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Lincarity 0 Coherence Spaces has been introduced by Jean-Yves Girard
Linear model after a fine analysis of stable semantics: stable functions

Background were decomposed in linear functions and exponential. Such

Novelties

a decomposition is patently reflected in linear logic syntax.

O In the context of programming languages, linearity were
quickly adopted, at first to eliminate garbage collection and
shortly thereafter to handle mutable state.

O Variants, refinements, and improvements on linear type
systems have been proposed for many applications,
including explicit memory management and control of
aliasing, capabilities, tracking state changes for program
analysis, typestates for well-behaving API calls, and session
types of a channel use agreement.
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Linearity Classification

1. Syntactical linearity claims a linear use of variables in terms.

2. Typing linearity claims the linearity of typing (multiplicative and/or
additive) which avoid weakening and contraction.

3. Reduction linearity claims that a reduction cannot duplicate/erase
redex-occurrences (apart to consume itself).

4. Operational linearity claims that redexes are not duplicated during the
operational evaluation.

5. Denotational linearity claims that programs correspond to linear
functions between domains.
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Linearity 0 The starting point is the least full subcategory of coherence

b Linear ot spaces endowed with linear functions as morphisms and
Background

including as object infinite flat domain and closed under

Novelties

linear-function spaces.

00 We avoided the use of exponential domain constructors,
thus it should be clear that the considered linear model is
not correct (w.r.t. standard interpretation) for a wide
number of languages inspired to linear logic.

0 We study PCF-like languages able to program only
functions of such a purely linear model.
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Evaluating
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SIPCF. n,n ~ )
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and  { (nrr?/< )|In € N}

In order to represent all functions in N — NN,
SI/PCFy does not put syntactical-linear constraints on
occurrences of ground variables.

are linear traces.
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High-Order Moral
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... Introduction Take into account,

Linearity
Linear model

Background AFT0T7 R (Axt.x Op x)(FM7° ... Mp%)" .

> Moral
Strictness
Typing
Evaluating

which? The previous term is expected to be equivalent to
SCPCFy,

Novelties AFOT7 7Ok (FMP0 L MyF) Op (FMP° ... MY¥)

Now, if N7* is the evaluation of M{* then the previous term is
expected to be equivalent to

AF07 7ok (FNTO L. . NJ¥) (FM{° ... MJ¥)
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- - Introduction All linear functions are strict, in case:

Linearity

Linear model

Background O Ground Variables: call-by-value parameter passing.
Moral

Es.t”d"ess 0 High-Order Variables: syntactical linearity.

yping

Evaluating

which? . . .

SIPCF,, In order to add all first-order strict stable-functions to our
Novelties linear-language, we need fixpoints. Unfortunately, the least

fixpoint of a linear function is always the bottom of the
considered domain, because strictness.

SIPCFy will contain a special kind of variables: stable variables.
We don't permit to A-abstract those variables, they will be used
only in order to obtain fixpoints.
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Typing the Core of S/PCF

v hv Vv
(&v) fJ_OTl_f:O'—OT() FUI—F:J(S)

x‘Fx:
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Typing the Core of S/PCF

(gv) (hv) (sv)

x"Fx: foTkFf:0—orT F°HF o
I'EM:7 F7X1L7X2L|_M:T F7%g27%i‘17AI_M:T
PR (gw) L (gc) o o9 (ex)
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SC wW
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Typing the Core of S/PCEF,

(gv) (hv) (sv)

x"Fx: foTkFf:0—orT F°HF o
F'_MT F7X1L7X2L|_M:7— F7%g27%i‘17AI_M:T
PR (gw) L (gc) ol 03 (ex)
[x*EM:7 [ x" FMx/xq,%0] : T ot o>, AEM T
L L el SN ChM:r
SC SW
CyFOEMF/Fa,Fao) e L, FOFEM:T
[x7 M7 ) 'NA=( T'FM:oc—oT AI—N:J(a)
I'FAXx°M:0 —oT F,Al‘MN:T P
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'NA=0 T'FM:¢ AFL:t AFR:v A" F°FM: o
(£if) (1)

' AF/ifMLR:¢ ' A*Fuf M:o
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Evaluating the Core of S/PCFy

....Intl'roduction M \U{ n M \u succn
Linearity —_— (O S (p)
Linear model Q U/ Q succ M \U/ succn predM ‘U’ n
Background
Moral
Strictness M U’ Q L ‘U’ m (fl) M \U’ SUCC(E) = (f)
| ITr
Typing /AifMLR{m /ifMLR{m
> Evaluating
which?
Novelties ()\XLM)Npl o Pi v ()\fO_OTM)Npl .. Pi \U/ \
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... Introduction
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Linear model

Background
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Typing
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which?

> StPCF,

Novelties

SIPCFy was introduced in [Gaboardi and Paolini 2007,Paolini
and Piccolo 2008] as the syntactical counterpart of Linear Stable
Functions among Coherence Spaces.

O Formalization of a Turing-complete linear language

0 Language assures token-definability

O Restricted Full Abstraction for Linear Stable Functions

O Introduction of novel linear operators

0 New knowledge on higher-type computation
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Extensions of S/PCFy;

(((0.0). (1,0), (0.1),0)
) (0., (0.0), (1,0). 1) |
((1.0), (0,1). (0,0, 2
(D). (L), (11),9)

in (¢t —1) —o (1L —o1t) —o (L —o 1) —o ¢ is linear,

but it cannot be defined in S/PCFyy..
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Extensions of S/PCFy;

(((0,0), (1,0), (0,1), 0) "
) ((0,1),0,0), (1,0, 1) |
((1,0), (0,1), (0,0), 2)
(L1, (11), (1,1),3)

in (¢t —1) —o (1L —o1t) —o (L —o 1) —o ¢ is linear,
but it cannot be defined in S/PCFyy..

We can add Gor : (Lt —ot) —o (1t —ot) —o (1 —o 1) —o 1 to S/IPCFy,, ™ with the
following operational semantics

PiOJO P10 P01 PiOJ1 PiOJO P10
(Goro) (Gory)

2 2
Gor POP1P2 l} Q Gor POP1P2 U l
P;1J0 P01 P0J0 P11 P11 P11l
(GOI‘Q) (GOI‘3)

2 2
Gor P0P1P2 U, 2 Gor POP1P2 U, 3
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Tokens are Trees of Integers respecting the type-trees!

As instance, the first token of Gor is ((0,0), (1,0), (0,1), 0)

—o/_O\z,

N\

—o0

JANVAN

L/ \L
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Tokens are Trees of Integers

... Introduction

Tokens are Trees of Integers respecting the type-trees!

Linearity
Linear model

Ez:i::nd As instance, the first token of Gor is ((0,0), (1,0), (0,1), 0)
Extensions

D> Trees

Embedding —0 @

et-for

floti:ncidences / \ / \

Constructive —0 L 0
AR RN
—0 —0
/N /\ /SN0 /N

—0 —0 L L

AN AN ANA
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Tkn? : o and Chkﬁg) : 0 —o ( are defined by mutual induction on

.
] case 0 = ¢.
Tkn, =n Chkr(f) = Ay'lifn=y0Q"
(0 case 0 = 01 —o 09 (Where o9 =71 —o ... —0 7, —0 ).
Tkn? = A7 gt ... Ag~.
(if (Chk\T) ) (Tkn?? g1 ... gc) (g1 ... )
(o) _ o [ (02) (o1) L
Chky) = Af7.(if (Chk\7) (£Tkn\ ")) 0Q
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Token Embedding
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Linearity
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Background

Novelties

Extensions
Trees

> Embedding
Let-for
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Constructive
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LetCLEwO'l—O..

L. [Tkn(@)]p = {(a1, ..

G, k) }

.om —o ]| and let n = ((a1, ..., am, k)).

2. If N7 € SIPCFy, and [Chky” N]p = [0]p

then (a1,...,am, k) € [N]p
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Linear Non-Determinism: /et-Yor

Ay, =£74 ... f TiFNyop ... T FNg o AFM; e (ie{1,2,3))
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(let-Lor)
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Linear Non-Determinism: /et-Yor

Afg:fgl ...,fl(:k F1|_N1' . F]{;|_Nk10'k Al‘MiZL(iE{l,2,3})
I'y,..., Fk,A JAVS I—Eetfile,...,fk:Nkinﬁor My My M3 : ¢

(let-Lor)
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My[TknZ! /£4, ..., Tkn % /£,] | succm Chk\N; |} 0
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Linear Non-Determinism: /et-Yor

Afg:fgl ...,flzk F1|_N1' . F]{;|_Nk10'k Al‘MiZL(iE{l,Q,S})
Fl,... Fk,A A I—Ketflle,...,fk:Nkinﬁor M1 M2 M31L

(let-Lor)

dng...nx My[Tknd!/f4, ..., TknZ*/fi] | O (je{1,...k})
MQ[Tkngll/fl,...,Tkng;;/fk] I succm ChkN; | 0
let£7" =Ny,..., " = Nyinlor My My Mz | m (1gor)
dng...nx Mo[Tkng!/f4, ..., TknZ*/fy] | 0 (je{1,...k})
Mg[Tkngli/fl,...,Tkng;;/fk] I sucem  ChkN, | 0
let£7" =Ny,..., " = Nyinlor My My Mz | m (22g0r)
dng...nx Mz[Tkng!/f4,...,TknZ*/fy] | 0 (je{1,...k})
My[Tkn!/£4, ..., Tkn% /£,] | succm Chk\N; |} 0
(31gor)

Ee_tfffl :Ni,...,fgk:Nkinﬁor M1 M2 MSUE
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Pre-orders Coincidence

Let x1*, ..., %" £47, . E ™ F S FPEM N0 —o ..o —o L.

1. M S N whenever, for all C[-7] s.t. CM|,C|N] € P,
if CIM| { n then C[N] | n .
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Pre-orders Coincidence

LetXl”,...,an,flﬁ,...,fme,F/fl,...,Ffl FM,N:01 —o...0 —o L.

1. M S N whenever, for all C[-7] s.t. CM|,C|N] € P,
if CIM| { n then C[N] | n .

2. M <, N whenever, for all closed term PJ*,...P2» for all C'[-] s.t.
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LetXl”,...,an,flﬁ,...,fme,F/fl,...,Ffl FM,N:01 —o...0 —o L.

1. M S N whenever, for all C[-7] s.t. CM|,C|N] € P,
if CIM| { n then C[N] | n .

2. M <, N whenever, for all closed term PJ*,...P2» for all C'[-] s.t.
CMP1/F1,...,Pa/F4]],CIN[P1/F1,...,Pa/Fu]] € P,

if CM[P1/F 1,...,Pa/Fal] I nthen CN[P1/F1,...,Pa/Fal] ln.

3. M <2 N whenever,
for all closed terms P4, ... P., Q7 ..., Q™ RY*, ... RS LY. L7X

— —

if (AR A£.M[R/F])PQL | p then (AX.A£.N[R/F])PQL |} p .
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Constructive Semantics

(M|eg) B (n|ey) . (M|eg) B (succn|ep)
(predM|ey) = (nleq)

(0)

(Ole) = (0le) (succM|ey) = (succn|ey) (p)

Mleo) = (Oes) (Ler) = {mlea) . Mleo) = (succ(n)les) (Rlew) = (mlep)
(¢if ML R|ep) = (m|ey) (¢if ML R|ey) = (m|es)

(ifr)

(M[h/£]Py ...Pxlep[h :=N]) & (nley)
((AMf7°T.M)NP; ... Pxleo) B (nferlmy)

(A7)

(N|eg) & (m|e;) (M[z/x|Py...Px|lei]z :=m]) & (n|es)
(Ax".M)NP; ...Pxleo) B (nexlr,y)

(A)
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Constructive Semantics

<gP2 c. Pk’61 [h = Pl, g = M[h/XH — f> = <Q‘62>
<fP1 ce Pk‘eo [f = )\XJ_OT.MD = <Q|62 [f — 62(1’1) O 62(g)] r{h,g}>

(abs™)

(hNP; ... Pg|eo[h := M| — £) = (nle;)
(fP1...Pxleolf := MN]) &= (n|ey|f := ma(er(h))] [{h}>

(app)

<hP1 .. .Pk‘€o —f) = <Q|61>
‘ (var)

)
<fP1 .. .Pk‘eo[f = h]> = <Q 61[f = h]>

(hI|ep[h :=M]) & (nleq)
(which?M™9 ™ o) = (n ® 71 (eq(h))]er)

(W)
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Constructive Semantics

(Pileo — ) & (m|eg) (fPy...Pxlei[z :=m, g :=M[z/x]]) & (n|es)

(£P1 .. Prleolf == A M) 5 (@lealf = (1) © 2@ lng)
M{uF M/F1Py...Pxleg) = (n|er) ” (avar
((uF M)P1...Pxleg) = (nfer) (x‘|e[x :=n]) & (n|e[x :=n])

(Mi|eo) = (nyle1) (Maler) B (nplea)
(M1 © Maleo) B (ng © nylen)

(©)

(Mleo) B (ng ©nyler) (Mz1/x1,22/%2]P1 ... Pyler]z1 := 14,22 :=1n,)) B (nfey)
((let x1,%X9 =M in N)Py...Py|eo) = (n|eg)

(Let )
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Constructive Semantics

<M1’60[f1 = Nl, ce
<M2|60[f1 = Nl, c.

T = Nie]) = (Ofe)

1 < k fi - fi
fk = Nk]> <m—|— 1|62> V:L_ 761( ) 62( )

1
(let £7' = Ny,...,f* = Ny infor My My Mz|eo) B (m|e1lge,  £,1) (11gor)
<M2|60[f1 = Nyq, ..., fx = Nk]> = <O|€2> ]
R \V/l < k, eo(f:) == eal(f:
(M3|eg|f1 := Ny, ..., fx :=Ng|) &= (m+ 1]es) - 2(£31) 3(f1) )
2
(et £7* =Ny,...,£7" = Nginfor M; My Msleo) = (mlealis, . 51) (21gor
(Mz|eg|f1 := Ny, ..., fx := Ny|) &= (O|es) .
R \V/l < k, ex(f:) = eq(£;
(Mi|eo[f1 := Ny, ..., fx :=Ng]) = (m+ 1feq) = 3(f1) = ex(£1)
(31gor)

(fe_tf(fl :Nl,...

7f§k = Ny infor M; My M3‘60> = <m‘63 r{f1,---,f1<}>
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