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Probabilistic λ-Calculus

The class ΛP of probabilistic λ-terms is defined as the least class
such that:

I Each variable x is a term

I If M ∈ ΛP , then (λx .M) ∈ ΛP

I For M,N ∈ ΛP , (MN) ∈ ΛP

I For M,N ∈ ΛP , {q M, (1−q)N} ∈ ΛP for a probability
q ∈ [0, 1].

Although a binary choice is sufficient, it is convenient to use an
n-ary probabilistic choice

{piPi}ni=1, with
n∑

i=1

pi = 1
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Probabilistic λ-Terms

Each P ∈ Λp is a probability distribution on Λ corresponding to a
vector P in the vector space V(Λ).

Definition
The vector space V(X ,W) over a set X and a field W is the space.

V(X ,W) =
{∑

cxx | cx ∈W, x ∈ X
}
.

Classical terms M ∈ Λ correspond to the basic vectors of the space
V(Λ) = V(Λ,R), i.e. vectors M with cM = 1 and cN = 0 for all
N ∈ Λ, N 6= M. Any term P ∈ Λp corresponds to a linear
combination of basic vectors denoted by

P =
n∑

i=1

pi ·Mi .
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Reduction System

On ΛP we define a probabilistic transition relation

→p⊆ Λp × [0, 1]× Λp

We use a parameter r ∈ [0, 1] to represent a probabilistic
scheduler.

(app1)

P →p P ′ Q →q Q ′

PQ →rp P ′Q

P →p P ′ Q →q Q ′

PQ →(1−r)q PQ ′

(app2)

P →p P ′ Q 6→q

PQ →p P ′Q

P 6→p Q →q Q ′

PQ →q PQ ′

(β) (λx .P)Q →1 P[Q/x ]

(δ) {qiPi}ni=1 →qi Pi
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An Example

Consider P ≡ {1
2λx .0, 1

2λx .x} and

Q ≡ {1
4⊥, 3

442}

Two possible reductions for

PQ ≡ {1
2λx .0, 1

2λx .x}{1
4⊥, 3

442}

1. {1
2λx .0, 1

2λx .x}{1
4⊥, 3

442} → 1
2

(λx .0){1
4⊥, 3

442} → 0

and

2. {1
2λx .0, 1

2λx .x}{1
4⊥, 3

442} → 1
2

(λx .x){1
4⊥, 3

442} →
{1

4⊥, 3
442}

from which we get

{1
4⊥, 3

442} → 1
4
⊥ or {1

4⊥, 3
442} → 3

4
42
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The complete Example
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Figure 1: Derivations of ((λx.0)⊕ 1
2

(λx.x))(⊥⊕ 3
4

42)

probabilities along the paths and then summing up the probabilities along different
paths which reach the same probabilistic λ-term (see e.g. [10]).

In the example above there are three paths leading from PQ to ⊥ with probability
1
2r ·r · 1

4 = 1
8r2, 1

2r · 1
4 (1−r) ·1 = 1

8r(1−r), and 1
4 (1−r) · 1

2 ·1 = 1
8 (1−r), respectively.

Thus we have PQ→∗p ⊥ with p = 1
8r2+ 1

8 (r−r2)+ 1
8 (1−r) = 1

8r+ 1
8 (1−r) = 1

8 . Note
that the final probability of reaching ⊥ does not depend on r. This is no coincidence
as shown by the following proposition.

Proposition 13 (Independence of the scheduling) For all parameters r1 and r2

and all probabilistic λ-terms P ∈ Λp with P →∗p(r1) N �→ and P →∗p(r2) N �→ we
have p(r1) = p(r2).

Proof (sketch) The probabilistic reduction relation →p(r) is independent of the
value r when it comes to probabilistic choices, i.e. terms of the form

�
i pi : Pi,

cf rule (δ). The dependency on r is thus essentially a problem of classical λ-terms
which get reduced according to the probabilistic relation→p(r) rather than by classical
β-reduction.

If we therefore consider the probabilistic reduction of classical terms M we can see
that the only difference between classical and probabilistic reduction is the annotation
or decoration of transitions with probabilities: If there is a classical reduction of a
term M →β M � then there is also a probabilistic reduction M →p(r) M � with p(r) > 0.
Furthermore, the sum of all probabilities associated with a term M sum up to 1. In
the classical case we know, by the Church-Rosser property, that terms with normal
form have a unique normal form, i.e. all derivations of classical terms are confluent.
If we decorate the classical derivations with probabilities according to the rules for
→p(r) we see that the probabilities of all paths from M to its normal form must sum
up to one.

In particular, every time an application term gets reduced there is a left-most
path with probability r and a right-most path with probability 1 − r. This “split-

8

Monday, May 31, 2010

Figure: Reductions with two different strategies



Observables
We define the observables of a probabilistic λ-term P ∈ Λp as

O(P) = {〈Mi , pi 〉 | P →∗pi Mi ∧ Mi 6→p}.

For the term P ′ ≡ PQ ≡ {1
2λx .0, 1

2λx .x}{1
4⊥, 3

442},
the probability of the value ⊥ is:

p =
1

8
r2 +

1

8
(r − r2) +

1

8
(1− r) =

1

8
r +

1

8
(1− r) =

1

8
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O(P ′) = {〈0, 1/2〉 , 〈42, 3/8〉 , 〈⊥, 1/8〉}.
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Independence of the scheduling

Theorem
For all parameters r1 and r2 and all probabilistic λ-terms P ∈ Λp

with P →∗p(r1) N 6→ and P →∗p(r2) N 6→ we have p(r1) = p(r2).



Adding Types

A straightforward proposal:

Consider the types of the simply typed λ-calculus;
Add a rule of the form:

{`Mi : τ}ni=1 ∀i ∈ [1, n] pi ∈ [0, 1]
∑n

i=1 pi = 1

`{p1M1, . . . , pnMn} : τ

Not completely satisfactory:

With terms Mi of different types, we could obtain a more
expressive calculus.

The term {p1M1, . . . , pnMn}N, with the Mi ’s (possibly) differently
typed, expresses a form of ad hoc polymorphism.
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Probabilistic Types

Given a set of atomic types I = {ι1, . . . , ιn}, we define the set
Types of concrete types

τ ::= ι1 | . . . | ιn | τ1 → τ2 | τ1 ⊕ τ2

We need to impose a kind of regularity in the structure of types.
Two types are compatible if they are in the relation

≈ ⊆ Types× Types

where ≈ is the smallest congruence on Types s.t.:

I if ι1, ι2 ∈ I then ι1 ≈ ι2;

I τ1 → σ1 ≈ τ2 → σ2 iff τ1 ≈ τ2 and σ1 ≈ σ2;

I τ ≈ σ1 ⊕ σ2 iff τ ≈ σ1, τ ≈ σ2

A type τ is regular if for each subexpression γ ⊕ σ in τ , γ ≈ σ.
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The relation ≡ is the smallest congruence on Types such that:

I τ1 ⊕ (τ2 ⊕ τ3) ≡ (τ1 ⊕ τ2)⊕ τ3
I τ1 ⊕ τ2 ≡ τ2 ⊕ τ1
I τ ⊕ τ ≡ τ

Theorem

1. if τ ≡ σ then τ ≈ σ;

2. if τ ≡ σ and σ ≈ γ then τ ≈ γ.

The set of types is the quotient set

T = Types/≡
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Subtype Relation

Given a relation R on I, the subtype relation <: on T is the
smallest relation defined by the transitive and reflexive closure of
the rules:

ιjR ιi
ιj <: ιi

∀i ∈ [1, n] ∃j ∈ [1,m] τi <: σj ≈ {τi}ni=1 ≈ {σj}mj=1⊕n
i=1 τi <:

⊕m
j=1 σj

τ1 <: σ1 σ2 <: τ2
σ1 → σ2 <: τ1 → τ2

It suffices to define <: only for regular types.
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The set of raw terms is defined by the following grammar:

x ::= x0 | x1 | . . . variables
M ::= xτ | M1M2 | {p1M1, . . . , pnMn} |

λxτ .M terms

where n ≥ 1, and p1, . . . , pn are rational numbers s.t.

n∑
i=1

pi = 1
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Type Assignment

When is a probabilistic λ–term is well-typed?

xτ : τ
(ax) M : σ

λxτ .M : τ → σ
(λ)

{Mi : τi}ni=1 ∀i ∈ [1, n] pi ∈ [0, 1]
∑n

i=1 pi = 1 ≈n
i=1 τi

`{piM
τi
i }ni=1 :

⊕n
i=1 τi

(⊕)

M :
⊕n

i=1(τi → σi ) N : ρ ∀i ∈ [1, n].ρ <: τi

MN :
⊕n

i=1σi
(@)
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Probabilistic Reduction

For the typed Λp we define reduction rules encoding the
probabilistic behaviour of a typed Λp term.

(λxτ .M)N →1
β M[N/xτ ], (β)

{piMi}ni=1 →pk
pc Mk , (pc)
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Probabilistic Reduction: contextual closures

P →p
α N

λxτ .P →p
α λxτ .N (inλ)

Mk →q
α Nk

{piMi}ni=1 →q
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P →p
α N

MP →p
α MN (ra)

M →p
α N

MP →p
α NP (la)
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Extended Subject Reduction

Computations preserve the type of terms according to the following
theorem:

Theorem
If `M : σ and M →p N,
then there exists τ <: σ such that `N : τ .
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Polymorphism

Important distinction between:

I Parametric Polymorphism

I function’s code can work on different types

I Ad-hoc Polymorphism

I function executes different codes for each type

The second type (aka ‘overloading’) has received less attention
regarding its semantics and proof theory.



Polymorphism

Important distinction between:

I Parametric Polymorphism

I function’s code can work on different types

I Ad-hoc Polymorphism

I function executes different codes for each type

The second type (aka ‘overloading’) has received less attention
regarding its semantics and proof theory.



Polymorphism

Important distinction between:

I Parametric Polymorphism
I function’s code can work on different types

I Ad-hoc Polymorphism

I function executes different codes for each type

The second type (aka ‘overloading’) has received less attention
regarding its semantics and proof theory.



Polymorphism

Important distinction between:

I Parametric Polymorphism
I function’s code can work on different types

I Ad-hoc Polymorphism

I function executes different codes for each type

The second type (aka ‘overloading’) has received less attention
regarding its semantics and proof theory.



Polymorphism

Important distinction between:

I Parametric Polymorphism
I function’s code can work on different types

I Ad-hoc Polymorphism
I function executes different codes for each type

The second type (aka ‘overloading’) has received less attention
regarding its semantics and proof theory.



Polymorphism

Important distinction between:

I Parametric Polymorphism
I function’s code can work on different types

I Ad-hoc Polymorphism
I function executes different codes for each type

The second type (aka ‘overloading’) has received less attention
regarding its semantics and proof theory.



Probabilistic Polymorphism

We aim in a formal study of the overloading mechanism.

This is a powerful tool when combined with subtyping.
Idea:
Overloaded function = probabilistic term M representing a list of
codes with an associated probability each.
When an argument is passed to M, the choice of the code to be
executed is guided by the probability distribution of M.
→ Probabilistic Polymorphism
Note: Subtyping is essential to guarantee the well-typedness of the
application term.
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Call by Value

(λxτ .M)V →1
β M[V /xτ ], (β)

{piMi}ni=1 →pk
pc Mk , (pc)

Mk →q
α Nk

{. . . , pk−1Vk−1, pkMk , . . .} →q
α {. . . , pk−1Vk−1, pkNk , . . .} (inP)

P →p
α N

VP →p
α VN (ra)

M →p
α N

MP →p
α NP (la)
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The failure of confluence

Let OCbV (P) and OCbN(P) be the set of observables of P by
means of CbV and CbN.
It is possible to find a term M s.t.

OCbV (M) 6= OCbN(M)

Let M ≡ (λx .(SUM x x)){1
21,

1
22}

(1, 2 are the usual Church numerals, and SUM is the standard
term for the sum of Church numerals)

We have that:
OCbV (M) = {〈2, 1

2〉, 〈4, 1
2〉}

and that
OCbN(M) = {〈2, 1

4〉, 〈3, 1
2〉, 〈4, 1

4〉}
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