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Motivation

» Algrebraic calculi:

> Linear-algebraic A-calculus [Arrighi, Dowek 2008]
> Algebraic A-calculus [Vaux 2009]

» CbV-CbN simulation [Diaz-Caro, Perdrix, Tasson, Valiron 2010]

Is it possible to find any interpretation of them in some well
established theory?
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Motivation

» Algrebraic calculi:

> Linear-algebraic A-calculus [Arrighi, Dowek 2008]
> Algebraic A-calculus [Vaux 2009]

» CbV-CbN simulation [Diaz-Caro, Perdrix, Tasson, Valiron 2010]

Is it possible to find any interpretation of them in some well
established theory?

» In this work we try to answer this question for a
simplified version of these calculi

» We analyse the role of sums in the Linear-algebraic A-calculus
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Lineal [Arrighi, Dowek 2008]... without scalars

Higher-order computation
tr,si= x| xt|(t)r
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Lineal [Arrighi, Dowek 2008]... without scalars

Higher-order computation Linear algebra
t,r,si= x| xt|(t)r | t+r|HE|O
> (Ax.t) b — t[b/x] » Elementary rule:
b an abstraction or a variable. t+0—t
» Application rules:
Restrictions lifted in the typed setting (t+r)s— (t)s+(r)
[Arrighi, Diaz-Caro 2009]. (t) (r+s) — (t) r+(t
Several rules pruned without scalars. 0)t—0
(t)o—0
» AC equivalences
t+r=r+41t

t+(r+s)=(t+r)+

)s

S
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Additive type System

Grammar

Types grammar:

T,RRS=U|T+R|O general types

Uv,w =X |U-—-T|VX.U unit types

Equivalences:
T+0=T

T+R=R+T
T+(R+9)=(T+R)+S



Additive type System

Typing rules

— ax — axg
MNHx:UkFx:U N-0:0

«

B
Nrt:» (U—Ty) Mer: U
; ; Mx:UFt: T

—E —

N=-Xxt:U—T

a B
rFR)ed YT

i—1 =1
MPEYXU TRl XgRV(D)
JreveY

MEt: U[V/X] Mt vx.U :

Fr=t: T Nr:R Mr=t:. 7 T=R
+1 =
t+r:T+R N-t:R
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Additive type system

Example
Let
MN=by: U
M=by:U
N-=Xxt:U—T
N=Ayr:U—R
Then

Fr=Xxt+Ayr:(U—-T)+(U—R) TEby+by:U+U
FI—()\x.t—i—)\y.r) (b1+b2)ZT+ T+R+R

—E

Notice that

(Ax.t + Ay.r) (by + by) —
(Ax.t) by + (Ax.t) by + (Ay.r) by + (Ay.r) by
—_———— — Y

T T R R
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Subject Reduction

Theorem
Lett—*t. ThenT HFt: T =TFE:T

Sketch of the proof:
» Extension of Barendregt's proof.
» Rule by rule in one-step reduction.

» Several generation lemmas.
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Strong Normalisation

Theorem
If t is typable in Additive, then it is strongly normalising

Sketch of the proof:
» Extension of Girard's proof.

» Every type T is interpreted by a reducibility candidate [T],
ie a set of closed and strongly normalising terms.

» We prove that -t : T implies t € [T]
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System F with

)

t,u
A B :

pairs

x| Ax.t | tu ]~ | (t,u) | m(t) | ma(t)
= X|A=B|VXA|1|AxB
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System F with pairs

tbu = x| Ax.t|tu|*| (t,u) | mi(t) | ma(t)
AB:= X|A=B|VXA|1|AxB

(Ax.t) u— t[x = u] mi((t1, t2)) — t;
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System F with pairs

tbu = x| Ax.t|tu|*| (t,u) | mi(t) | ma(t)

AB:= X|A=B|VXA|1|AxB

(Ax.t) u— t[x = u] mi({t1, t2)) — t;
Atpt:AxB

XEZ

A 1
A,X:AI—FX:AX Abpx:1 Abpm(t): A

AFpt: A AFrpu:B AFpt:AxB
I —  E
AFe(tuy:AxB Abrm(t): B
Ax:AFpt: B ArFpt:A=B AFru:A
=1 =E
AFrXxt:A=B AFptu:B
Abpt:A X ¢ FV(A) AbFpt:VX.A

\4) VE
Abrpt: VXA Abrpt:AX = B
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Translation of types

Additive System F with pairs
X ~ X
U—-T ~ |U| = |T|
vX.U  ~ VX.|U|
0 ~ 1
T+S ~ |T| % |S]
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Sums as Pairs
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Sums as Pairs

+.,0 ~ x, 1
T+S =S+T AxB #BxA
T+(S+R)=(T+S)+R Ax(BxC)#(AxB)xC
T+0 =T Ax1l #A

T,RS=U|T+R|0
U V,W:=X|U— T|VYX.U

Type ~ Binary tree (leaf: U or 0)
Example: T = (U +U,) + 0

ol

Ur U

We keep structured sum types
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Structured Arrow-elimination

«

3
rFe:> (U—=T) Trkr) U
i=1 j=1

M=t Al — (U — Ty)] M A — U]
FTE()r: Ao A — Ty
¢ (t)r

U—T U—T,
T ThiTa T
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Structured Arrow-elimination

An example
t=(t1+t)+0 () r =% (t1) (ri+ (r2+r3))+

(t2) (r1 + (2 + r3)) +0

—* (1) ri+ ((t2) r2 + (t1) r3)+
5 (t2) r1 + ((t2) ra+ (t2) r3)+0
U—-T1 U—=T,
0
r=ry+(r2+r3)
U T T2

U U i Th T, T

13/19



Equivalence in System F

What about associativity, commutativity and neutral element
in system F with pairs?

Theorem

T=T implies  |T| < |T'|

Where A < B means
Freap: A= B and Frepa:B=A
for some terms €4 g, A S.t.

EABOERA RN Ida and EBACEAR ~ idp
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Translation of terms
What happens with linearity?

t+r o~ ([t [

(t1 +t2) (r1 +r2) =7 but (t1, t2) (r1,r2) =
tinttint+torn+ton ((tir, tin), (tar, tara))

No linearity in System F with pairs
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Translation of terms
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No linearity in System F with pairs

Main ideas:

» The sum is distributed during the translation of application
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Translation of terms
What happens with linearity?

t+r o~ ([t [r])

(tl + t2) (I’1 + I’2) —* but <t1, t2> <r1, r2> —+>
tint+tirnt+ttrnttn ((tir, tin), (tar, tara))

No linearity in System F with pairs

Main ideas:

» The sum is distributed during the translation of application

[(t) ] = ({[ta]lra], [ta][r2]) , ([ta][ra], [E2][r2]) )

ft=ti+trandr=r;+nr,

» The “sum structure” of a term is known thanks to its type
FrEt:(Ti+To)+ T3 ~o i (B ) -t

with Tt : T;
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Translation of terms

Mx:TkEx: T ~ [x]p = x
r-0:0 ~ [0]p = *
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Translation of terms

M=t T ~ IT| Fe [tlp: |T]

Mx:TEx:T ~ [x]p = x
FI—OG ~ [O]D:*

r-t: 7 T7T=T
r=t: 7/

~ [tlp = g7, [t

16
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Translation of terms

M=t T ~ IT| Fe [tlp: |T]

Mx:TEx:T ~ [x]p = x
r0:0 ~ [O]D:*
r-t: 7 7T=T
T ~ [tlp = g7, [t

Fr-t: 7 TFr:S
Frt+r: T4+S

~ [t+r]p = ([tlp;, [F]p,)

MKx:UFt: T
NMXxt:U—-T

~  [Ax.t]p = Ax.[t]pr
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Translation of terms

M=t T ~ IT| Fe [tlp: |T]

Mx:TEx:T ~ [x]p = x
r-0:0 e [0]p = %
r-t:7 T=T

XIRE = Mo =g mltle

Fr-t: 7 TFr:S
Frt+r: T4+S

~ [t+r]p = ([tlp;, [F]p,)

MKx:UFt: T
MXxt:U—T
Mt Aws(u—Ty)] TEr: A[v-u]
M= (t) r: Ao Afwv—T.]
~ [(t) flp = A o Allwverg(itlp, )rs(luln, )]

~ o [Ax.t]p = Ax.[t]pr

16
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Translation of terms

An example

ti=m1([t])ito=m12([t]);ts=m2([t]);

n=m1([r]);r=m2([r]);

(t)r: [(t) rlp =

T3 T3

T, TiT» Ts tsn L3

tin tir tor1 tor
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Correctness

Correctness of typing:

Theorem

Correctness of reduction (work-in-progress):
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Conclusions and Future work

» Sums in algebraic calculi — AC pairs + application v’

» Can we find an interpretation for the scalars?
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» Positive reals: Taking the floor (or ceiling),

possible abstract interpretation using this result
» Any general ring?! no clue
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Conclusions and Future work

» Sums in algebraic calculi — AC pairs + application v/

» Can we find an interpretation for the scalars?
» Natural numbers — sums v’
» Positive reals: Taking the floor (or ceiling),

possible abstract interpretation using this result
» Any general ring?! no clue

» Denotational semantic

Vectorial type system [Arrighi, Diaz-Caro 2010]
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