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Question
how to prevent infinite computations?
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Question
how to prevent infinite computations?

consider a TRS R and a term t such that

t=t = t = f3 = - = 1t

Definition
a TRS is terminating if —x is well-founded

Definition
a reduction order = is a well-founded order, such that if
VI—-reR=1>r compatibility

then R is terminating

Answer

find a compatible reduction order
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let > denote a precedence; > induces order > :

s =f(s1,...,5) >mpo t if either
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Example

consider a precedence > such that

ack > s > 0

consider the TRS R,k

ack(0,y) — s(y) ack(s(x),s(y)) — ack(x, ack(s(x),y))
ack(s(x),0) — ack(x,s(0))

application of >mpe (attempted):
ack(0,y) >mpo S(¥) v
ack(s(x),s(y)) Fmpo ack(x,ack(s(x),y)) X
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how to prove termination of R ck?

Definition DP(R)
o let F':= FU{f"| f defined}; f* is called dependency pair symbol
o for t = f(t,...,ta), let t' = fi(ty,..., t,)

e for | - reR and u=f(t1,...,t,) subterm of r, f defined
I* — u* is a dependency pair

e the set of all dependency pairs is denoted as DP(R)

Example
@  acki(s(x),s(y)) — ack®(x, ack(s(x), y))
@ acki(s(x),s(y)) — ack(s(x), y)
® ack?(s(x), 0) — ack®(x,s(0))
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Question
how to prove termination of R ck?
Definition DP(R)
o let F':= FU{f"| f defined}; f* is called dependency pair symbol
o for t = f(t,...,ta), let t' = fi(ty,..., t,)
e for | - reR and u=f(t1,...,t,) subterm of r, f defined
I* — u' is a dependency pair

e the set of all dependency pairs is denoted as DP(R)

Example
@ ack?(s(x),s(y)) — ack®(x, ack(s(x), y))
@ ack(s(x),s(y)) — ack(s(x). y)
® ack?(s(x), 0) — ack®(x,s(0))
Answer

we use DP framework -+ subterm criterion processor
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Definition DP problem
DP problem is a pair (P, R) such that root symbols of rules in P
e do not occur in R
e do not occur as proper subterms of the left- and right-hand side of
rules in P
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Definition DP problem
DP problem is a pair (P, R) such that root symbols of rules in P
e do not occur in R

e do not occur as proper subterms of the left- and right-hand side of
rules in P

Example
(DP(Rack), Rack) is a DP problem

Definition finite DP problem
a DP problem is finite if = 3

t DRty —p ity DRt —p
t1, tp,... terminating with respect to R

Theorem
TRS R is terminating iff DP problem (DP(R), R) is finite
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Definition DP processor
a DP processor ® is a mapping from a DP problem to a set of DP problems

a DP processor @ is

GM (ICS @ UIBK) CONCERTO 10/27


http://informatik.uibk.ac.at/
http://www.uibk.ac.at/

Definition DP processor
a DP processor ® is a mapping from a DP problem to a set of DP problems

a DP processor @ is
e is sound if (P, R) is finite, whenever all DP problems in ®((P,R))

are finite
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are finite
e is complete if (P, R) is infinite, whenever one DP problem in
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Definition DG(P,R)
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Definition DP processor
a DP processor ® is a mapping from a DP problem to a set of DP problems
a DP processor @ is
e is sound if (P, R) is finite, whenever all DP problems in ®((P,R))
are finite
e is complete if (P, R) is infinite, whenever one DP problem in
®((P,R)) is infinite

Definition DG(P,R)
e the nodes of the dependency graph DG(P, R) of (P, R) are rules in P
e Jedge from s — t to u — v, if J substitutions o, 7 and to —% ut

Example

consider DG(DG(RaCk),Rack)/\
S N

ool e
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
V. (P,R) {{I=r:n()=n(r)},R)} if 7r(73). C>
{(P,R)} otherwise
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a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete
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a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete

Example

application of W on (DP(R),R):
@ ackf(s(x),s(y)) — ackf(x, ack(s(x), y))
@ ack(s(x),s(y)) — ackf(s(x), y)
® ack’(s(x),0) — ack®(x,s(0))
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete

Example
application of W on (DP(R),R): ™
@ acki(s(x),s(y)) — ack?(x, ack(s(x),y)) s(x) > x
@ ackf(s(x),s(y)) — ackf(s(x), y) s(x) > s(x)
® ack’(s(x),0) — ack®(x,s(0)) s(x) > x
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete

Example
application of W on (DP(R),R): ™
@ ack(s(x),s(y)) — ack?(x, ack(s(x),y)) s(x) > x v
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete

Example
application of W on (DP(R),R): ™

@ ack(s(x),s(y)) — ackf(s(x), y)
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete

Example
application of W on (DP(R),R): ™ To
@ ackf(s(x),s(y)) — ackf(s(x), y) s(y) >y
(ICS @ UIBK) CONCERTO 11/27
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete

Example
application of W on (DP(R),R): ™ To

@ ack(s(x),s(y)) — ackf(s(x), y) siy) >y v
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Definition dependency graph processor
®: (P,R) — {(C,R) | C is strongly connected in DG(P, R)}

a simple projection 7 projects arguments of dependency pair symbols and
leaves other symbols unchanged

Definition subterm criterion processor
vi (o) (U= rim D =) i x(P) e
{(P,R)} otherwise
Lemma

the processors ®, W are sound and complete

Example
application of W on (DP(R),R): ™ To
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Complexity of Rewriting
Definition derivation height

dh(t,—) = max{n| Ju t =" u}
dh(n, T,—) = max{dh(t,—) | 3t € T and |t| < n}
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Complexity of Rewriting
Definition derivation height
dh(t,—) = max{n| Ju t =" u}

dh(n, T,—) = max{dh(t,—) | 3t € T and |t| < n}

Definition runtime complexity

rcg(n) = dh(n,” basic terms”, —x)
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Complexity of Rewriting

Definition derivation height
dh(t,—) = max{n| Ju t =" u}
dh(n, T,—) = max{dh(t,—) | 3t € T and |t| < n}
Definition runtime complexity
rcr(n) = dh(n," basic terms”, —g)

term f(t1,...,t,) is basic if

e f is defined

e t, ..., t, contain no defined symbols
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Complexity of Rewriting

Example
consider TRS R,k

ack(0,y) — s(y) ack(s(x),s(y)) — ack(x, ack(s(x), y))
ack(s(x),0) — ack(x,s(0))
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Complexity of Rewriting

Example
consider TRS R,k

ack(0,y) — s(y) ack(s(x),s(y)) — ack(x, ack(s(x), y))
ack(s(x),0) — ack(x,s(0))

Example
consider Rgiy

x—0—x 0+s(y)—0
s(x) =s(y) = x—y  s(x) +s(y) = s((x —y) +s(y))
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Example
consider TRS R,k

ack(0,y) — s(y) ack(s(x),s(y)) — ack(x,ack(s(x),y))
ack(s(x),0) — ack(x,s(0))

Example
consider Rgiv

x—0—x 0+s(y)—0
s(x) =s(y) = x—y  s(x) +s(y) = s((x —y) +s(y))

Question
what is the runtime complexity of Rack?
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Example
consider TRS R,k

ack(0,y) — s(y) ack(s(x),s(y)) — ack(x,ack(s(x),y))
ack(s(x),0) — ack(x,s(0))

Example
consider Rgiv

x—0—x 0+s(y)—0
s(x) =s(y) = x—y  s(x) +s(y) = s((x —y) +s(y))

Question
what is the runtime complexity of Rack?

Answer
2-recursive
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Example
consider TRS R,k

ack(0,y) — s(y) ack(s(x),s(y)) — ack(x,ack(s(x),y))
ack(s(x),0) — ack(x,s(0))

Example
consider Rgiv

x—0—x 0+s(y)—0
s(x) =s(y) = x—y  s(x) +s(y) = s((x —y) +s(y))

Question
what is the runtime complexity of Rgj,?

Answer
2-recursive
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Example
consider TRS R,k

ack(0,y) — s(y) ack(s(x),s(y)) — ack(x,ack(s(x),y))
ack(s(x),0) — ack(x,s(0))

Example
consider Rgiv

x—0—x 0+s(y)—0
s(x) =s(y) = x—y  s(x) +s(y) = s((x —y) +s(y))

Question
what is the runtime complexity of Rgj,?

Answer
linear
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How To Analyse Complexity

t1 = r 2 2R 3 =R ...
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How To Analyse Complexity

t1 o r b =R 3 =R ... 2R In
consider

1 termination technique such that
termination of R is certified
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How To Analyse Complexity

t1 = r o 2R 3 =R ... =R 1y

consider

1 termination technique such that
termination of R is certified

Observation
termination techniques can be used to measure the derivation height
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How To Analyse Complexity

t1 = r o 2R 3 =R ... =R 1y

consider

1 termination technique such that
termination of R is certified

Observation
termination techniques can be used to measure the derivation height

Example
(restricted) polynomial interpretations induce polynomial runtime
complexity

ﬁ G. Bonfante, A. Cichon, J. Marion, and H. Touzet.
Algorithms with Polynomial Interpretation Termination Proof.
JFP, 11(1):33-53, 2001.
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Complexity of Rewriting The Past

The Past
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Complexity in Rewriting: A History
# of papers

RTA, TCS & IC

(1345)
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Complexity in Rewriting: A History
# of papers

complexity of TRSs (64)

RTA, TCS & IC

(1345)
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Complexity of Rewriting The Past

Complexity in Rewriting: A History
# of papers

termination (189)

RTA, TCS & IC

(1345)
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Complexity in Rewriting: A History

3 selected papers

Algorithmic Complexity
of Term Rewrite Systems;
Choppy et al., RTA 1987

RTA, TCS & IC

to be continued

(1345)
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Complexity in Rewriting: A History

3 selected papers

Termination Proofs and the
Length of Derivations; Hof-
bauer, Lautemann, RTA 1989

RTA, TCS & IC

polynomial interpreta-
tions induce double-
exponential

(1345)

GM (ICS @ UIBK) CONCERTO 16/27


http://informatik.uibk.ac.at/
http://www.uibk.ac.at/

Complexity in Rewriting: A History

3 selected papers

(Complexity Classes and
Rewrite Systems with Polyno-
mial Interpretation, Bonfante,
Cichon, Marion, Touzet, CSL
1998)

(restricted) polynomial inter-
pretations induce polynomial

RTA, TCS & IC

(1345)
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Algorithmic Complexity of Term Rewrite Systems

e first paper (during RTA) that mentions complexity
e the cost of a term is roughly the runtime complexity

e the cost of an operator f is the runtime complexity starting with
terms of form f(t1,....t,)

e analyse the average cost of an operator, using generics series and
some analysis

e only applicable for completely defined, orthogonal constructor TRSs
with no nesting of defined symbols in the right-hand side
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Complexity of Rewriting The Present

The Present
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Runtime Complexity Analysis in the Large

Example
consider the TRS Rt

ack (0,0, n) — s(n) ack(/,s(m),0) — ack(/, m,s(0))
ackk(1,s(m),s(n)) — ackk(l, m,ack(/,s(m), n))
ackk(1,s(1;),0,n) — ackk(l,1;,n, 0, n)
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Runtime Complexity Analysis in the Large

Example
consider the TRS Rt

ack (0,0, n) — s(n) ack(/,s(m),0) — ack(/, m,s(0))
ackk(1,s(m),s(n)) — ackk(l, m,ack(/,s(m), n))
ackk(1,s(1;),0,n) — ackk(l,1;,n, 0, n)

Observation

termination of R follows by iterated use of the subterm criterion
processor
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Runtime Complexity Analysis in the Large

Example
consider the TRS Rt
acky (0,0, n) — s(n) acky(1,s(m),0) — ackk(/, m,s(0))
ackk(1,s(m),s(n)) — ackk(l, m,ack(/,s(m), n))
ackk(1,s(1;),0,n) — ackk(l,1;,n, 0, n)

Observation
termination of R follows by iterated use of the subterm criterion
processor

Theorem
let R be a TRS such that termination of R follows by (iterated) use of
dependency graph processor and subterm criterion processor, then

rcr is bounded by a multiply recursive function

this bound is optimal
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Relation to Implicit Computational Complexity

Corollary

DP framework + subterm criterion processor characterises the multiple
recursive functions

[§ G. M. and A. Schnabl.

The Derivational Complexity Induced by the Dependency Pair Method.
In RTA, pages 255-269, 2009.
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Relation to Implicit Computational Complexity

Corollary

DP framework + subterm criterion processor characterises the multiple
recursive functions

[4 G. M. and A. Schnabl.

The Derivational Complexity Induced by the Dependency Pair Method.
In RTA, pages 255-269, 2009.
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Relation to Implicit Computational Complexity

Corollary

DP framework + subterm criterion processor characterises the multiple
recursive functions

[} G. M. and A. Schnabl.

The Derivational Complexity Induced by the Dependency Pair Method.
In RTA, pages 255-269, 2009.

Claim

any termination technique currently implemented in a termination tool

induces multiple recursion
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Runtime Complexity Analysis in the Small

Definition weak dependency pairs

WDP(R) = { /¥ — COM(ui,...,ul) | (I = r) €R, r=Clu,...,unl}
compound symbol noDUVin C

COM(t1,...,ty)is t1 if n=1, and c(t1, ..., t,) otherwise
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Runtime Complexity Analysis in the Small
Definition weak dependency pairs
WDP(R) = { /¥ — COM(ui,...,ul) | (I = r) €R, r=Clu,...,unl}
~—~— —_——
compound symbol noDUVin C
COM(t1,...,ty)is t1 if n=1, and c(t1, ..., t,) otherwise

Example
consider WDP (R ):

x -0 = x 0+Fs(y) —c
s(x) =Fs(y) = x =ty s(x)Fs(y) = (x—y) =P s(y)
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Runtime Complexity Analysis in the Small
Definition weak dependency pairs
WDP(R) = { I* = COM(di,...,uf) | (I = r) € R, r = Clu,...,un}
~—~— —_——
compound symbol noDUVin C
COM(t1,...,ty)is t1 if n=1, and c(t1, ..., t,) otherwise

Example
consider WDP (R ):

x—40—x 0+Fs(y) —c
s(x) =Fs(y) = x =ty s(x)Fs(y) = (x—y) =P s(y)

Remark
weak dependency pairs and standard dependency pairs are incomparable
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Complexity of Rewriting The Present

Recall
TRS R is terminating iff DP problem (DP(R),R) is finite
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Recall
TRS R is terminating iff DP problem (DP(R),R) is finite

Theorem
TRS R has at most polynomial runtime complexity, whenever

GM (ICS @ UIBK) CONCERTO 22/27


http://informatik.uibk.ac.at/
http://www.uibk.ac.at/

Recall
TRS R is terminating iff DP problem (DP(R),R) is finite

Theorem

TRS R has at most polynomial runtime complexity, whenever
e (WDP(R),R) is finite
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Recall
TRS R is terminating iff DP problem (DP(R),R) is finite

Theorem
TRS R has at most polynomial runtime complexity, whenever

e (WDP(R),R) is finite
* —wpp(Rr)/R IS polynomially bounded
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Recall
TRS R is terminating iff DP problem (DP(R),R) is finite

Theorem
TRS R has at most polynomial runtime complexity, whenever

e (WDP(R),R) is finite
* —wpp(Rr)/R IS polynomially bounded

e some technical conditions are enforced
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Recall
TRS R is terminating iff DP problem (DP(R),R) is finite

Theorem
TRS R has at most polynomial runtime complexity, whenever

e (WDP(R),R) is finite
* —wpp(Rr)/R IS polynomially bounded
e some technical conditions are enforced

Remark
similar transfers are possible for:
e dependency graphs

e subterm criterion

ﬁ N. Hirokawa and G. M.
Automated Complexity Analysis Based on the Dependency Pair Method.

In IJCAR, pages 364-379, 2008.

CONCERTO 22/27
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Runtime Complexity and Polytime Computability

Definition LMPO
e LMPO is a restriction of MPO: >|,6 C>mpo
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Runtime Complexity and Polytime Computability

Definition LMPO
e LMPO is a restriction of MPO: >|,6 C>mpo

® >|1po = >mpo N predicative recursion
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Runtime Complexity and Polytime Computability

Definition LMPO
e LMPO is a restriction of MPO: >, €>mpo

® >|1po = >mpo N predicative recursion

predicative recursion:
£(0,%:¥) >impo 8(X:¥)  £(20,X;¥) >impo ho(z,%: ¥, f(2, X ¥))
f(ZL)_& )7) >Impo h1(2,>_<'; v, f(z7>_<’; }7))
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Runtime Complexity and Polytime Computability
Definition

e LMPO is a restriction of MPO: >, €>mpo

® >|1po = >mpo N predicative recursion

LMPO

predicative recursion:

f(0,X:¥) >impo 8(X;¥)  £(20,%;¥) >impo ho(z, % ¥, f(2,X;¥))
f(Zlﬁ?;Y) >Impo hl(zﬁ?;y: f(Z7)_<’,)7))

Theorem

LMPO characterises the polytime computable functions (on constructor
TRS)

ﬁ J.-Y. Marion.

Analysing the Implicit Complexity of Programs.

IC, 183:2-18, 2003.
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Definition POP*
® >, 0ps = >Impo 1 N0 multiple recursion
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Definition POP*
® >, 0ps = >Impo 1 N0 multiple recursion

Theorem
POP* induces poly. runtime complexity (on constructor, right-linear TRS)
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Definition POP*
® >, 0ps = >Impo 1 N0 multiple recursion

Theorem
POP* induces poly. runtime complexity (on constructor, right-linear TRS)

Theorem
innermost, runtime complexity induces polytime computability
on orthogonal TRS

@ U. Dal Lago and S. Martini.
On Constructor Rewrite Systems and the Lambda-Calculus.
In ICALP, pages 163-174, 20009.

GM (ICS @ UIBK) CONCERTO 24/27


http://informatik.uibk.ac.at/
http://www.uibk.ac.at/

Definition POP*
® >, 0ps = >Impo 1 N0 multiple recursion

Theorem
POP* induces poly. runtime complexity (on constructor, right-linear TRS)

Theorem
innermost, outermost runtime complexity induces polytime computability
on orthogonal TRS

a U. Dal Lago and S. Martini.
On Constructor Rewrite Systems and the Lambda-Calculus.
In ICALP, pages 163-174, 20009.
ﬁ U. Dal Lago and S. Martini.
Derivational Complexity is an Invariant Cost Model.
In FOPARA, 2009.
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Definition POP*
® >, 0ps = >Impo 1 N0 multiple recursion

Theorem
POP* induces poly. runtime complexity (on constructor, right-linear TRS)

Theorem
runtime complexity induces polytime computability
on TRS

a U. Dal Lago and S. Martini.
On Constructor Rewrite Systems and the Lambda-Calculus.
In ICALP, pages 163-174, 20009.
ﬁ U. Dal Lago and S. Martini.
Derivational Complexity is an Invariant Cost Model.
In FOPARA, 2009.
ﬁ M. Avanzini and G. M.
Closing the Gap between Runtime Complexity and Polytime Computability.
In RTA, to appear, 2010.
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

dc—innermost

(617)

rc—innermost

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

matchbox (102)

dc—innermost

(617)

rc—innermost

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

TT (109) 4

dc—innermost

(617)

rc—innermost

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

TT (109) 4

TcT (44)

dc—innermost

(617)

rc—innermost

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

TT (109) 4

TcT (44)

dc—innermost

(617)

TcT (61)

rc—innermost

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

TT (109) 4

TcT (44)

dc—innermost

(617)

TcT (61) rc—innermost - TCT (61)

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

TT (109) 4

TcT (44)

dc—innermost

(617)

TcT (61) rc—innermost G@r (96)

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

TT (109) 4

TcT (44)

dc—innermost

(617)

GT (96) rc—innermost @1 (96)

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

TT (109) 4

GT (92)

dc—innermost

(617)

GT (96) rc—innermost @1 (96)

(403)
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Automated Complexity Analysis: A Snapshot

polynomial runtime complexity on TPDB 7.0.2

@T (137) 4‘

\

GT (92)

dc—innermost

(617)

GT (96) rc—innermost @1 (96)

(403)
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The Future
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Question
where to go from here?
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