Pn/̥n]] ⇓ n .
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Let x1
ι, . . . , xn

ι, f1
τ1 , . . . , fm

τm ,̥µ1

1 , . . . ,̥µl

l ⊢ M, N : σ1 ⊸ . . . σk ⊸ ι.

1. M /σ N whenever, for all C[·σ] s.t. C[M], C[N] ∈ P,

if C[M] ⇓ n then C[N] ⇓ n .

2. M .σ N whenever, for all closed term P
σ1
1 , . . . Pσnn , for all C[·σ] s.t.

C[M[P1/̥1, . . . , Pn/̥n]], C[N[P1/̥1, . . . , Pn/̥n]] ∈ P,

if C[M[P1/̥1, . . . , Pn/̥n]] ⇓ n then C[N[P1/̥1, . . . , Pn/̥n]] ⇓ n .

3. M .A
σ N whenever,

for all closed terms Pι1, . . . , P
ι
n, Q

τ1
1 , . . . , Qτmm , Rµ1

1 , . . . , Rµl

l , Lσ11 . . . , Lσkk

if (λ~x.λ~f.M[~R/~̥ ])~P~Q~L ⇓ p then (λ~x.λ~f.N[~R/~̥ ])~P~Q~L ⇓ p .
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〈0|e〉 Z⇒ 〈0|e〉
(0)

〈M|e0〉 Z⇒ 〈n|e1〉

〈succ M|e0〉 Z⇒ 〈succ n|e1〉
(s)

〈M|e0〉 Z⇒ 〈succ n|e1〉

〈pred M|e0〉 Z⇒ 〈n|e1〉
(p)

〈M|e0〉 Z⇒ 〈0|e1〉 〈L|e1〉 Z⇒ 〈m|e2〉

〈ℓif M L R|e0〉 Z⇒ 〈m|e2〉
(ifl)

〈M|e0〉 Z⇒ 〈succ(n)|e1〉 〈R|e1〉 Z⇒ 〈m|e2〉

〈ℓif M L R|e0〉 Z⇒ 〈m|e2〉
(ifr)

〈M[h/f]P1 . . . Pk|e0[h := N]〉 Z⇒ 〈n|e1〉

〈(λfσ⊸τ .M)NP1 . . . Pk|e0〉 Z⇒ 〈n|e1↾{h}〉
(λ⊸)

〈N|e0〉 Z⇒ 〈m|e1〉 〈M[z/x]P1 . . . Pk|e1[z := m]〉 Z⇒ 〈n|e2〉

〈(λxι.M)NP1 . . . Pk|e0〉 Z⇒ 〈n|e2↾{z}〉
(λι)
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〈gP2 . . . Pk|e1[h := P1, g := M[h/x]]− f〉 Z⇒ 〈n|e2〉

〈fP1 . . . Pk|e0[f := λxσ⊸τ .M]〉 Z⇒ 〈n|e2[f = e2(h)⊙ e2(g)]↾{h,g}〉
(abs⊸)

〈hNP1 . . . Pk|e0[h := M]− f〉 Z⇒ 〈n|e1〉

〈fP1 . . . Pk|e0[f := MN]〉 Z⇒ 〈n|e1[f := π2(e1(h))]↾{h}〉
(app)

〈hP1 . . . Pk|e0 − f〉 Z⇒ 〈n|e1〉

〈fP1 . . . Pk|e0[f := h]〉 Z⇒ 〈n|e1[f := h]〉
(var)

〈hI|e0[h := M]〉 Z⇒ 〈n|e1〉

〈which?M(ι⊸ι)⊸ι|e0〉 Z⇒ 〈n⊙ π1(e1(h))|e1〉
(w)
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〈P1|e0 − f〉 Z⇒ 〈m|e1〉 〈fP2 . . . Pk|e1[z := m, g := M[z/x]]〉 Z⇒ 〈n|e2〉

〈fP1 . . . Pk|e0[f := λxι.M]〉 Z⇒ 〈n|e2[f = e2(h)⊙ e2(g)]↾{z,g}〉
(absι)

〈M[µ̥.M/̥]P1 . . . Pk|e0〉 Z⇒ 〈n|e1〉

〈(µ̥.M)P1 . . . Pk|e0〉 Z⇒ 〈n|e1〉
(µ)

〈xι|e[x := n]〉 Z⇒ 〈n|e[x := n]〉
(gvar)

〈M1|e0〉 Z⇒ 〈n1|e1〉 〈M2|e1〉 Z⇒ 〈n2|e2〉

〈M1 ⊙ M2|e0〉 Z⇒ 〈n1 ⊙ n2|e2〉
(⊙)

〈M|e0〉 Z⇒ 〈n1 ⊙ n2|e1〉 〈M[z1/x1, z2/x2]P1 . . . Pk|e1[z1 := n1, z2 := n2]〉 Z⇒ 〈n|e2〉

〈(let x1, x2 = M in N)P1 . . . Pn|e0〉 Z⇒ 〈n|e2〉
(let )
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〈M1|e0[f1 := N1, . . . , fk := Nk]〉 Z⇒ 〈0|e1〉
〈M2|e0[f1 := N1, . . . , fk := Nk]〉 Z⇒ 〈m+ 1|e2〉

∀i ≤ k, e1(fi) ≖ e2(fi)

〈ℓet fσ11 = N1, . . . , f
σk
k = Nk inℓor M1 M2 M3|e0〉 Z⇒ 〈m|e1↾{f1,...,fk}〉

(1lgor)

〈M2|e0[f1 := N1, . . . , fk := Nk]〉 Z⇒ 〈0|e2〉
〈M3|e0[f1 := N1, . . . , fk := Nk]〉 Z⇒ 〈m+ 1|e3〉

∀i ≤ k, e2(fi) ≖ e3(fi)

〈ℓet fσ11 = N1, . . . , f
σk
k = Nk inℓor M1 M2 M3|e0〉 Z⇒ 〈m|e2↾{f1,...,fk}〉

(2lgor)

〈M3|e0[f1 := N1, . . . , fk := Nk]〉 Z⇒ 〈0|e3〉
〈M1|e0[f1 := N1, . . . , fk := Nk]〉 Z⇒ 〈m+ 1|e1〉

∀i ≤ k, e3(fi) ≖ e1(fi)

〈ℓet fσ11 = N1, . . . , f
σk
k = Nk inℓor M1 M2 M3|e0〉 Z⇒ 〈m|e3↾{f1,...,fk}〉

(3lgor)
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� Clique-Definability

� Full-Abstraction and Equivalences coincidence

� Constructive Semantics
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� Universality

� Optimization of Evaluation

� Applications
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